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For many years those who have been interested in the publica- 
tion of papers, articles, and books devoted to engineering topics 
have been impressed with the number of important technical 
manuscripts which have proved too extensive, on the one hand, 
for publication in the periodicals or proceedings of engineering 
societies or in other journals, and of too specialized a character, 
on the other hand, to justify ordinary commercial publication in 
book form. 

No adequate funds or other means of publication have been 
provided in the engineering field for making these works available. 
In other branches of science, certain outlets for comparable 
treatises have been available, and besides, the presses of several 
universities have been able to take care of a considerable number of 
scholarly publications in the various branches of pure and applied 
science. 

Experience has demonstrated the value of proper introduction 
and sponsorship for such books. To this end, four national 
engineering societies, the American Society of Civil Engineers, 
American Institute of Mining and Metallurgical Engineers, The 
American Society of Mechanical Engineers, and American 
Institute of Electrical Engineers, have made arrangements with 
the McGraw-HiU Book Company, Inc., for the production of a 
series of selected books adjudged to possess usefulness for 
engineers or industry but of limited possibilities of distribution 
without special introduction. 

The series is to be known as ^'Engineering Societies Monographs.^ ' 
It will bo produced under the editorial supervision of a Committee 
consisting of the Director of the Engineering Societies Library, 
Chairman, and two representatives appointed by each of the 
four societies named above. 

Engineering Societies Library wUl share in any profits made 
from publishing the Monographs; but the main interest of the 
societies is service to their members and the public. Wit<h their 
aid the publisher is willing to adventure the production and dis- 
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tribution of selected books that would otherwise be commercially 
unpractical. 

Engineering Societies Monographs will not be a series in the 
common use of that term. Physically the volumes will have 
similarity, but there will be no regular interval in publication, 
nor relation or continuity in subject matter. What books are 
printed and when will, by the nature of the enterprise, depend 
upon the manuscripts that are offered and the Committee's 
estimation of their usefulness. The aim is to make accessible to 
many users of engineering books information which otherwise 
would be long delayed in reaching more than a few in the wide 
domains of engineering. 

Engineering Societies Monographs Committee 
Harrison W. Craver, Chairman. 



FOREWORD 


The translation into English and publication in the United 
States of Dr. A. Nadai^s book on Plasticity were proposed to the 
Publications Committee of The American Society of Mechanical 
Engineers by the society’s Professional Division on Applied 
Mechanics as a part of its program of developing the literature of 
this subject for the benefit of engineers unfamiliar with the 
German language. In making the proposal the division's 
executive committee pointed out the dearth of information on 
plasticity and the unique opportunity that existed by reason 
of the presence in this country of the distinguished author and 
his willingness not only to cooperate with the translator but also 
to bring his work up to date. Favorable consideration was given 
by the Publications Committee to the proposal, and it was 
decided to recommend to the Editorial Committee of the Engi- 
neering Societies Monographs that Dr. Nadai's work be made 
the first of the series. Acceptance of this recommendation has 
resulted in the publication of the present volume under the 
sponsorship of the Applied Mechanics Division of the A.S.M.E. 

The A.S.M.E. Applied Mechanics Division considers it a 
privilege to endorse the English translation of Dr. Nadai's 
Plasticity." Dr. Nadai is an authority on the subject and 
his work is already well known, especially in Europe. The 
publication of the English translation renders a valuable service 
to engineers and designers. 




PREFACE 


A review of the development of the theory of elasticity will 
show that during the period of over two hundred years the theory 
has gradually developed into an exact part of mechanics which 
today is the solid foundation for the design of engineering 
structures. During the last few decades much valuable infor- 
mation has been obtained regarding elastically imperfect mate- 
rials, the mechanical properties of ductile metals, and the 
conditions of rupture in solids. However, a more satisfactory 
understanding of the plastic state of engineering materials 
and of the conditions of rupture has been reached since the 
constitution and the crystalline structure of metals and alloys, 
the mechanical and thermal history of metallic bars and sheets 
from the beginning of the casting of the ingot to the last annealing 
of the finished product, and the mechanical properties of metallic 
single crystals as special objects of investigation have been 
carefully studied from a broader physical standpoint. 

Considerations of the plastic state of matter are today of 
interest to many branches of science and of engineering. The 
steel and metal worker desires to control more accurately the 
mechanical processes of forming metals at forging temperatures. 
Because of the large quantity of energy at the present time 
consumed in steel mills during the process of rolling, a more 
economical use of the energy required is needed. On the other 
hand, in order to choose the right materials for various parts 
of his machines, the machine designer must carefully consider 
the mechanical properties of these materials. He is not only 
interested in a more exact knowledge of the limiting conditions 
of stress at which, in his machine parts, permanent set begins to 
develop and danger of yielding or fracture is to be expected or 
fatigue cracks start to form; but also in several cases he will 
have to consider the possible change in shape of machine parts 
exposed to long duration of stressing. He may base his calcula- 
tions as far as they refer to purely elastic deformation upon the 
theory of elasticity, but he lacks in the theory of strength of 
mat.erials a similarly certain basis when considering the transition 
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from the elastic to plastic deformations or the conditions of 

rupture. j. j • it. 

The physicist and the metallurgist are interested in the 

laws of plastic flow from several points of view. The experiments 
carried out in recent years with large metallic single crystals 
indicate clearly that plasticity is an essential and general property 
of solid matter in its crystalline state of aggregation. It h^ 
also been shown that under certain idealized conditions plastic 
flow of the polycrystalline metals under low temperatures follows 
rules or laws which in their simplicity and mathematical appli- 
cability to a variety of cases are comparable to the well-established 
foundations upon which the theory of elastic deformation rests. 
It may suflGLce to mention in this connection that since the first 
attempts of de St. Venant and C. Duguet, who years ago first 
tried to establish a mathematical theory of plastic deformation 
of metals, by the efforts of a number of more recent mathemati- 
cians and engineera a mechanics of the plastic state of metals 
has been revived with success and further developed in many 
new aspects. 

In minerals and rocks many evidences of plastic defonuations 
have been found. The changes in the structure of metals pro- 
duced by plastic deformation are in many respects analogous to 
certain phenomena observed in minerals and rocks. Those 
evidences show the correspondence which exists between the 
changes in structure in severely deformed metals and the slow 
processes occurring during the formation of certain rocks as 
observed and described in petrography. The conditions encoun- 
tered in the deeper strata of rook : long duration of small differences 
in principal stress, elevated temperatures, and high avenige 
pressure, are those favorable for producing plastic defonnations 
in solids. To these must be attributed some of the causes of the 
magnificent effects produced by mountain building and the dis- 
location of the continental plates which are observed in naUm^ 
on a large scale. The remarkably regular profiles of some of ihe 
German and North American rock-salt domes, in which a layer 
of a highly plastic material such as rock salt hjis been i)reHS<5d 
out by means of mountain pressure, may bo mentioned jih 
an R yaTnpIft where evidences of plastic deformations are discloHetl. 

In the description of the plastic states of stress extansivc use 
was made of the surfaces of slip. The flow or slip linos, which 
frequently appear as a pattern with an astonishingly regular 
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symmetry on the surface or in sections of solid bodies stressed 
above the plastic limit, have proved an extremely interesting 
object of investigation and a valuable means for analyzing the 
stress distributions under which they were produced. The 
strange laws which seem to apply to the sui faces of slip have 
attracted recently the mathematicians and the engineers and 
have been discussed with success by R. v. Mises, H. Hencky, 
L. Prandtl, and others. In the hands of the geologists, who in 
their faults have observed similar phenomena on a large scale 
for a long time, these surfaces might serve to decipher the riddles 
in the formation of high mountain chains, just as their smaller 
relatives have helped to describe more precisely the plastic states 
in permanently deformed bodies. They might possibly in the 
future still serve to study by mechanical means and to reconstruct 
the history of the crustal movements of the whole continents, 
which since the work of Alfred Wegener and F. B. Taylor we 
know are nothing but thin shells drifting slowly over the earth 
globe and their plastic substratum. 

Acknowledgment should be made to the Notgemeinschaft 
der deutschen Wissenschaft in Berlin, to the Helmholtz Gesells- 
chaft in Dlisseldorf, and to the Verein deutscher Ingenieure in 
Berlin, who have made it possible for the author to carry out 
experimental work by placing at his disposal equipment for tests 
in the Institute of Applied Mechanics of the University of Gottin- 
gen. Particularly to Dr. F. Schmidt-Ott, of Berlin, former 
Minister of Education and President of the German Society for 
Encouragement of Scientific Work, the author wishes to express 
sincere gratitude for kindness and encouragement in the support 
of his plans. His further thanks for much valuable help are 
due to Dr, L. Prandtl, Director of the Laboratory, with whom 
he worked for nearly eight years at Gottingen. 

The author is also much indebted to the Westinghouse Electric 
and Manufacturing Company for placing at his disposfil facilities 
for cont/inuing this work at the Research Laboratories in East 
Pittsburgh. He is especially thankful to Dr. S. M. Kintner, 
Vice President of the company, for his willingness to support 
everything necessary for this I^nglish publication and correlated 
work; to Mr. J, M. Lessolls, former Manager of the Mechanics 
Division of the Research Laboratories, for help along the same 
lines, and to Dr. S. Timoshenko, Professor at the University of 
Michigan, for much good advice. 
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The author would never have accomplished the task of com- 
pleting the English edition, had he not possessed the enthusiastic 
help of Mr. A. M. Wahl, who voluntarily took upon himself the 
task of revising the manuscript and who has prepared the English 
translation of the German edition on the subject as far as it has 
been included. Mr. P. G. McVetty deserves especial mention, 
particularly for valuable information regarding the plastic 
behavior of metals at elevated temperatures, subjects in which 
he has had much experience. 

To W. Bader, W. Lode, and G. Mesmer, who have, at the 
author's suggestion, carried out a large part of the tests at 
Gottingen the author owes thanks. Dr. Bader has carried out 
the first series of tests on plastic torsion. Dr. Lode those on 
combined stress, and Dr. Mesmer those on concentrated pressure. 
At Pittsburgh, Mr. H. Friedman helped to carry out the recent 
tests on torsion. Messrs. C. W. MacGregor and W. 0. Richmond 
read the proofs. To all these the author wishes to express his 
sincere appreciation, 

A. Nadai. 

Research Laboratories, 

Westinghousb Electric and Manufacturing Company, 

East Pittsburgh, Pa., 

July, 1931 . 



NOTE BY THE TRANSLATOR 

The translator wishes to express his indebtedness to the 
Westinghouse Electric and Manufacturing Company, particu- 
larly to Dr. S. M. Kintner, Vice President, and Mr. J. M. 
Lessells, former Manager of Mechanics Division, Research 
Laboratories, for much encouragement received during the 
translation of Dr. Nd^dai's German book on ^'Plasticity.'’ He 
is also greatly indebted to Dr. Nd^dai, not only for encouragement 
and advice received during the work, but also for his complete 
review of the original translation and for many additions and 
revisions at various points, as new knowledge of the subject 
has become available. 

A. M. Wahl. 

Reseakch Labobatories, 

Westinghouse Electric and Manufacturing Company, 

East Pittsburgh, Pa., 

Marchj 1931. 
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normal stress. The first subscript indicates the direction 
of the normal to the plane in which the 
stress acts; the second the direction of 
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the principal stresses, 
pressure (compression stress), 
compression stress parallel to the x axis, 
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stress function. 
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PART I 

THE PLASTIC STATE OF MATTER WITH SPECIAL 
REFERENCE TO METALS AND MECHANICAL 
ENGINEERING PROBLEMS 




PLASTICITY 

CHAPTER 1 

SOLID AND FLUID STATES— PLASTICITY AND VISCOSITY 

In the study of mechanics it is useful to ascribe to materials 
certain ideal properties. For example both the motion of mate- 
rial bodies and the states of equilibrium existing in these bodies 
may be studied from a common standpoint, if we attribute to 
the material certain definite, simple properties. Thus, we are led 
to such definitions as those of rigid bodies, uniformly distributed 
masses, isotropic elastic bodies, perfect and viscous fluids, etc. 

In the science of physics, the usual classification of matter into 
the solid, liquid, and gaseous states cannot be dispensed with, 
since experience has proven such a classification to be of great help 
to physicists. In order to avoid difficulties and contradictions, 
however, it should be noted that this classification of materials 
in many cases is fundamentally unnecessary and in others entirely 
unsatisfactory. 

As an example of a case where such a classification is unneces- 
sary, consider the flow of gases (aerodynamics). As long as the 
velocity of flow is much smaller than the velocity of sound in the 
gas, the flow may bo considered from the same standpoint as 
the flow of liquids (hydrodynamics). Here is then a case where 
the division into liquid and gaseous states is unnecessary. The 
form of the Andrew isothermals of carbon dioxide shows that this 
gas may be liquefied by sufficiently increasing the pressure and 
subscciuently decreasing the temperature, it being unnecessary 
to specify a definite temperature and a deffinito pressure at which 
liciuefact/ion occurs. Liquefaction may thus be brought about 
by choosing a curve in the p, v plane (p = pressure, v = volume) 
to connect the initial and final states of the gas in such a way 
that the curve runs above the ^'critical point.'' 

It is known that certain amorphous materials may bo brought 
from the solid into the fluid states without sudden change in 
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volume while a definite melting point may not be noticed. For 
example, glass gradually softens if heated and hardens if cooled. 
It has no definite melting point since no definite temperature 
exists at which the state of aggregation of the glass changes 
abruptly from the fluid to the solid state. 

A mechanical characteristic of a perfect fluid is the easy mobil- 
ity of the small elementary parts thereof. A condition expressing 
this property, in the case of a fluid at rest, is that the pressui*e at 
any internal section is always directed perpendicularly to this 
section. On the contrary, the elements of a solid may carry, in 
addition to tensile and compressive stresses acting perpendicu- 
larly to the cross-section, certain forces, called '^shearing 
stresses/’ which act in the plane of the cross-section in a 
tangential direction and which may often be of considerable 
magnitude. 

The viscous fluids occupy a position, with respect to behavior, 
midway between solids and liquids. At rest they behave similar 
to perfect fluids. During motion, however, tangential forces 
are produced by the action of layers of the fluid as they slide over 
one another. These tangential or shearing forces increase as the 
.fluid velocity changes along a line perpendicular to the direction of 
motion. The simplest example of a laminar (non-turbulcnt) flow 
of a viscous fluid is the flow between two parallel plates placed 
closely together, one plate being stationary and the other moving 
with a uniform velocity in its plane. It will be found that a 
force is necessary to cause motion of the movable plate. The 
faster this plate is moved and the smaller its distance from the 
stationary plate, the greater the force necessary. If we take the 
ratio between the force acting in the direction of motion between 
two neighboring layers of the fluid and the surface on whicih 
this force acts, it is found that this ratio approaches a limiting 
value, if the surface is indefinitely decreased. This limiting value 
is called the ^ Wernal friction” of the fluid. The simi)lost expres- 
sion for this property of a viscous fluid is that the internal friedon 
or the shearing stress h acting between moving parallel layc'rs is 
equal to; 
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du 


V 


dy 


( 1 ) 


where u is the velocity and y a directioix porpcndioular to the 
surface of the layer or the direction of the motion. Tho 
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factor ri is called the coefficient of viscosity, or more simply, the 
viscosity. 

The above-mentioned properties of fluids and solid bodies do 
not suffice entirely to classify materials with regard to their 
mechanical behavior, as a few examples will indicate. For 
instance, certain bituminous solids possess, besides the above 
mentioned characteristics, such as no definite melting point, the 
property of gradual, permanent change in shape at a relatively 
low temperature, at which they usually are considered as solids. 
This change in shape is continuous under the action of small 
forces, such as, for example, the weight of the body. It is only 
necessary to allow sufficient time for the action to take place. 
Thus, hard asphalt may flow out of a small crack in a leaky barrel. 
If a steel ball be placed on the sxirface of a barrel filled with 
asphalt it will in time sink below the surface and fall gradually to 
the bottom. A bar of sealing wax, supported at both ends, may 
bend under its weight after a time. Moreover, certain crystalline 
materials may under certain conditions deform permanently. 
For instance, ductile metals may be bent, drawn, and compressed 
by rolling or hammering, even though cold. A knowledge of the 
properties of solids, relative to permanent change in shape, is of 
great practical value to our present-day industries, in solving 
questions involved in the fabrication of metals. 

On the basis of these random observations, to which countless 
others may be added, it may be concluded that the above dis- 
cussed properties, relative to continuous, permanent change in 
shape, are very generally characteristic of all solid materials. It is 
an established fact that even the strongest metals, such as steel 
and iron, and materials with a crystalline structure, such as 
minerals and rooks, under certain definite mechanical conditions 
may be brought into a new state — the 'plastic state — ^in which 
permanent deformation may occur without fracture. We say 
that solid bodies in this condition ‘‘flow” or ^'yield^' if the per- 
manent deformation is sufficiently great so as to be perceptible 
to the unaided eye. 

Examples of deformation of considerable amount without 
fracture are well known to the geologist. The study of the exceed- 
ingly slow movements of the deeper layers of rock in the earth's 
cnist has made it evident that many rocks, especially those 
(mc<)unt;(^r(ul beneath the great mountain chains of the earth, 
have IxHui dofonned permanently to considerable amounts since 
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their formation in the early geological periods. The circum- 
stances existing in the deep rock strata, namely high pressure, 
elevated temperature and long duration of the action of the 
forces, are conditions which are particularly favorable for the 
occurrence of plastic deformation. 



CHAPTER 2 


BEHAVIOR OF MATTER UNDER HIGH PRESSURE 

It may be shown that the terms ^^solid’’ and which 

serve to differentiate the states of aggregation of matter are 
in many cases entirely insufficient. This is especially true if we 
consider the behavior of materials under high pressure. A 
knowledge of how matter behaves in the solid or liquid states when 
exposed to high hydrostatic pressures is in many respects of great 
interest. It can easily be shown that in the smaller and com- 
paratively colder cosmic bodies like the earth, the pressure due to 
the weight of the outer layers increases with depth, up to several 
million atmospheres at the center (1 atm. == 1 kg./cm.^ = 14.2 
Ib./in.^) . In certain gaseous stars with enormous densities, of the 
type of the dark companion of Sirius, pressures of thousands 
of millions and possibly of thousands of billions of atmospheres 
probably exist. ^ The questions relating to the equilibrium in the 
colder cosmic bodies with an aggregation of matter like that in 
the earth in which not only the pressure but also the temperature 
increases considerably with depth, are of great interest for both 
the astronomer and the geophysicist, as well as for the geologist. 
In contrast with these enormous pressures it has so far been 
possible to obtain maximum hydraulic pressures of the order of 
20,000 atm. in the laboratory. However, it is noteworthy that 
even within this range of pressure very remarkable changes in 
the properties of solids and liquids may be observed, and these 

1 According to Jambs H. Jeans, (^‘Astronomy and Cosmogony, p. 73, 
University Press, Cambridge, Eng., 1929, c/. also “The Universe around 
by the same author, p. 250, The Macmillan Company, New York, 1929) 
the hiint companion to Sirius is one of the most remaxkablo stars in the 
sky. The average density in this comparatively small cosmki body has 
been estimated to be fifty to sixty thousa’^d times that of water. In this 
faint star, which beloxigs to a group of stars emailed the “white dwarfs,’' 
matter is condensed to the utmost limit. Due to the high temperatures 
th(irein the atoms are thought to bo almost completely broken xip into their 
constiUuuit imclci and electrons, both of which move about like the mole- 
cules of a gas. 
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observations throw light on many questions of interest to engi- 
neers and scientists. 

The most reliable and comprehensive tests on which the present 
knowledge of the behavior of matter under high hydrostatic 
pressure is based, are those of Prof. P. W. Bridgman^ to which 
reference will be made in the following. 

a. Polymorphism. — To illustrate the point mentioned in the 
introductory remarks to this and the first chapter, we may say 
that many materials composed of one fundamental substance 
only, such as chemical elements and compounds, have not one, 
but several solid states. Among the elements, exhibiting such 
modifications of the solid state the following examples may be 
mentioned: sulphur, below about 20,000 lb. per square inch, is 
monoclinic, while above this pressure the rhombic sulphur is in 
thermal equilibrium with the fluid. ^ If we plot the temperatures 
t at which the changes from one state to the other occur, with 
varying pressures p, three equilibrium curves in the pressure- 
temperature diagram will result, which (in the p, t plane, having p 
as abscissae and t as ordinates) separate the three regions : mono- 
clinic, rhombijc, and fluid sulphur. The throe curves meet at a 
‘'triple point at 20,000 lb. per square inch and 152®C. Other 
well-known examples are: iron (formerly thought to have four 
modifications known as a, jS, % and 5 iron; these modifications, 
however, have probably but two kinds of crystals having dif- 
ferent structmes or arrangements of the atoms in the space lat- 
tice®), phosphorus, carbon (graphite, diamond). 

In 1900, G. Tammann discovered two varieties of ice denser 
than the usual kind. These he designated as ice I and ico 
II. Since the fundamental investigations of P. W- Bridgman, 
which covered a wider range of pressures, it has boon shown Ibat 

^The author is much indebted to Prof. P. W. Bridgman of Harvard 
University, Cambridge, Mass., for his kindness in furnishing (?<)rnpl(diO 
reports of his extensive experimental work on high pressurt^ and r<dated 
questions. 

2 Tammann, G., “ Aggregatzustiinde, die Zustandsanderungen dc^r MaU^rie 
in Abhangigkeit von Druck und Temperatur,” Leopold Vows, Leipzig, 1022. 

3 Wevbr, F., Stahleisenj vol. 45, p. 1208, 1925; MUt. am (lam Mamifor- 
schungsinstitut, Diisseldorf, vol. 7, 1925; also F. Kobubmu, 8chmelz(ui, 
Erstarren, Sublimieron, ^^Handbuch dcr Physik,” vol. 10, p. 192, Julius 
Springer, Berlin. 

4 Bridgman, P. W., Thermodynamic Proportios of Liquid Water U|) 
to 80°C and 12,000 kg. /cm.®, Proc. Amer, Acad, AtIh, Sci,^ vol, 48, no, 9, 1912. 
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water in the solid state occurs under high pressure in five dif- 
ferent modifications. In changing from one kind of ice to another 
the specific volume changes abruptly. The kinds of ice occurring 
under higher pressures are the denser. On the basis of careful 
investigations relative to the behavior of water, it may be men- 
tioned that the well-known lowering of the freezing point of water 
by pressure is observed only in the case of ice I up to a pressure 
of 2,200 atm. and a temperature of — 22°C. At higher pres- 
sures than this the melting temperature of ice increases with 
the pressure. Bridgman has investigated the melting curve 
(the bounding curve between the fluid and the solid state in a 
diagram with the pressure as abscissae and with the temperature 
as ordinates) of ice VI to above 20,000 atm. and to a 
temperature of +76°C. The melting temperatures of ices 
III to VI increase with the pressure in a similar way as do 
the melting temperatures of most materials when the pressure is 
increased. Ice VI melts at -|-26°C. under 10,000 atm. pressure 
and at +76°C. under 20,000 atm. 

b. Viscosity. — The behavior of fluids with respect to viscosity 
under high pressure is of very considerable interest from a prac- 
tical as well as a scientific standpoint. As already mentioned, 
the viscosity of fluids manifests itself as a kind of inner resistance 
or internal friction, which opposes each change of shape by the 
relative sliding of the small particles or layers of fluid. If a solid 
sphere is allowed to fall through a liquid having considerable 
viscosity, after a certain time it will attain a constant speed. The 
higher the viscosity of the liquid, the smaller will be the velocity 
of the falling sphere through the viscous liquid under the force 
of gravity. The coefficient of viscosity, as introduced by 
Eq. (1), page 4, can readily be determined by measuring the 
time of fall of bodies in liquids. It is by this method that 
Bridgman^ has determined the viscosity of liquids exposed to 
increasing pressures, relative to their viscosity at atmospheric 
pressure. He found that the coefficient of viscosity increased 
rapidly with the pressure. In general, the effect of pressure on 
viscosity is greater than on any other physical property. The 
effect of pressure on viscosity also varies greatly with the 
liquid. It must be expected that liquids exposed to suffi- 

^ Proc, Amer. Acad. Arts Sd., vol. 61, p. 86, 1925; vol. 62, p. 187, 1927; 
compare also tests by Faust and Tammann, referred to in the book by the 
latter, mentioned above. 
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ciently high hydrostatic pressures will congeal so that they 
become solids. 

The relation between pressure and viscosity appears to be an 
exponential function, i.e,, if the pressure is increased by equal 
amounts the viscosity increases as the terms of a geometric series. 
The more complicated the structure of the chemical molecule of 
the fluid, the more the viscosity increases with pressure. For 
example, according to the investigations of Bridgman at 12,000 
atm. the viscosity increases by 30 per cent for mercury, over its 
value at zero pressure, and 2.7-fold for water, both at 30°C. and 
from 10 times to 1,000,000 times its original value for very viscous 
mineral oils. Kiesskalt^ recently has shown that at 1,000 atm. 
the viscosity of mineral oils is six to twenty-two times as groat, 
as under atmospheric pressure. Under high pressures such as 
exist in the journals and bearings of high-speed rotating machin- 
ery, as for example, steam turbines, the change in the viscosity 
of the oil may become suflicient to affect its lubricating qualitaes 
considerably. 

As in other respects, water shows in this an exceptional 
behavior. At low temperatures viscosity decreases at first with 
increasing pressure, but this is an abnormal phenortienon and 
the curves soon tend again to rise for greater pressures or higlu^r 
temperatures. 

c. The Compressibility of Metals. — The volume of solids and 
fluids decreases slightly under pressure. This di^creaso in 
volume is usually, at small pressures, so small that it may be 
detected only by the aid of sensitive measuring inst,rum(mt.s. It 
is also a perfectly reversible or an elastic change, sinc(^, if th(^ prc'S- 
sure is removed, most solid and liquid materials take on thdr ini- 
tial volume. An exception to this is the case of porous mati^rials 
(wood, cast iron, for example) which can be pcu'inancut.ly com- 
pressed by high hydrostatic pressure. 

In order to give an idea of the compressibility of xwotnh a f(^.w 
numerical data will now be given. The investigations of Bridg- 
man^ show that for iron the ratio of the decrease in volunu'. A?; 
to the initial volume vo (the initial volume takim at 1 at.m. pr<'S- 
sure and some standard temperature, which was 3()‘’(/. in Biidg- 
man^s tests) is equal to: 

1 Mitt. u. Forschungsarb. V.D.I., vol. 201, 1927. 

® The Compressibility of Thirty Metals, Proc. Amcr. Acml. Arts Hd., vol. 
58, no. 5, p. 166, 1923. 
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For iron 

^ = 10-" • (5.87 - 2.10 • 10-'y)p, 

where p is the pressure in kilograms per square centimeter. A 
more exact definition of the compressibility k is the ratio of the 
decrease in volume produced by a pressure increase of 1 atm. 
or dv/dp to the volume v existing at the time considered: 

^ _ 1 dv 

V dp 

For most materials the compressibility k decreases gradually 
with pressure; in other words, compressed metals, for the same 
increase in pressure, change in volume a smaller amount, the 
higher the compression. The measurements of Bridgman give 
(pressures p are in kilograms per square centimeter) : 

For copper 

— = 10-''j)(7.32 - 2.7 X lO-'p) 

For aluminum 

— = 10-’'p(13.34 - 3.5 X 10-5p) 

For lead 

~ = 10-’p(23.73 - 17.25 X 10"=?)). 

The greatest compressibilities are exhibited by the alkali 
metals. Of all elements, emsium is the most compressible, 
the volume of caesium decreasing by one-third at 15,000 atm. 
pressure. 

As one may see from the foregoing the volume of steel or iron 
decreases only about 0.0006 of its initial volume at a pressure of 
1,000 atm. Consequently, as a rule we may neglect such changes 
in volume due to pressure, when considering the deformation 
due to plastic flow which may occur in ductile metals. 

On the other hand, compressibility plays an important part if 
the state of equilibrium of the rocks at great depths in the earth 
is investigated. Because of the effect of pressure the density of 
these rocks must be considerably increased when compared 
with their density at the surface of the earth. In connection with 
possible applications of these facts to geophysical questions some 
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results of tests of Bridgman on non-metallic materials will here 
be mentioned.^ 


d. Tlie Compressibility of Artificial and Natural Glasses. ^ 


Silica 

a = 27.74 X 10“^ 

h = 

7 17 X U) 

PjTex glass 

a = 30.08 X 10-' 

h = 

4 86 X 10-1* 

Tachylite Kilauea (Hawaii) . . 

.. a = 13.74 X 10-' 

h - 

-9 1 X 10-»2 


The compressibility is here given at 75°C. as Av/vo — ap hp^; the constants 
a and h are given for p in kg /cm.-. It is remarkable that with exception of 
the last example the coefficient b is positive and hence these glassy substances 
are the more compressible the higher the pressure. This abnormal behavior, 
found only in glassj^ substances, seems apparently to be connected wjth the 
silica content. 

e. The compressibility of liquids is in general much greater than that 
of solids and amounts at 12,000 atm. to about 20 per cent for water 
and about 30 per cent for ether, one of the most compressible liquids For 



Fig. 1 — Compressibility of ether. {According lo P, W. Bridgmun.) 

most liquids the compressibility decreases much more rapidly ai the Iowim* 
pressures than at the higher. A curve typical of most licpiids is shown m 
Fig. 1. This curve is for ether and is reproduced from the tests of Bridgman. 

f. The Effect of Pressure on the Rigidity of Metals. — By measuring 
the relative movement of two helical springs one consisting of stc^d and i,Iio 
other of the metal to be tested, which were immersed in a licjuid in a pre^ssun^ 
vessel, P. W. Bridgman* was able to determine the relation of tlie moduli 
of rigidity. The two springs were attached to each other and lh(% (dT(K*.t 
of pressure on the modulus of rigidity of the steel spring had previously beem 
determined by absolute measurements. The modulus of rigidity undeu- a 
pressure of 10,000 kg. /cm.* was increased above its value at ;!(^ro pn'SHure^, 
by the following amounts: 

1 The compressibility of minerals and rocks with special refer<uu‘.o to 
problems of geophysics has been investigated particularly by L. H. Adams 
and his collaborators in the Geophysical Laboratory at Washingi.on, D. 0. 
These tests will be referred to in Part II, Chap. 41, where further experi- 
mental data on the elastic compressibility of rocks are given. 

* Bkidgman, P. W., A7ner. Jour, Sci.j vol. 10, p. 359, 1925. 

^Proc. Amer. Acad. Arts Sci.^ vol. 64, no. 3, p. 39, 1929. 
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Per cent 

Tantalum -4-03 

Platinum -1-2.4 

Nickel -f-l.S 

Spring steel. . -|-2.2 


These results may be of importance, if the influence of the tremendous 
pressures in the central core of the earth on the velocity of propagation of 
the earthquake waves passing through it is to be considered. The velocity 
of the distortional waves depends on the modulus of rigidity and as the 
pressures in the central part of the earth reach millions of atmospheres or so, 
the effect of pressure on rigidity at these great depths may therefore be 
appreciable. 

g. Cohesion in Liquids. — A few remarks at this point may be in order, 
although their relation to the behavior of matter under high pressure is 
not immediately obvious. A. A. Griffith^ has shown that very thin fila- 
ments of silica glass were much stronger above their softening temperature 
than in the cold condition. At first glance this is the opposite of what would 
usually be expected. From capillarity phenomena it is known, however, 
that very thin films of liquids may sustain extremely high tensile stresses. 
From these and numerous other considerations it must be concluded that 
in fluids under suitable conditions a considerable resistance against tearing 
apart (the effect of the cohesive forces acting between the atoms or of the 
“cohesion”) is observed, a property which usually is ascribed only to mate- 
rials in the solid state. 

h. Optical and Other Effects. — By means of a very skillfully designed 
arrangement which consisted of a special steel pressure cylinder of an 
inverted T-shape containing a movable piston and two glass windows, 
Thomas C. Poulter^ succeeded in observing various additional effects, due 
to high hydraulic pressures up to about 20,000 atm., on material properties, 
as for example upon the index of refraction (of glass and of paraffin) and 
upon the rotation of the plane of polarization of optically active compounds 
in solution (sugar). Other physical properties, such as the electric or 
thermal conductivity, etc., under high pressure, were investigated by 
P. W. Bridgman. 

^Phil, Trans. Roy. Soc.j London, ser. A, vol. 221, p. 163, 1921. 

2 Typewritten reports on these tests were made available to the author 
through the kindness of Prof. T. C. Poulter, Physics Department, Iowa 
Wesleyan College, Mount Pleasant, Iowa, 
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THE ORDERED AND UNORDERED STATES OF MATTER 

So far we have classified materials according to their state 
of aggregation, i.e., ‘'solid'' or “fluid," depending on their 
behavior under various states of stress. We now consider a 
different mode of classification, namely, that given by their 
internal structure. According to G. Tammann,^ the anisotropic 
state of matter should be distinguished from the isotropic. The 
elementary particles of matter (atoms, ions, molecules) out 
of which all materials, according to the modern views of physics 
are composed, are, in the first (the anisotropic) state arranged in 
a definite geometrical and regular way; while in the second 
(the isotropic) state, they are unordered. To the first state 
belong the crystals and the crystalline materials; to the second 
state belong the gases, liquids, and vitreous (solid or fluid) 
materials. 

The view of an ordered arrangement of the elements of crystals 
is supported by many and varied observations, so that wo may 
take it as almost a certainty. These views were originally sug- 
gested from the geometrically regular shape of natural crystals, 
those precipitated from solutions, or those formed by fusion. The 
best proof of the correctness of these views is, however, given by 
the interference observations on x-rays^ passing through crystals. 
Other observations in support of this view are the extraordinarily 
regular markings which one may produce upon the polisheci 
surface of crystals by etching (etching figures), by slow plasi<ic 
strains (slip lines), or by impact strains (impact figures),^ 

^ “Aggrogatzustandc, oto.,’' Leopold Voss, Leipzig, 1022, 

2Ewald, P. P., Der Aufbau dor fosion Maic^rio inul Hoitu^ Krfors(*.!mng 
durch Eontgonstrahlcn, “Ilandhuch der Physik,’' voL 24, chai). 4, p. 101; 
M. Bohn and 0. F. Bollnow, in Thcoretischo Gnmdlagtui, Hrid., chap. 5, 
p. 370; W. H. AND W. L. Bragg, ''X-rays and Crystal Siruci.ure,” London, 
B. Bell, 1924; R. Wyckopf, "The Structure of Crystals,'^ (Jlieinic.al (Cata- 
logue Company, Now York, 1924; R. Glockkr, " Matcrialpruofung mit 
Rontgenstrahlen,'' J. Springer, Berlin, 1927. 

3 Anton MUller in the Tammann Inatitut ("MetallograpluHcho 
Studien,” Dissertation, Gottingen, 1926) has shown that ('extraordinarily 
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In vitreous solids, on the contrary, no orderly arrangement of 
the atomic elements can be detected by a:-ray methods. This is 

regular figures may be produced by pressing a needle on the crystals of 
metals. 

The space lattice of copper, aluminum, silver, gold, and 7 -iron is a face- 
centered cubic, that of a-, (i-, and 5-iron is a body-centered cubic, while 
that of zinc is a hexagonal lattice. The elementary cubes of the former 
contain an atom in each corner and the middle of each side. In the body- 
centered cubic lattice there is also an atom in the middle of the cube, besides 
that in the corners. In zinc crystals, the atoms have approximateh’- the 
same arrangement as the middle points of balls when piled in a large heap 
in the densest manner possible. 

In a copper crystal certain definite crystallographic planes are the planes 
of a cube, an octahedron, and a rhombic dodecahedron. The octahedron 
results if we join the atoms of the middle of each side of a cube while the 
planes of the rhombic dodecahedron lie oblique to the 12 edges of the cube 



Fig. 2. Fig. 3. 


Figs. 2 and 3.^ — Slipbands produced by impression of a needle on a copper 
crystallite. Fig. 2 , impression on a cubic plane; Fig. 3, on an octahedral plane. 
(A. Muller,) 

According to Muller, if a needle is pressed upon a, crystal of copper there 
is produced in the neighborhood of the impression the system of lines shown 
schematically in Figs. 2 and 3. If the needle is pressed upon a plane of the 
cube the slip lines of Fig. 2 result while if pressed upon an octahedron plane 
the lines of Fig. 3 arc produced. Under plastic deformation the octahedron 
planes of the copper crystals slide the most easily; hence their traces on 



Fig. 4. Fx<i. 5. Fm. 0. Fig. 7. 


^’IGH. 4 to 7. — Ftchiiig figures on spheres cut from copper single crystals. 
Those figures wore obtained by using different solutions and are reproduced 
schomati(^ally. On the surface of the etched copper balls a figure appears, wliich 
shows the contour linos of a cube in Fig. 4, of an octahedron in Fig. 5, of a rhom- 
bi(^ dodecahedron in Kig. (>, and the combination of a cube with an octahedron in 
Fig. 7. (According to K. W. Ilausscr and P. Scholz.) 

the polished surfacjo appear under the microscope as the system of lines of 
Figs. 2 and 3. Other observations on figures produced by pressure and 
etching arc given in “Moderiie Metallkundo” by Czochralski. 

On large halls, about the size of a Inlliard ball, cut out of single crystals 
of copper, llAUHttisii AND ScHOLZ VcrbjfmtUchungen am dem Siemem- 
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also the case with fluids.^ With the exception of monomolecular 
films, we may therefore regard vitreous solids as under-cooled 
fluids.^ Whether or not the elementary particles of Hquids and 
vitreous substances are completely unordered, is by no means 
established with certainty. What we know is, that ordinary 
liquids certainly are not united in an orderly arrangement as are 
the elements of a crystal lattice. In fluids or vitreous substances 
these elementary particles may, however, form long chains or 
layers fastened together in such a way that at higher temperatures 
they may, more or less easily, bend or slide over one another in all 
directions. On the basis of certain observations, A. A. Griffith^ 
was led to this view.'^ Such a theory is also supported on the 
basis of capillarity phenomena by the enormous value of cohesion 
forces, observed in very thin films of liquids, in very viscous 
quartz filaments, and in the surface layers of fluids. For example, 
Griffith took a hardened steel ball, such as is used in ball bearings, 
and fitted it to a very carefully made hole in a plate, such that 
there was only an extremely small amount of clearance between 
the ball and the plate. The ball would easily fall through 
the hole, if it were dry; however, when a drop of water was placed 
in the annular space between the ball and plate, the ball stxick 
in the hole and could only be forced through by applying a large 
force. According to Griffith, the molecules of water fasten 
themselves in chains to the surface of the ball and the hole. These 

Konzern, vol. 5, pt. 3, 1927) have made very remarkable observatiotivS. 
They obtained, by an etching process, the system of lines on the surface of 
the balls shown schematically in Figs. 4 to 7. The lines in these figures 
indicate curves where the mode of reflection changes on the polished and 
etched surface of the balls. Hausser and Scholz were able to produce, on 
the surface of balls consisting of single crystals of copper (or silv(uO, a 
system of lines with a cubic, a pure octahedron, or a pure rhombic dodeca- 
hedron symmetry, depending on the particular etching agent or etching 
procedure. 

1 In “Die Lehre von den fllussigen Kristallen” (Bergitianri, Wiesbaden, 
1918) Lelimann describes “flowing’’ and “fluid crystals,” using (‘.ortnin 
substances having a complicated molccidar structure but wliicli we may 
regard as fluid. However, althougli they may bo shown optically t^o 
be anisotropic like crystals, a;-ray analysis showed that they have no latti (?(5 
structure (see E. HIJckel, Dissertation, Gottingen, 1021). 

^Tammann", G., ^'Aggregatzustande, etc. ” Leopold Voss, Leipzig, 1022. 

^Loc. cit 

spontaneous parallel arrangement of the molecules of a fluid is 
explained by the electric or magnetic moments produ(‘,ed by these molecules 
(sec E. HUckel, Dissertation, 1921; and Bokn: Ber. U. BerL Akad., lOIG.) 
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chains reach across the circular space between the ball and the hole 
and by virtue of their great tensile strength hold the ball fast. 

It is also apparent that under certain conditions the arrange- 
ment of the elements in the structure of a given material may 
undergo changes caused by the atomic motions set up by heat 
agitation or also by other possible disturbances in the equilib- 
rium positions of the atoms. For example single atoms or groups 
of atoms may interchange their location with respect to the 
boundary surfaces of crystal grains or the two sides of inner 
surfaces (minute cracks), which may exist in the interior of solid 
or semi-solid masses. After a suflBiciently long time the effects of 
these small movements become noticeable as plastic flow or they 
may, for example, be observed by the aid of a microscope in the 
form of what the metallurgist calls a “re-crystallized grain 
structure. 



CHAPTER 4 


EFFECT OF GRAIN STRUCTURE AND OF CHANGING 
TEMPERATURE UPON THE STRENGTH— TIME EFFECTS 

In most solids having a crystalline structure, such as minerals, 
the commonly used metals and rocks employed as materials of 
construction, the smallest parts having uniform properties- 
— namely the crystal grains — are at most, of very small 
dimensions as compared with the dimensions of most material 
bodies. The mean diameter of these grains is, at most, of the 
order of a few millimeters; usually it is only 3'^o to J-foo 
In contrast to this the distance between the elements of a crystal 
lattice is of the order of 10“^ cm. The fine crystalline structure of 
materials of construction can be observed only with the aid of a 
microscope. Such study has shown that, for the most impor- 
tant materials, such as pure metals or the alloys of metals the 
substance with the finest grain in general is the strongest. A 
metal with a very fine grain has in general a greater strength 
than a metal with a coarse granular structure. It is more easily 
worked by rolling, pressing, etc., and its tensile properties are 
made relatively better by hot working. The structure may, 
however, be changed by suitable handling. 

In order to determine the resistance of solids with respect to 
permanent change of shape a great many factors must be taken 
into account. Certain of these factors do not lend themselves 
to an exact analysis by means of principles of mechanics and 
they will therefore not be considered here. Reference regarding 
these important factors must be made to treatises on metal- 
lography and the technical production of metals.^ From the 

1 For the sake of convenience a few books in which th(^H(i stibjcH^ts are 
treated in detail might be quoted hero: Albert Sauveur, '‘The Motnlk)gra- 
phy and Heat Treatment of Iron and Steel,” 3d ed., 535 pp., McXTraw-IIill 
Book Company, Inc., New York, 1926; Henry Marion Howe, '‘The 
Metallography of Steel and Cast Iron,” 641 pp., McGraw-Hill Book Com- 
pany, Inc., New York, 1916; W. 0. Robertr-Aubten, ‘‘Metallurgy,” 478 
pp., Charles Griffin Co., London, 1910; S. L, Hoyt, “Metallography,” 
pt. I, Principles, 256 pp., 1920; pt. II, 462 pp., McGraw-Hill Book Company, 
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following considerations will also be excluded the phenomena of 
plasticity observed on all those semi-solid substances which con- 
tain a more or less fluid constituent at ordinary temperature (wet 
clay, plastic earthy masses, paints, etc.) or which are mixtures 
(suspensions, colloidal solutions, etc.) containing solid particles 
suspended in a liquid.^ 

Of the various factors which have an influence on the magnitude 
of the forces under which a material will yield plastically, the 
following should briefly be mentioned here: 

а. The structure of the material as dependent on the constitution of the 
substance, especially of alloys. 

h. The absolute size of the crystal grains constituting a polycrystalline 
material. 

c. The imperfections and disturbances in the crystal lattice, whether 
they exist in the union of the atoms inside the crystal lattices or on the 
surfaces of the grains or finally in the intercrystallme boundary substance 
separating the grains. 

d. The effect of temperature. 

б. The effect of time. 

A few remarks may explain what is meant by these terms. 
For example, by dissolving a foreign substance in a metal, the 
resistance to plastic deformation may be greatly changed. Thus, 
the mechanical properties of steel in the iron-carbon system are 
determined by very small amounts of carbon. Pure iron with 

Inc., New York, 1921; F. W. Haubolu and I. W. Hall, “The Metallurgy 
of Steel,” vols. I, II, Charles Griffin & Co., London, 1923; Zay Jeffries and 
Robert S. Archer, “The Science of Metals,” 4G0 pp., McGraw-Hill Book 
Company, Inc,, New York, 1924; L. Quillet and A. Portevin, “Introduc- 
tion to the Study of Metallography and Macrography,” 289 pp., G. Bell & 
Sons, London, 1922; German books: G. Tammann, “Lehrbuch dor Metal- 
lographic,” 2d cd., Leopold Voss, Leipzig, 1921; P. Oberhoffer, “Das 
tc(*,hniHche Eisen. Konstitution und Eigenschaften,” 2d cd , J. Springer, 
Berlin, 1925; CzoriiRALSKX “Moderne Metallkundo in Theorie und Praxis,” 
J. Springer, Berlin, 1924; P. Gobrrns, “Lehrbuch der Mctallograiffiie,” 
Halle, 1925; F. Koehber, Schinclzen, Erstarren, Sublimicrcn, “Tland- 
Imch der Physik,” vol. 10, Thermische EigenschafUm der Stoffe, J. Springer, 
B(n*lin; Gueutler, “Handbuch der Metallographie,” Gobr. Borntrager, 
Ikn-lin, 1913; G. Sachs, “Grundbegriffc dor mechanischon Technologic der 
Metallc,” Akad. Verlag, Leipzig, 1925; A. Rejto, “Einige Prinzipien der 
theoretischen mechanischen Technologic dor Metallc,” V.D.I. Verlag, Berlin, 
1927. 

1 C/. Bustgham, Eugene C., “Fluidity and Plasticity,” 440 pp., McGraw- 
Hill Book Company, Inc., New York, 1922, regarding the lawsof plasticity of 
th(ise sul')stances. 
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only small traces of carbon, manganese, etc., is a soft and plastic 
metal, easily deformed and worked, while a quenched steel having 
0.6 to 1.1 per cent of carbon, has a high yield point and is worked 
only with difiS.culty. Small impurities influence the yield point of 
metals, as well as the tensile properties, in a most complicated 
manner. For example, the minute quantities of gases such as 
hydrogen, nitrogen, or oxygen, which may be dissolved in a 
steel have an influence on the yield point and also on the shape of 
the function which determines the relation between stress and 
amount of plastic deformation. 

The effect of these impurities depends on whether the atoms 
are dispersed throughout the crystal lattice or form compounds 
with the metal. These compounds may occur in the shape of 
inclusions or small crystals, or are distributed along the grain 
boundaries. Certain foreign substances, which may accumulate 
along the grain boundaries produce a strengthening effect, as for 
example, the cementite in the pearlite in steel; in other cases, 
however, the effect is very injurious. This is the case, for 
example, with iron sulphide in steel^ or copper oxide in copper. 
In these cases the strength is decreased. Although by including 
small amounts of additional substances consisting of suitable 
materials, a metal or an alloy may be made considerably stronger 
with respect to plastic deformation than the pure metal, in other 
cases, the disturbances or imperfections produced in the hittico 
of the crystal grains (infinitesimal holes, cracks, and fissures) 
have the opposite effect and these imperfections tend to diminish 
the strength of the crystal-grain aggregation considerably. 

With regard to the influence of temperature upon the magni- 
tude of the stress at which the material becomes plastic and 
begins to flow, it may be said that in general the magnitude of 
the stress necessarily decreases with increasing tcmponii.urc. 
Use is made of this important property of matter in the hot work- 
ing of metallic materials. At forging temperatures, steel and 
iron are much more easily worked, i.e., plastically deformed, than 
under ordinary temperatures. At forging heats the forces 
necessary to produce a given deformation are perhaps one-l,enth 
to one-twentieth those necessary at ordinary temperai,ures. 
Amorphous solids also behave similar to crystalline materials 
with respect to the effect of temperature on the stress necessary 

‘Gobbbnb, P.: Ubor Stahlqualitaten und ihro Boziohungon m don 
Herstellvotfabren, Kmpptche Monatukefte, 1927. 
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to cause plastic flow, although their plasticity must be attributed 
to a different atomic mechanism than in the case of crystalline 
matter. They soften gradually under heat.^ 

Finally the effect of time on plastic deformation may be 
briefly mentioned. It is known that the shape of a material 
body may be greatly changed under small stresses, if only an 
extremely long time is allowed for the change to take place. 
The deformation, without fracture, of the rocks in the earth's 
crust is one of the most striking and best-known examples of this 
effect. Also in ductile metals, large permanent deformations 
may be produced by long-time loading, at sufficiently high 
temperatures. 

If we consider only such lengths of time as are necessary for 
carrying out the usual tensile test, we will come to the conclusion 
that the stresses at which yielding at normal temperatures begins, 
depend but slightly on the speed of deformation. An increase in 
the speed, with which, for example, a test piece of wrought iron is 
deformed plastically at ordinary temperatures in testing machines, 
will produce only a relatively small increase in the force corre- 
sponding to a given extension. Even if this speed is doubled or 
increased 10 times, an increase of only a few thousandths or at 
most a few hundredths in the tensile strength is produced. If, 
however, we compare the influence of the speed of plastic deforma- 
tion at the extremely small velocities of deformation occurring 
in the so-called ^Tong-time tensile tests" at high temperature, it 
will be seen that a doubling of a load will produce perhaps a 
doubling of the velocity of extension. Hence, at very small 
velocities of deformation, we must therefore conclude that the 
speed has a large influence on the stresses occurring during plastic 
deformation. In other words, the stress is a function of the 
velocity of deformation v = de/dt. Mathematically the stress 
^ = f(v), and this function will probably be a linear function where 
V approaches 0. Thus at very small velocities of flow s = 
r)Vj where the constant rj is very large and largely dependent on the 
temperature. On the other hand, at values of v and s occurring in 
the usual tensile test, the stress s in so far as it depends on the 
rat.e of flow v, has probably the character of a function: 

,S‘ = <S*i + «S‘2 log,. 

1 Cf, chap. 39 below, regarding the effect of temperature. 
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where t*o, si, and 6*2 are constants.^ This question will be treated 
in more detail later (see chap. 39). 

^ The last relation is confirmed’ l)y the beautiful tests of P. Ludwik, 
‘‘Eleinente dcr technologisclien Mochanik,” p. 47, 1909, with tin wires; 
and the tensile tests of Gassebaum, A nn. d, Fhys., 4th ser., vol. 34, p. 106, 
1911, with soft iron. Regarding long-time tests made in Germany, those of 
Pomp and Dahmen, “Dio Dauerstandfestigkeit von Eisen und Stahl bci 
erhohten Temperaturen,^’ W erksto^ausschusshericht des V.D.E., No. 98, 
Diisseldorf; and those made by Welter, Z. f. Aletallkunde, are of especial 
interest. 
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ELASTIC AND PERMANENT DEFORMATION 

a. If a bar of ductile metal with a constant cross-section is 
loaded in a tensile testing machine, it will lengthen uniformly 
under the action of an applied load. If we mark two lines 
on this bar and designate the length between these marks as Z, 
under the tension load P, this length will lengthen by an amount 
AZ. If the extension AZ be plotted against the 
corresponding load P in a right-angled coordinate 
system (Fig. 8), these points, in general, will lie 
on a continuous curve 01 A. If the bar, after 
being unloaded exactly assumes its original 
length, the extensions under the given loading 
are called ‘^elastic.” The tensile force per unit 
area of cross-section P/A, where A is the cross- 
sectional area is called the ^'unit stress.” 

In the following this will be designated by the letter s. 

If we unload the bar, after being loaded by a force P*, the curve 
on unloading will be as shown in the figure by A2B which is dif- 
ferent from the loading curve 01 A. If after unloading the point 
B does not coincide with the initial point 0, the length of the bar 
Z has extended permanently by the amount Alp — OB. If the bar 
is again loaded, we obtain in general a new branch 3, which is 
different from the unloading curve 2 and which makes a loop with 
the second branch. There are materials, however, for which the 
three branches, 1, 2, 3 practically coincide, if the force is below 
a certain limiting value, with a common straight line. 

Such materials are called perfectly elastic materials. The 
deformations of the crystalline minerals (quartz) and also 
the initial deformations of certain metals composed of crystal 
aggregates, below certain limiting loads, approximate the ideal of 
a perfectly elastic body. For example, the small elastic defor- 
mations of a wrought-iron bar in tension arc elastic and pro- 
portional to the stress as long as the stress s = P/A (the load P 
divided by the cross-sectional area A) remains below a certain 
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limiting stress so- In contrast to this, in certain other metals, 
for example soft annealed copper, the smallest loading produces 
permanent deformation. 

If a wrought-iron bar is loaded in tension by a load P starting 
from zero, we usually obtain an initial stress-strain curve P = 
/(AI) such as is represented in the two examples of Figs. 9 and 10. 
The force P at first increases in exact proportion to the increase 
in length AL At a certain stress sq = Po/A which has a value, for 
soft annealed wrought iron, of between 
25,000 to 50,000 lb. per square inch, per- 
manent deformation suddenly begins to 
appear. This tensile stress so is called the 
yield stress of the iron. At this time a 
sharp break occurs in the stress-strain 
diagram (point 7, Fig. 9), and the strains 
increase greatly after this point is reached. 
The transition to the horizontal branch of 
the curve can either begin with a sharp 
peak and subsequent decrease in the load, 
as shown in Fig. 9; or it may be gradual, as shown in Fig. 10. 
Along the steep straight part of the curve as the load increases, 
the extension is practically elastic, while after the yield point is 
reached, large permanent deformations appear. 

Besides the curves shown in Figs. 8 to 10, which represent 
various modes of transition from the elastic to the plastic stage, 
there occurs frequently in the case of ductile metals a curve such 
as is represented in Fig, 11. If a bar of soft annealed copper or 


Fig. 9. 


Fig. 10. 


Figs. 9 and 10. — ^Load 
elongation curves show- 
ing transition from elastic 
to plastic stage for mild 
steel. 




Figs. 11 and 12. — Tensile tests. Figure 11 shows “copper,” Fig. 12 “iron” 
type of load-elongation diagram. 


aluminum be loaded in tension, the initial doformaiion curve 
P = f{Al) contains no straight portion and no definite yield 
point exists. The permanent deformations begin gradually to 
develop at the smallest load and are initially of the same order 
of magnitude as the elastic deformations. That the yield stress, 
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however, also has a certain physical meaning in the case of these 
metals, will be recognized, if, after the bar has been stretched for 
some time, it be unloaded and again reloaded. We will now 
consider what happens under such conditions. 

It is important to note, that the character of the curve may 
change after unloading. If the bar is loaded with a force P 
and then unloaded again, the curve drops steeply along the 
dotted line 2 from A to P in Fig. 11 and often approaches an 
approximately straight line. If the bar is loaded again, the 
force increases at first along the line 3, which is almost a straight 
line. This line bends over, however, at a load which differs but 
little from the load P*, with a more or less sharp change in direc- 
tion, so that the curve again approximates a continuation of the 
initial curve. 

While in the first part of the initial curve P = f (AT) a yield 
point does not occur, however, after unloading it does appear 
and is more pronounced the more the metal is strained. The 
transition between a second loading curve 3-3 (Fig. 12) and a 
continuation of the initial curve 1-1 may in the case of iron be 
of various shapes. If the test is only interrupted for a short 
time by the unloading and the bar is quickly loaded again the 
curve bends over according to the line 3-3 in Fig. 12. If, however, 
a long time (several hours or days) occurs between the unloading 
and subsequent reloading, the yield point is raised, as Bauschinger 
has established, and the new curve bends over according to the 
line 5-5. This transition often is such that the sharp peak with 
subsequent decrease in load which occurred at the yield point Y 
as shown in Fig. 12 is repeated.^ 

If an iron or copper bar be unloaded, after permanent deforma- 
tion under a tensile load P* has occurred, and if it be loaded 
again in the same direction to a load below the load P* and again 
unloaded it behaves elastically, similar to a bar in the elastic 

1 This phenomenon is known as ageing.” Regarding these character- 
istics of load-deformation curves, P. Ludwik came recently to very remark- 
able conclusions (see ^‘Strockgrenasc, Kalt-und Warmsproedigkeit,” Z.Kd. 
p. 379, 1926). A 1-pcr cent stretched electrolytic iron, after lying a half 
hour had its yield point increased over 13 per cent; after 24 hours a 25 per 
cent increase was noticed and after three months a 33 per cent increase. 
A very great increase was produced by heating at 100®C., whereupon the 
yield stress was increased 60 per cent, bee also P. Lxjdwik and R. Schexj, 
tlbor die Streckgrenze von Elektrolyt- und Fluss-eisen, WerkstoffaicsschusB’- 
hericht 70, 1925. 
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part OY of the load-deformation curve in Fig. 12. If, however, a 
test piece of ductile metal, whose stress-strain curve is similar to 
that shown in Fig. 11 is first loaded in tension to a load P*, is 
unloaded, and then subjected to a compression, one obtains the 
branch of the curve QP** (Fig. 13). This branch is sharply 
p curved in contrast to the straighter unloading 

p* curve. There has been produced, in effect, a 
lowering of the yield point for the opposite 
y' r direction of loading. 

The above obsei-vations regarding clastic and 
y permanent deformation may be summarized as 

■P** follows: 

1. When a metal is loaded above the yield 
deformation point in tension or compression, the yield point, 
carve after stresses in the same direction, is raised, 

versa o oa . ^ ^ metal, after plastic dofonnalion in 

tension, acquires elastic properties, so i.o say, in a purer form, 
if it is stressed again in tension. The ability of a met.al to 
behave elastically reappears after a certain plastic dc^foniuition. 

3. After plastic flow and a reversal of direction of loading (from 
tension to compression or vice versa or from twisting in on(^ sonso 
to twisting in the opposite sense) comparat ively larger plastic de- 
formations are produced by verysmall loads.* In other w’ordstiio 
yield point for the opposite kind of stress is lowered. 

b. After-flow. — In the foregoing description of the process of 


deformation, as a first approximation the question was consick'n'd 
as one under equilibrium conditions. This idea involves t.he t.aeit. 
assumption that, in the region of plastic dofonnalion after tlu^ 
interruption of the flow process, all clast/ic eshangos in shap<Hl(^poti<l 
only on the actual value of the stresses, and arc not alTefsiiod by 
values of the stresses previously acting. This assumption is tiu^. 


^ Certain of those observations wore first pointed out by iiaus(*.hing<*r 
(The behavior of metals mentioned under 3 is soineliines niunod liiin 
“The Bauschinger ElTcct.’*) Recent investigations (W. Badior, W. Look, 
Dissertations, Gottingen, 1927) have shown that, for examples, sofl* iron 
exhibits, under certain conditions of stress application, a curvc'd l.ransition 
from the clastic to the plastic branch of tlu* stn'SH-straiu curve. Among IJu* 
causes for such changes in particular the following may incinliorK'd. a 
reversal of the direction of stress, but also a rotation of the din'ct.ions of (Ik* 
principal stresses m the body, and finally a change in the (hrc'<* principal 
stresses. Also O. Masing and W. Mauksch have carefully d(‘t(^rmirK'd th<i 
stress-strain curve for brass under alternate tension and cempniSHion. 
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one usually made for elastic deformation. However, more 
exact observations of the deformation, occurring after a sudden 
change in the load or after a slow interruption of the flow process, 
show that the deformation depends on the previous plastic defor- 
mation, on the velocity with which the applied forces change, and 
upon the time which elapses between observations. When a bar 
flows under an almost constant load, if we consider the processes 
occurring in the microstructure of the material where the flow has 
its origin, we are led to believe that we do not have here a state 
of equilibrium. Furthermore, as has already been mentioned, 
the stresses occurring during plastic flow at normal temperature 
depend to some extent on the velocity of flow. A definite time 
is necessary to bring about the interruption of flow; during this 
time the material yields to some extent. These phenomena 
are comprised under the heading After-flow.^’ 

c. Elastic Hysteresis. — Besides the plastic deformation of 
ductile metals, brittle metals or other materials also show per- 
manent deformations, which probably to some extent are caused 
by the imperfections of the microstructure. For example, cast 
iron when stressed in tension or compression 
behaves to a considerable degree almost inelas- 
tically. In tests with such metals the loading and 
unloading curves contain no straight lines but 
rather curved ones^ (Fig. 14), and both curves 
enclose loops of considerable width, whose area is a 
measure of the work lost during each reversal of 
loading. This work is dissipated as heat. This 
loss, in the case of materials which have a very soft 
component in their composition, probably is brought 
about by friction. The best-known example is cast 
iron with ii.s embedded particles of soft graphite. The phenom- 
enon represented by a stress-strain curve for increasing load 
differing from that for decreasing load, both curves forming a 
loop, is called ‘^elastic hysteresis.” 

Gray cast iron contains from 2 to 3 per cent of graphite. If wo 
assume, according to Bardenheucr, the specific weight of graphite 
as 2.1 and that of cast iron as 7.3, it will be found that the 3 
per cent by weight of graphite corresponds to 10.4 per cent by 



Fig. 14.— 
Elastic-hys- 
teresis loops. 
P, tensile 
load; AZ, 
elongation. 


* Hoe Back, C., and Baumann, R., ‘‘Elastizitat und Fostigkeit,” 9th ed., 
Julhis Springer, Berlin, 1014. The elastic properties of such materials 
have been exhaustively investigated by C. Bach especially 
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volume, i.e.j about a tenth part by volume of cast iron is filled by 
the soft graphite particles.^ Under stress the cast iron yields 
mainly in the soft graphite flakes or temper-carbon particles. 
The harder constituents of the structure are displaced like rigid 
bodies along the leaves of graphite; if these minute surfaces, along 
which sliding occurs, are under pressure, the internal friction 
tends to prevent this sliding and after the reversal of stress 
causes a vertical shifting of the stress-strain curve, thus producing 
what has been described as the phenomenon of “elastic hysteresis.^^ 

It is well known, that brittle materials with a comparatively 
loose grain structure, such as sandstone, concrete, cast iron, 
etc., under pressure show the phenomenon of the formation of 
loops in the stress-strain diagram. This indicates, that one main 
reason for the formation of loops may be attributed to the sliding 
of the crystal grains on each other under pressure or of aggregates 
of grains along inner surfaces of imperfections. Such inner 
surfaces of weakness may be caused by soft inclusions (for 
example the graphite particles in cast iron) or by minute cracks 
or also by a weak boundary substance separating the crystal 
grains. 2 

1 Bardejstheuek, Dor Graphit iin gniu(‘n (hussouson, Stahl uml vol. 

47, p. 857, 1927. 

2 It is true, that this explanation in the ease of pure tension involvi^s 
certain difficulties. In the ease of pure tension one may expc'ot tliat i.lui 
inner surfaces of weakness if situated at an angle t.o tli(‘, (liree.tion of t.he 
tensile stress will open up and thus friction will not a(dN But it must Ix^ 
noted, that in the vicinity of a small spherical or cylindrical hole subjoetcul 
to pure tension in some points compressive stresses also a(d» and tli<'S(^ 
secondary compressions may produce friction. 

Elastic hysteresis shows in many respcctsananalogy to thephenonuuiori 
of magnetic hysteresis which has been much studhid by physicists. A first 
attempt to work out this analogy and to study the shape of cyclic str(‘HS- 
strain curves, by means of analytic expressions, socmis tio hav(^ been mad(^ 
by Berliner (Dissertation, Gottingen, 1900). Oertain inelastic properties 
of solids were discovered long ago, but it seems that tlu'y havt^ Ixx'ii e-om'- 
lated more to what is called ^‘elast.ic after-effect^^ (r/. Ix^low) than to (dast.ic 
hysteresis. On the other hand, looping in stnus-strain curves may (easily bci 
produced by plastic flow and what was called above 'biber-flow/' It is 
therefore first necessary to treat these three more or loss ind<*p(^nd(ait <xiuh<‘h 
of the same or similar effects in stress-strain cye<les sc‘parat.(dy until mon^ 
complicated cases arc considered, in which for example after-flow as well 
as elastic hysteresis may b(^ combined, llegarding ihese plu'nornena 
cj, tests of Ewing, E. Warburg, F. Koerbe.r and W. Rohland (1924'), Timo- 
shenko and Lessells, Appli<'cl Elasticity,*' p. 40(i, 1925, and many ot hers. — 
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d. The Elastic After-effect. — Besides hysteresis and after-flow 
the elastic after-effect should be mentioned, a phenomenon, 
which was first discovered and known long before the others.^ 
This effect can be observed for example in materials which are 
known for their perfect elastic properties, such as glass at low 
temperatures. It includes phenomena observed for example 
in elastic springs (the tubes of Bourdon manometers), wires of 
silica in delicate instruments (galvanometers), also in glass 
thermometers in the form of recovery, or such as the change in 
length with time after a load has been removed, or as the slight 
change of length (drift) of a bar after a load has been applied and 
held constant for a time. These phenomena have been discussed 
mathematically by Maxwell and L. Boltzmann. The latter drew 
interesting conclusions with respect to the action of previous 
cycles of stress upon the deformations produced by the acting 
load. If, for example, a cylindrical rod is twisted in one sense, 
then untwisted, and again twisted in the other sense, in the 
elastic after-effect both previous cycles of stress maybe recognized 
by a change of sign of the after-effect. The material exhibits a 
behavior, which might be compared with memory, the material, 
so to say, recalling the previous types of stress to which it has been 
subjected.^ 

L. Prandtl devised a mechanical model for demonstrating hysteresis and 
suggested a new theory which took into account the effect of the thermal 
agitation of the molecules on the elastic hysteresis, Z. fur. mig. Math. u. 
Mech.j 1928. — Comparative calculations of the energy loss per cycle and 
unit volume for a given shape of loop can be found in the valuable paper by 
G. H. Kbxjlegan, Statical Hysteresis in the Flexure of Bars, Bur. of Stand. 
Technol. Paper 332, voL 21, p. 145, 1926; also 365, vol. 22, 1928. 

^ The elastic after-effect seems to have been discovered by the physicist 
Wilhelm Weber in 1835. 

2 G. H. Keulegan calls the hysteresis caused liy the elastic after-effect 
^‘hereditary hysteresis’' in contrast to “static liysteresis,” which is what 
we call “clastic hysteresis.’’ 
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ON THE MECHANISM OF PLASTIC DEFORMATION 
IN THE GRAIN STRUCTURE 

The elastic deformation of crystalline materials under the 
action of external forces is the result of distortion of the crystal 
lattice in which the atoms, ions, or molecules are arranged. 
Likewise, the volume change and elasticity, with respect to change 
in shape of vitreous solids and the volume changes of liciuids duo 
to pressure, are the consequences of the changes in the dist ances 
between the molecules. If we disregard the clastic deformation, 
which at usual pressures up to several hundred or thousand 
atmospheres is small in comparison with the possible permanent 
(plastic) changes in shape, there remain for the explanation of 
plastic flow in solid materials only the permanent displaccnnents 
in the relative positions of the elements or atoms in the crystal 
lattices.^ 

Although the mechanism of plastic deformation in t.ho cryst.al 
lattice of solid materials is not yet fully known, some typicaJ 
phenomena likely to occur in combination with plastic flow may b(^. 
mentioned. The most important of these elementary phenonuma 
are the following: 

a. Slip. Parallel displacements (^Mj’anslat.ions”) of 
ments of the crystal lattice. 

b. Formation of twins. Shifting as a whole, of a part of a 
crystal, to a second position, symmetrical with respcK^t. t.o (^(n^t.ain 
planes in the lattice of the rc^maining part of the cryst.al. 

^ The phenomena occurring during the plastic flow of (Ik' c.ryHtalline 
solids are best studied by means of test pieces (‘.onsisting of single (‘.rysl.als 
of the Ri;je used as specimens for testing of materials. lU^ganling the 
mechanical properties and the plastic deformations of m<*.tal singh* e.rystals 
which have been the sul)joct of nuniorous valuable nvsoarcJies in r(ut(u»t 
years, reference is made to ^‘Handbuch dor Physik,” vol. (>, chapter on 
Plasticity, section on Single Crystals. The m(‘ehanieal laws gov(*rning 
plastic flow in metal single crystals have been parthailary ehutidattul by 
G. I. Taylor and his collaborators in Cambridge {cf. “The I)istortion of an 
Aluminum Crystal during a Tensile Tost,” Bakerian Ptog. Hoy. 

Soc., London, Vol. 102, p, 043, 1923, and many othc'.rs of his papers), by Miss 
C. J. Elam, by M. Polanyi, by E. Schmid in Berlin, and others. 

30 



PLASTIC DEFORMATION IN THE GRAIN STRUCTURE 31 



Fig. 16. — Coiipor. Th© deformed surface of a highly polished copper piece 
showing numerous slip bands in the crystal grains. The deformation was 
produced by the impression of a punch. (Magnification about 100.) 
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c. Change of position of atoms occurring because of agitation of 
atoms due to heat. 

d. Breakdown of structure^ occurring often quite gradually under 
an increasing load. Displacements of crystal grains accompanied 
by a partial destruction of the cohesion. This results in a gradual 
loosening or tearing apart of the structure under increasing stress. 

The phenomenon of slip or translation consists of a parallel 
sliding of parts of a crystal along planes, relative to one other, 
for distances which are perhaps many thousand times the 



Fig. 17, — Distorted surface of an initially highly polished copper si>ecimen 
which, has been severely deformed. The slip bands can hardly bo detected, 
(Magnification about 100.) 

distance between the atoms in the lattice. These displacements 
usually occur along one or more crystallographically definite 
planes in the crystal; moreover the directions of sliding coincide 
with certain crystallographically definite straight lines in (he 
space lattice. Sliding in the grains often occurs in numerous par- 
allel planes, the number of planes increasing with the incrc^asing 
stress. This type of deformation often is evidenced by numerous 
parallel strips or markings well observable under the microscope 
on the surface of a metal crystal, or in the crystal grains of a 
deformed metal which has been polished before it is subjected 
to a plastic distortion. 
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The second kind of phenomena occurring during plastic 
deformation of a crystal, known as crystal twinning, is a shifting 
of the position of the lattice in a part of a crystal into a second 
position, so that the second part is 
in a symmetrical position relative to 
the first part and some plane of 
symmetry. An example is exhibited 
by the deformation of crystals of 
calcite. These crystals split if 
loaded in a suitable way,^ in the 
manner shown in Fig. 19. This 
kind of deformation, also designated 
by Miigge^ as “pure shear,*’ has 
been observed in the crystal grains 
of naturally or artificially deformed 
marble® and in certain metals. 

As has already been mentioned the 
shear stress, necessary to produce 
the plastic state, is a definite func- 
tion of the temperature. Hence in 
the mechanism of plastic deforma- 
tion of solid materials under high 

temperature, the thermal vibrations of the atoms must play an 
important part. The capacity for forming slip planes in the 
crystals is considerably increased by heating. 
Thus, near the melting temperature the for- 
mation of slip planes may be brought about 
by very small shear stresses. - 

Noteworthy contributions to our knowledge 
of the properties of ideal crystals, in line with 
earlier conceptions of Tammann, were made by 
R. Becker and A. Smekal.^ A visual picture of 



Fig. is. — S lip bands in a crys- 
tal grain of deformed brass. 



F I o. 1 9.— F 0 r- 
znation of twins in a 
calcite crystal. 
{According to 

Niggli^) 


1 NiGQLi, ^^ehrbuch dCr Mineralogie,” p. 176, Gebriider Bomtrager, 
Berlin, 1920. 

2 “ Kristallphysik, Handbuch der Naturwissensohaften,” vol. 5, p. 1135, 
1914. 

•VSee the tests under combined axial and lateral pressure, made witli 
marble test pieces of cylindrical shape by T. v. KXrmXn, MiiU H, Forschungs- 
arh. F. 2). No. 118, Berlin, 1913. 

^Bbckbr, R., tJber Plastizitat, Verfestigung und Rekristallisation, 
Z. techn. Phys»i No. 7, p. 647, 1926;* Smbkal, A., Zur Molekulartheorie der 
Festigkeit und der Verfestigung, Zee. dt.j No. 11, 1926, and A /cad. d. 

Wierij Ameigevy Dec, 2, 1926, Jan. 27, March 17, 1927. 
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the mechanism of slipping in a metallic crystal, as given by 
R. Becker, is as follows. We may first conceive of certain 
layers in the crystal whose boundary planes coincide with definite 
planes of the crystal lattice. These layers are bounded by rough 
surfaces. The roughnesses stand out like teeth or bumps and fit 
in corresponding depressions in the bounding layers. These 
correspond to the force fields of the atoms. For example, in 
single crystals of copper, whose atoms form a face-centered 
cubic lattice, in which the octahedron planes act as slip planes^ 
and the edges of the octahedron represent the direction of slip, 
the middle points of these bumps must lie upon a net composed of 
a mesh of equilateral triangles. The forces emanat.ing from the 
atoms hold the layers together. As soon as the laws obeyed by 
the inter-atomic forces, are known, it is possible to calculate the 
shearing force S necessary to cause a displacement of those layers 
sulSGlcient to bring these bumps opposite each other. This 
force S would then produce failure by slipping. This theory of 
action within crystals was extended by R. Becker to include 
the effects of the thermal agitation of the atoms. In gOTieral 
terms this may be explained as follows: If we assume ibat iJie 
shearing force in the crystal has a value but little smaller (ban (.he 
force S necessary to produce permanent slip, it follows (.hat 
there will only be elastic deformations in a lat(.ice wi(.h (.he a(.oms 
at rest. However, if we consider the thermal vibrations of (bo 
atoms due to heat, the picture changes. Since a variable 
shearing force s is exerted by the vibrating atoms i(. follows under 
these conditions that it varies periodically abou(. a tnoan vahio 
It is thus possible that in certain planes (.he forego may for 
an instant become greater than aS. When (.his occurs, as men- 
tioned above, slip in the layers of the crystal follows, where .s* > aS. 
The plasticity of the crystal, according to (.his (.heory, is aff(Ki(.<Hl 
by the temperature; the higher the tcmperaturci (.he mor<^ fre- 
quently will the slip layers occur. The velocK.y of pla.s(.ic d(ifor- 
mation would depend on the number of plancss in v/hich sliding 
occurs.^ 

1 In a scniinar in 1921, L. Praiultl, m conHi<loriiig (im^HtionH of (‘lastic. 
hysteresis and after-effects, utilized the instability of (.li(‘ (|uaHi-(daHti(*. 
equilibrium of the atoms in solids for the construction of a nuxUd to illus- 
trate the process of hysteresis and considered the thermal motion in a 
similar way to the method used by Becker. Bee L. Phandtl, /. wng . 
Math. u. Mech.y vol. 8, p. 85, 1928. 
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In connection with the above-mentioned conception of Griffith/ 
A. Smekal assumed that crystals (even the most perfect speci- 
mens), as well as amorphous solids, are weakened by countless 
small flaws. By means of ingenious experiments on small bars 
of rock salt, plastically bent (by coloring them by means of 
exposure to radium radiation), he was able to show that in the 
plastically deformed part of rock-salt crystals the loosening up 
in the lattice was greater than in the unstrained portion. Such 
changes of the microstructure of ductile metals by means of 
severe cold working are well known to engineers. The metal 
becomes ^'more brittle” after severe cold working. 

The plasticity of amorphous materials is, according to R. 
Becker, determined by the shifting in position of single atoms or 
molecules from their equilibrium positions. We may conceive 
that in the inside of solid materials countless minute cracks occur. 
Under increasing temperature the energy of motion of the atoms 
at the surface of these cracks, when vibrating about their equilib- 
rium positions, becomes greater and greater. Therefore, certain 
atoms along the surfaces of these minute cracks will finally attain 
such large amplitudes of vibration that they approach the force 
fields of the atoms on the opposite surface of the crack. There 
they will, therefore, be caught and held by the fields of the atoms 
on the other side of the crack. In this way the crack will grad- 
ually change its shape. Where the cohesion of the material is 
weakened most by means of these spontaneous opening cracks, 
both parts of the body will shift with respect to each other by a 
small amount. The totality of these infinitesimal displacements 
may be observed as a plastic flow or permanent change in shape 
of amorphous masses. 

On i.he oi-her hand Polanyi and E. Schmid have shown,- 
that in metal singles crystals plasticity due to ordinary slip can 
be observed at the lowest possible temperatures (liquid helium). 
Hence one main part, of plasticity due to ordinary slip must be 
at.tributed t,o a mechanism which is not affected by the thermal 
agitation of the atoms. 

h\ Zwicky'^ has raised doubts against the assumption that the 
presence of imperfections (minute cracks or flaws) in crystals 

1 Loc. cit. 

2 Niiturwissonschaftcn, vol. 17, p. 301, 1929; c/. also several papers by B. 
SctiMXO in Z. f. Phyttik, 1929 and 1930. 

*'* The Tinperfcctions of Crystals, Proc. Nat. Acad. Sci.j vol. 15, p. 253, 1929. 
On Mosaic Crystals, ibid., vol. 15, p. 810, 1929; also ibid.j vol. 10, p. 211, 
1930. Hoc also Ilolvdica Physica Ada, vol. 3, p. 2()9, Ziirieh, 1930. 
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should exert the large effect on certain mechanical properties 
of the crystals (such as strength, the plastic limit) as had been 
supposed heretofore. 

In the solid state of matter, according to Smekal and Zwicky, 
two kinds of properties have to be distinguished. Certain 
physical properties of the crystals are known to be structure 
insensitive, while others are structure sensitive. To the first 
group of physical properties of the crystal lattices belong density, 
specific heat, elasticity (compressibility), thermal expansion, 
and others; to the second belong mechanical strength, the limit 
of plasticity, dielectric strength, certain optical properties, and 
others. The first kind of properties seem to have about the 
same values for single crystals as for the polycrystalline material 
of the same chemical constitution. The latter group seem to be 
affected more than the former by impurities, by a previous 
deformation, and by temperature (annealing, tempering).^ 

According to Zwicky, there are two reasons against the validity 
of the assumption that minute cracks and fiaws are the main 
cause of the lowering of the mechanical ''molecular'' strength 
as deduced from atomic theory to its actually observed low 
"technical" values.^ 

On the basis of these views, one would be led to expect* that 
the behavior of the real crystals would become more similar to 
that of the ideal crystals, depending on the degree the accidental 
disturbances during the growing of the crystals are avoided. 
Observations, however, show that the contrary is true. The 
second reason is that if the lowering of the strength is caused by 
a random distribution of minute cracks, the values of the proper- 
ties observed in actual tests would have to bo distributed accord- 


1 Zwicky himself states that there does not exist a sharp limit 

these two groups of properties. The elasticity constants or thc^ tlunmal 
expansion coefficients of metals, for cxjimple, are known to chang(* with 
increasing temperature to a considerable amount*. The variation in th(‘.H(' 
properties is perhaps of tlu^ order of 25 to 60 per cent if the metal is luniU^d 
from room to melting t<‘mperature. Possibly some, of thci struct.ur(»-inH<‘imi- 
tive properties change with rising temperature and Ixicome at. (d(*vHt.(*d 
temperatures structure s(‘nsitive. 

2 According to Polanyi and Zwicky and to the atomic tluKiry, tlie mol<‘cu- 
lar tensile strength of, for example, a rocksalt crystal should be about a 
tenth of the mean value of the elastic moduli of this substance « « B/\{) or 
about 2 to 4.10^ kg./em.2, while actually rocksalt becomes plastic oven 
at a stress of 20 kg./cin.® or so and breaks at a stn^ss of perhaps 60 kg./em.». 
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ing to rules of probability, while as a matter of fact they can be 
reproduced within comparatively narrow limits. 

To avoid these and other difficulties not mentioned here (which 
arise from the above assumptions, according to Zwicky) small 
but ffiiite periodic changes consisting of slight variations in the 
distances within the lattice must be assumed in the crystals. 
Upon the primary lattice of the ideal crystal, as determined by 
a:-ray analysis, secondary disturbances are superimposed, these 
consisting of small periodic variations of the density or of the 
distances between the elements of the lattice. The structure- 
insensitive properties are caused by the primary lattice, the 
structure-sensitive properties by the secondary disturbances. 

These investigations show that the ideal lattice is thermo- 
dynamically less stable than the mosaic cry stal, i. e., Si cry stsl having 
slight periodic variations 
(contractions) in the lattice. 

This secondary structure 
within the primary lattice 
would cause effects such as 
lowering of strength, plastic 
deformation, and others. 

To give an idea of the order 
of magnitude of the blocks 
caused by the secondary 
structure, it may be said 
that the distance between 
two contracted parts within 
the lattice of a rocksalt crystal are thought perhaps of the order 
of twenty times the distances between the elements in the 
undisturbed lattice, so that the cubic block of the mosaic crystal 
of rocksalt would contain about 8,000 to 10,000 atoms. This 
checks with SmekaFs previous estimates of the size of the 
secondary blocks limited by the imperfections. 

The phenomenon of a gradual breakdown of the structure with 
increasing stress consisting in countless relative movements of 
parts of crystal grains to each other may be also observed on a 
larger scale. In materials with a relative loose microstructure, a 
kind of plasticity seems to appear under increasing stress. Per- 
manent deformations result, since the cohesion under the increas- 
ing load is gradually destroyed. An extreme case of this kind is 
illustrated by a conical-shaped body made of paraffin and loaded 



Fig. 20. — Longitudinal section of a par- 
affin test piece after compression test show- 
ing destruction of structure. 
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under compression (Fig. 20). A longitudinal section of this 
body shows that the structure is broken down or severely defor- 
med, much worse at certain points than at others. The parts 
having the destroyed structure are recognized by the discolor- 
ation or bright color. Another sample is shown in Fig. 21 
exhibiting a remarkably regular system of shear lines. Many 
brittle materials may behave probably in a similar manner 

when stressed by axial com- 
pression or tension. The small 
crystal grains loosen or break 
prematurely before any motion 
of translation may occur. For 
example, in a compression test 
with a cast-zinc test bar we 
may observe, simultaneously 
with the occurrence of slip 
surfaces in the crystal grains, 
the appearance of countless 
fine hair cracks which pre- 
maturely destroy the cohesion 
of the material. 

The various phenomena, 
above considered, character- 
istic of plastic deformation, 
often occur in combination 
with each other. Hence it 
may not be possible to separate 
them from , one another. This explains the great variations in 
the mechanical behavior of solids encountered when th('.y arc 
brought into the plastic state. 


Fig. 21.' — Regular markings on face 
of compressed prism of paraffin. 
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STRESS 

Let us consider a body in equilibrium under the action of 
external forces. Taking a cross-section of this body and investi- 
gating the equilibrium of the forces acting on each part thereof 
we see that, in general, forces from one part of the body will be 
transmitted across the cross-section to the other part. The ratio 
of the force acting on a small portion of the cross-section to the 
surface area of this portion approaches a limiting value, if this 
small area is taken smaller and smaller. This limit is called 
the ^^unit stress’^ at the point considered. This stress may be 
divided into two components, one perpendicular to the cross-sec- 
tion and the other in the cross-section. The former is called a 
normal stress ; the latter a shearing stress. Stresses are designated 
by the letter s; normal and shearing stresses in general will be 
distinguished by subscripts attached to the letter s. Normal 
stresses are taken positive or negative depending on whether they 
are tension or compression while the sign of the shearing-stress 
component may be arbitrarily fixed for each case. In the bodies 
it will in general be necessary also to consider in addition to these 
stresses, or forces acting on the surface, the continuously dis- 
tributed forces due to inertia or weight of the mass. 

The stress distribution at any given point in the inside of a 
stressed body is known, if the normal-stress component Sn and 
the shearing-stress component Ss at this point are known for 
each arbitrary position of the cross-section. We may locate 
the point by means of its coordinates taken with respect to a right- 
handed rectangular system of axes Xj y, The position of the 
cross-section under consideration is determined by the angle which 
the external normal to this section makes with the positive direc- 
tion of the axes. 

C'onsider a small element of a stressed body cut out by planes 
parallel to the planes of the coordinate axes, and having the edges 
dzj dy, dz. On a cross-section of this element parallel, for 

39 
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example, to the yz plane, a normal stress Sx will act. The shearing 
stress acting on this section may be divided into two components 
Sxy and Sxz^ parallel respectively to the axes y and z. In this 
method of designation of the stress components, it will be noted 
that the single subscript of a normal stress such as Sx and the first 
subscript of a shearing stress such as Sxy correspond with the 
direction of the normal to the section, while the second subscript 
of Sxy indicates the direction in which the component is to be 
taken. We thus have the following nine 
stress components parallel to the various 
coordinate axes: 

Sxj Sxuj Sxzj 
8yj Sij^j S,fxj 
Szy Sgiy Szy. 



Fis. 22.-Components of meaning and positive 

directions shown in Fig. 22. From tho 
condition of equilibrium with respect to moments or rotation 
of the small element (Fig. 22), the shear stress components must 
satisfy the following equations : 


— 8yz 


Szx — 8xf 


Norma! it 


Let us now consider a small tetrahedron cut out from the body 
(Fig. 23) by three planes parallel to the pianos xy, yZy and zx and 
a fourth plane oblique to the 
coordinate planes. From the con- 
dition of equilibrium of the forces 
acting on the four faces of this 
tetrahedron the relations between 
the stresses in the various sections 
may be determined. If wc choose 
the area of the oblique cross-section 
equal to unity, the areas of the sides 
of the tetrahedron parallel to the 
planes yZy zx, and xy are equal to the 
direction cosines O/xy and a- re- 
spectively of the normal n to this 
oblique cross-section. If we denote by Sx, Sy, 
ponents of the stress 8 acting in the oblique cross-section, (ho 
equilibrium of the forces acting on tho tetrahedron may be 
expressed by the following three equations: 



Fio. 
actiuK in 
totrahodron. 


StroHH coinpoiu^ntH 
facos of a Hitiall 


and Sz the com- 
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Sx “ SxO>x “h SxyCly -}- Sxzdzf 1 


~ Sydry -}“ Syzdz “f" SyxCLx<f f 

(1) 

Sz ~~~ SzCLz 4" Szxdx H“ SzyCLyt J 



We now divide the stress S acting on the oblique cross-section 
into its normal and tangential components Sn and Since the 
normal stress Sn is equal to the sum of the projections of the 
stresses Syj and Sz on the normal to the cross-section, we have: 

Sn “ SxOix “1“ SzCLz C^) 

and the shearing stress Ss is given by 

S .2 = ^2 _ ^^2 _ 5^2 (3) 

Substituting in the first of these equations the expressions for 
Sxy Syj Szj given by (1), we obtain the following equation for the 
normal stress Sn : 

Sn = Ssax^ -h -h Szaz^ + 2sxyaxay + 2sy2ayas + 2ssxazax (4) 

If from a fixed point 0, we lay off a segment OQ = r parallel to 
the normal (a^, a^, a^) and choose the length of this segment such 
that its square is inversely proportional to the normal stress 
we have: 

+ S» = -• 

Sn 

Considering that, 

X y z 

OLx — f Qfy — i CLz ■“ 

r T r 

Eq. (4) becomes: 

c = SxX^ + Syy^ + + 2sxyxy + 2syzyz + 2szxZX (5) 

This is the equation of a surface of the second degree. From it we 
may see how the components of a stress distribution are changed 
if the direction of the axes xyz is changed into Thus in 

case of a rotation of the coordinate axes the six stress components 
are changed in the same way as the constants in the equation of a 
surface of the second degree. In particular, we may, by rotation 
of the axes, transform them to coincide with the principal axes 
of the surface; i.e., we may bring Eq. (5) into a form in which the 
terms containing xy, yz, and zx do not occur. Therefore, we see 
that for each state of arbitrary homogeneous stress, there are three 
mutually perpendicular axes — the principal axes of stress — corre- 
sponding to which Eq, (4) , for the normal stress Sn takes the simple 
form: 


Sn = dj^Si + dy^S2 4 " 


( 6 ) 
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In the cross-sections perpendicular to the principal axes, the 
normal stress reaches its extreme values 5 i, ^ 2 , 53 . These are 
called principal stresses; in these cross-sections the shearing 
stresses must vanish (since the mixed terms do not appear in 
Eq. [4]). 

If we choose the principal axes of the state of stress as coor- 
dinate axes X, y, z, Eqs. ( 1 ) simplify to the following form: 

Sx “ Sy “ OtyS2j Sz “ ClzSs 

Using Eq. (3) we obtain an expression for the shearing stress 

Sa^ — Clx^Si^ + CLy^Sz^ -f- CLy^S^ + (8) 



CHAPTER 8 


MOHR’S REPRESENTATION OF STRESS^ 

a. Mohr’s “Stress Plane.” — If si, S 2 , sz represent the principal 
Stresses, ay, a^, the direction cosines of the normal to a given 
cross-section, and Sn and s®, the normal and shearing stresses in 
this cross-section, according to Eqs. (6) and (8), with respect to a 
system with coordinates x, y, z, coinciding with the directions 
of principal stress we may express the normal and shearing stresses 
as follows : 

= a^8i 4- + clHz-, (9) 

4 " 4 " 4 " " 1 " (101 

To these equations may be added a third: 

+ a/ 4 « 1. (11) 

These equations show how the normal and shearing stresses 
acting on any cross-section depend on the direction cosines 
a^, ay, az of this cross-section, and thus permit a visual represen- 



tation of the stress distribution. By means of Eqs. (9) and (10) a 
point A (Fig. 24) having the rectangular coordinates U-B, Gy, a^ 
corresponds to a defiaiite value of s„ and s, or a definite point S 
in a “stress plane” (Fig. 25). In this plane the abscissa) are 
1 Mona, Otto, “Abhandlungen,” 2d ed.,W. Ernst u. Sohn, Berlin, 1914. 
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chosen equal to the normal stress s„ and the ordinates equal to 
the shearing stress Ss, which act in the section considered. The 
points A lie upon a sphere (Fig. 24), whose radius is equal to 
unity, for the coordinates of A satisfy Eq. (11). 

Solving the three Eqs. (9), (10), (11), for az^j we obtain: 


(S2 — Sn)(S i — 
(§2 ~ Si) (6*3 


) “1“ - 2 — (Ss Sn)(Si Sn) H~ 

~ («3 - S2)(Sl - Sa) 

(si — S;t)(g2 — Sn) + 

(Si — S3)(S2 — S3) 


If, for example, we hold ax equal to a constant, the points A 
(Fig. 24) on the sphere -f ay^ + = 1, lie upon a circle 

which is perpendicular to the a^j-axis. In the “stress plane^^ 
Sn) Ss to this circle corresponds a curve, whose equation is obtained 
from (12) if we hold ax constant in the first expression. We 
then obtain: 

= (sa — Si)(s3 — Si)tXx^ — S2S3 "i" “ const. ( 13 ) 


With s„ and s, as variables, this is the equation of a circle with 
the middle point l3dng on the s„ axis (Fig. 25) at a distance 
(s 2 + S3)/2 from the origin and passing through the point S. 
In Fig. 25 only a small arc of this circle is shown. If a* = 0, the 
radius of this circle is (sa — sz)/ 2 . The three largest circles a® = 0, 
Oy = 0, a, = 0 on the sphere (Fig. 24) (see Eq. [11]) correspond, 
in Mohr’s “stress plane” to the three principal circles 1, 2, 3 , 
(Fig. 25). The radii and the distances of the middle points of 
these circles from the origin are as follows: 


(sa — S3) (si — S3) (si — Sa) 
2 ’ 2 2 
(sa + S3) (si + S3) (si + Sa) 
2 ’ 2 " 2 • 


( 14 ) 

( 16 ) 


The three principal circles cut off, on the ,svaxis (Fig. 25), the 
three principal stresses si, Ss, S3. An octant of the sphere As A^Ax 
(Fig. 24) with unit radius (Eq. [11]) is represented by the spluirical 
triangle SxSySs bounded by the three principal circles in Fig. 26. 

b. Mohr’s Stress Circle for Plane Stress. — We obtain such a 
stress distribution in the xy plane if we take the normal stress 
s* = 0 as well as both shearing stresses s** = 0 and = 0. Con- 
sider a small prismatical element (Fig. 26) formed by two pianos 
parallel to the xy plane, one parallel to the zx plane, and one 
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parallel to the zy plane together with an oblique plane parallel 
to the z axis. The equilibrium of the forces is expressed by the 
following equations : 


Sn COS a — Si sin a — Sx cos a -h Sxy sin a 
Sn sin cki + Si cos a — Sy sin a + Sxy cos a 


(16) 


In these equations Sn represents the normal stress and Ss the 
shearing stress in the oblique section, a the angle between the 
normal to the oblique cross-section and the x axis, and Sxi Syj Sxy 




the stress components in the other sections, 
equations for Sn and s,, we obtain: 

Sx "t" I ~~~ o I • o 

= — 1 — 1 -j — F COS 2<x -f- Sxy sm 2 qj 

xi Z 

s, = — sin. 2a! + cos 2a! 


Solving these 


(17) 


By transposing the term (s* + s„)/2 in the first equation to the 
left side, squaring and adding there results an equation of a 
circle in the variables Sn and s. : 


(sn - - -f— )“ + = s™*; where ( 18 ) 

The normal stress Sn reaches its extreme value at the points 
and of the stress circle (Fig. 27), if: 

= 0, tan 2a!' = (19) 

doc Sx “ Sy 


while the shearing stress Ss reaches its extreme values at the 
points where: 


^ = 0, tan 2a" 
da 


Sx Sy 

2s*, 


Since 


tan 2a' • tan 2a" = — 1, 


( 20 ) 
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tlie shearing stresses reach their extreme values in sections which 
make angles of 45° to the axes of principal stress. From Eq. 
(18) of the stress circle, by putting Ss = 0, we obtain the following 
values of principal stresses: 

“1“ I ^ Sar “h /01 \ 

Si = — 2 — ~ 2 

The absolute value of the largest shearing stress is : 

= Sm = + + s,/. (22) 

This is also equal to the radius of the stress circle: 



Conversely if both principal stresses si and S 2 of a state of plane 
stress and the angle a which the algebraically larger principal 
stress 5 i makes with the x axis, are given, the three components 
Sz) Syj Sxy may be computed using the equations: 

Si + S2 , Si — S2 o 

§ 3 , ar ^ 1 COS 2a, 

„ _ Si + S2 Si — S2 

Sy — 2 2 COS 2a, C2o} 

Si ~ S2 . o 
Sav = 2 

We may write these equations as the conditions of equilibrium of 
a small prismatical element bounded by the sections across which 
the principal stresses 5i, S 2 act and by an oblique section chosen 
parallel either to the x or to the y axis. 

c. The Principal Shearing Stresses. — The values of principal 
shearing stresses are defined as the radii of Mohr’s three principal 
circles (Fig. 25), 


= (24) 

From these we see that 

+ <2 + ^3 = 0. (25) 

Since we may resolve the general case in three states of plane 
stress, for the general state of stress, according to Mohr’s circle, 
the maximum shearing stress occurs at sections making angles 
of 45° with the sections across which the principal stresses act. 



MOHR'S REPRESENTATION OF STRESS 


47 


If we place a cube (Fig. 28) in such a way that its sides coincide 
with the planes of principal stress, the sections of principal shear- 
ing stress, if si ^ S 2 ^ Sz, form a rhombic dodecahedron surround- 



Fig. 28 . — The cube is oriented with its faces perpendicular to the principal 
stress directions. The faces of the rhombic dodecahedron are parallel to the 
planes of principal shearing stress. 


ing the cube. The directions of the principal shearing stresses 
form a regular octahedron whose corners lie upon the principal 
axes. Using ^i, ^ 2 , h the shearing stress Ss at any given cross- 
section may be expressed according to Eq. (10) as follows: 

Si® “ 4:(ax^<iu^h^ + ciy^CLs^tp -f- a^ax^t^)* 


( 26 ) 


CHAPTER 9 


STRAIN 


If we wish to determine the change in shape of a body under 
stress, we have to compare the position of its material points in 
the unstrained state with their position in the strained state. 

Thus, when a body distorts under stress, a point 
P (Fig. 29) is displaced from its initial position 
with the coordinates x, y, z to some point P' 
having the coordinates x', y', z'. The com- 
ponents of the segment PP' (Fig. 29) parallel to 
the coordinate axes are: 


p> 


^4_J 

'T 

is_ 


■yy 


Fig. 29. 


u ^ x' — X, V = y' — ijj w = z' — z. 


These three components of displacement u, v, w of the point P 
are in general functions of the coordinates Xj y, z and the time. 

The simplest cases of strained bodies are those in which the 
displacements u, v, w are linear functions of the coordinates y, 
z. In this kind of deformation, aU points, which initially lie in a 
plane, after distortion lie again upon a plane; moreover, parallel 
planes after stressing remain parallel. For example, if all points 
are displaced parallel to the x axes, the displacements xi being 
proportional to x, and v = if; = 0 we have: 


u — cx, V = 0, w = 0. 

This first type of homogeneous deformation is called pure extension 
in the x direction. If, however, all points are displaced in a 
direction parallel to the x axis through distances proportional to 
2 /, we have: 

u = cy, V = 0, 14; = 0. 

This second type of homogeneous deformation is called simple 
shear. The measure of the extension of the body parallel to the x 
axis, in the first case, is the extension per unit length or the unit 
extension. In the above case of shear all planes originally 
parallel to some definite plane, for example the xz plane, slide in 
a definite direction without changing their distances from each 
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other. These displacements are proportional to their distances 
from the given plane. The measure of shear is the unit shear, or 
the distance, by which two of these planes, of unit distance apart, 
are displaced with respect to each other. 

In the case of two pure extensions in two given directions, the 
length of all straight lines which are perpendicular to the plane 
containing the axes of the two extensions is not changed. From 
this it follows that the most general case of linear strain is 
produced by three pure extensions, which are, however, not 
parallel to any single plane. Hence this case is represented by 
the three linear homogeneous functions: 

x' = Oi:,X -b 4- JxZ, ] 

y' = OLyX 4- ^yV + [ (1) 

s' = oizX 4- ^zV + yzZ, J 

In this case it is assumed that the initial point 0, having the 
coordinates (0, 0, 0), does not change its position. The defor- 
mation given by these Eqs. (1) may be visually described as 
follows: Consider the sphere whose coordinates satisfy the 
equation: 

2 4 - ^2 + s 2 ^ ^2 ( 2 ) 

We may think of this sphere as described inside the body, 
its center being at the origin 0 and ask to find the distortion 
it will undergo under stress. If we introduce in Fiq. (2) the 
the values of x, y, z obtained by solving (1) there results a 
function of the second degree in x', z' . Since according to (1) 
a;', y^ , z^ are everywhere finite, the surface can only be an ellip- 
soid. Its middle point is the point 0. Consider a cube circum- 
scribed about the sphere in the undistorted condition. Under 
strain this cube becomes an obhque-angled parallelepiped 
circumscribing the ellipsoid while three mutually perpendicular 
diameters of the sphere result in three conjugate diameters of 
the ellipsoid. Since this must also hold for those three mutually 
perpendicular diameters of the sphere, which after distortion 
become the principal axes of the ellipsoid, ^.6., which before 
distortion were perpendicular and which after distortion again are 
mutually perpendicular, it may be recognized that each case of 
linear distortion may be divided into: (1) three pure extensions of 
the body along three mutually perpendicular directions and com- 
bined with (2) a rotation of the body such as to bring these three 
directions into coincidence with three other mutually perpen- 
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dicular straight lines, namely, the principal axes of the ellipsoid. 
Since a rotation of a rigid body about a fixed point is described 
by three parameters, while Eq. (1) contains nine constants, we see 
that the case of pure strain may be described by six quantities.^ 


^ Examples of various kinds of deformation are the following: 

1. Volumetric extension without change in shape: 


U = CXj V — CIJj w = cz. 

The angles remain constant. 

2. Longitudinal extension with constant volume: 


c' = 1 - 


Vi + ' 


3. Pure shear: 


u — cx, 2^ = I 2/> = 0. 

1 + c 

In this case a certain rhombus ABCD (Fig. 30) is changed under strain into 



D 

Fig. 30. 

Figs. 30 and 31, — Pure shear. 



Left initial, right final state of strain. 


a congruent rhombus A'B'C'D' (Fig. 31), in which the acute angles and 
the obtuse have been interchanged. 

4. Simple shear: 

u — cy, V ~ 0, w — 0. 

Two groups of straight lines under this state of strain remain of c,onsta,nt 
length, namely, the straight line y — constant and the straight linos y ~ 



Fig. 32. Fig. 33. Fig. 34. 

Figs. 32 to 34. — Simple shear. Left initial, right final state of strain. 


— + constant. Under strain the last group of straiglit lines bocximos 

2:r 

the lines 2 / = -y + constant, as shown in Figs. 33 and 34. This type of 

deformation is well known in the case of plastic deformation of crystals. 
For the case of calcite see Fig. 19 (p. 33). 
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The most general expression for the components of the dis- 
placement Uj r, w in the case of pure strain without rotation is 
given by the three symmetrical functions : 


^ ~ 2' ^ A- eyylj A’ 

W = -^X+^y ^ 


(3) 


provided that in this expression €xy = eyj^ • • . Since the three 
extensions 


u = €xxXf V = eyyy, W = 

produce no rotation of the principal axes and 
this is also true of shearing displacements 
having the form (see Fig. 35) : 



Eq. (3) is a case of pure strain without rotation. 

The unit extension €r of a radius r = OP of the sphere 
given by Eq. (2) is: 


€r 


OP' - OP 
OP 



(4) 


The extension €r takes on its extreme values ei, €2, €3 along the prin- 
cipal axes of the ellipsoid. The values ei, €2, €3 are called '^prin- 
cipal extensions.'^ If, under strain, the directions of principal 
extensions remain fixed, the strain, taken with respect to these 
axes as coordinate axes, is given by the three equations : 

U ~ V = €2?/, W — e^Z. (5) 

The coordinates x, and z are transformed to the now coordinates 
x\ ?y', ;2', by the following equation: 

a;' = (1 + eOx, y' = (1 + € 2 )?/, s' = (1 H- (z)z ((>) 

The radius vector r' becomes : 

r'2 x'^ + 7/'2 + g'2 = (1 + + (1 + €2)2?y2 + (1 + (7) 

If we take: 


ax = x\T, ay — yvr, as = z:r. 


( 8 ) 
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as the direction cosines of the radius vector r in the unstrained 
body, the unit extension €r of the radius r' after strain is given, 
using (4), (7), and (8), by the following equation: 

(1 -f* = (1 + ^iYcLx^ -}- (1 + € 2 )%/ + (1 + ^zYaz^. (9) 



Fig. 36. Strain ellipses on compression test piece pf paraffin. 

circular scratches were cut by turning the face in a lathe. 
P^°^ogra-ph were formed by the compression from the circular 
maffnitnd#. nf principal strain in a state of plane stress and the 

magnitude of the principal strains can be determined experimentally. 


CHAPTER 10 


INFINITESIMAL STRAIN 

The equations for a pure strain (not containing a rotation) 
have, as we have seen, the form: 

u = ej, X +~^y + ‘jz, 

^ + 3 , ( 10 ) 

W = X -f- 1/ “t c, z. 

In order that u, v, w, remain small in comparison to the coordi- 
nates Xj yj Zj the constants . . . must be small relative to unity. 
The constants €«, €y, are the unit extensions in the direction of 
the axes Xp yp Zp and ^yz ^zyj ^zx ^xz o^re the unit 

shears. By means of these equations the components of the 
displacement Up Vp w may be represented as linear functions of 
the three components x, yp Zp of a second vector r, in a way 
similar to that in which the three components Syp Sg of the 
stress vector S in Eq. ( 1 ), page 41, were given as depending 
on the three direction cosines ay, a^. We obtain, therefore, 
the expressions for the strain from the corresponding laws for the 
case of stress if we replace in all equations referring to the state 
of stress the six components of stress: 

Syj Szp Sxyj Syzj Szxy 

by the six components of strain: 

^xy ^zx 

^X) ^Zy 2 ^ 2 ^ 2 

If Eqs. (10) are referred to the principal axes of the strain, they 
become, taking €i, € 2 , €3 as principal extensions : 

u = ^iXy V = € 2 y, w = € 32 * ( 11 ) 

In any given direction the extension is equal to: 

6 = 4 " 4 - (Xz;®€ 3 . ( 11 a) 

In this a*, ay, az are the direction cosines of the given arbitrary 
direction. We obtain this equation if the squares of ci, , . . 
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are neglected in Eq. f9). On account of the complete analogy 
between stress and strain a further enumeration of the expressions 
for the strain corresponding to Mohr^s expressions for stress 
(page 43) will not be given here. 

If the unit extensions and shearing strains change from place 
to place and are functions of the coordinates, we proceed as 
follows. Consider the change in length and change in angles of a 
small element dxdydz. Since a length dx parallel to the x axis 

changes under strain by a value the unit extension in the 

X direction is e® = duldx. Corresponding to this €y = dv/dy and 
= dw/dz. The three unit extensions in the 
direction of the x, y, z axes are therefore: 


du 


1 

r 






= 


du 

dx 


€y = 


dy 


to 

dz 


( 12 ) 


Fig. 37. 


Furthermore, during deformation the right 
angle between the edges dx and dy (Fig. 37) 
of an infinitely small parallelepiped changes by a small value 
du , dv 


dy dx 


The unit shearings trains in the material arc 


therefore : 


_^du .dv 
dy'^ dJ 


dv , dio 


6zx = 


dw 

dx 




dll 

dz' 


(13) 


The volume of this right-angled parallelepiped dxdydz in the 
distorted condition is (1 + €^(1 + €j;)(l -h ^z)dxdydz. If the 
strains are small the increase in volume is : 


e — + Cy + 


du dv dw 
dx dy dz 


Here e is called the cubical dilatation. 


(W 



CHAPTER 11 


LIMITING STATES OF STRESS 

One of the most important problems in strength of materials 
is to determine the mechanical conditions which cause materials 
to become plastic or which cause fracture in engineering struc- 
tures. Ordinarily it is assumed that there are a variety of states 
of stress in which a stressed body may either greatly change its 
shape plastically or else fail by fracture. In the determination 
of the danger of plastic deformation only the mechanical condi- 
tions depending on stress and strain will be considered here. It 
has already been pointed out that, besides the circumstances 
mentioned above, the causes of plastic deformation must be 
formulated in a more general way. There are for example 
materials that have no definite yield point in their initial stress- 
strain curves; in these the transition from elastic to plastic defor- 
mation occurs gradually (see Fig. 11, page 24). The plastic 
deformation depends also on the previous stressing of the material. 
Relatively small forces may at high temperature produce large 
permanent deformations, if they are of suflBlcient duration. All 
these considerations which may under certain conditions not be 
neglected, will at first be disregarded in the following treatment, 
the mechanical conditions producing failure alone being 
considered. 

Since the state of stress in any material body is determined 
by six quantities, for example by the three principal stresses 
and the directions of the principal axes, the state of stress which 
is just ‘necessary to produce failure by plastic yielding or by 
fracture may be represented by three quantities, for example, 
the three principal stresses Si, S 2 , 53 . These values may be visually 
represented by the rectangular coordinates of a point P. The 
totality of the points P representing different states of stress 
just necessary to produce yielding or plastic deformation forms a 
surface: 

/i(si, ss, ss) =* 0 

which we will call the limiting surface of yielding, 
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According to previous knowledge it may be assumed that most 
solid materials will withstand very high pressures without 
fracture if the pressure acts uniformly from all sides. Hydro- 
static pressures, such as may be produced in liquids or which 
must exist at great depths in the ocean, will produce, in general, 
in solid bodies not only elastic but also permanent deformation. 
Materials with a loose or porous structure, such as wood, will 
undergo, under high hydrostatic pressure, large permanent defor- 
mation. Crystalline solids (metals, impervious rocks) under these 
conditions are, however, compressed chiefly in an elastic way. 
With respect to their compressibility the impervious polycrystal- 
line solid materials behave similar to liquids. The general 
behavior of matter under high hydrostatic pressure has been 
already noted (see page 10). Sufiice it to say here that compact 
solid materials, when subjected to high hydrostatic pressure, 
behave like elastic bodies and will withstand such pressures to 
almost any possible value. In less compact solid materials, 
subjected to fluid pressure, however, marked evidences of failure 
have repeatedly been observed, for example, in marble (KArmdn) 
and in wood (A. Foppl) . These evidences of failure have revealed 
a secondary effect. If special precautions were not taken, the 
liquid, used to transmit pressure, penetrates the material.* 
This results in opening up countless fine fissures and cracks 
in the inside of the material. The flow of the liquid in these 
cracks involves a pressure gradient, with the result that the 
edges of the canals or cracks are not under a pure hydrostatic 
state of stress. The liquid penetrating the pores tends to burst 
or explode the material. This crumbling may be prevented if 
the body is surrounded by a thin metal sheet such as a brass 
sheet, which prevents the entrance of the liquid into the pores 
of the material.^ 

In contrast to this behavior of materials under high pressure, 
it is quite certain that solids under a uniform tension acting in all 

1 Further noteworthy observations on this bursting action of a liquid 
used to transmit pressure were made by Bridgman, who found that cylinders 
of hardened chrome-nickel steel were less able to withstand an internal 
pressure if the liquid transmitting the pressure was mercury instead of 
viscous oil. It appears that the hardening cracks in this material aid in 
the premature destruction of the pressure vessel, if the small atoms of the 
mercury are able to penetrate these cracks. On the other hand, the largo 
molecules of the oil are not able to penetrate the cracks so easily. The 
presence of stresses sot up by quenching may have a further deleterious 
effect upon the strength of vessels exposed to high hydrostatic pressures. 
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directions (si — $2 = S3) are only able to resist certain definite 
stresses. Under these conditions no plastic deformation has 
been observed. In many materials a simple tension (only one 
of the three principal stresses being positive and different from 0) 
alone sufi&ces to rupture the body, without appreciable plastic 
deformation. For such materials, in the region of tensile stresses, 
there corresponds to the totality of limiting states of stress Si, S2; s$ 
just suflicient to rupture the body, a second surface: 

S2, 53) == 0 ( 2 ) 

We will call this the limiting surface of rupture. 

From physical conceptions it must be assumed that a definite 
time is necessary for slip to take place along the slip planes of a 
crystal. Plastic deformation occurs in a finite time and with a 
definite velocity. Tensile tests have shown that the stress 
at which flow takes place increases with increasing velocity of 
extension; under ordinary conditions, however, the influence 
of the speed of testing on the stresses, occurring during plastic 
flow, is relatively insignificant. If, on the other hand, the 
increase in force occurs so suddenly that plastic deformation 
has, so to say, no time to occur, failure will obviously occur by 
fracture. For example, a piece of pitch, if loaded slowly, wiU 
deform permanently, while under impact it breaks like brittle 
glass. All hard materials behave in a similar way if they are 
only loaded sujEciently fast. If we think of a bar submerged 
in a liquid exposed to high pressure to which a tensile load is 
suddenly applied, it may be expected that it will fracture without 
appreciable plastic deformation. The limiting surface of rupture 
must therefore, under such conditions, have a meaning even in 
the domain of compressive stresses. 

Although test results, relative to the limiting stress distribu- 
tions at which materials begin to flow or break, are available in 
large number,^ the more exact form of both surfaces: 

S 2 y $z) = 0, fzisij S 2 , S 3 ) == 0 (3) 

^ A summary of these investigations is given in several textbooks on 
strength of materials- Compare especially an article by von KXrmXn, 
Festigkeitsprobleme im Maschinenbau, in ‘^Encyclopadie dermath. Wis- 
senschaften,” vol. IV, art. 27; and of P. Roth, Die Festigkeitstheorien und 
die von ihnen abhangigen Formeln des Machmenbaues, Z. f. Math. u. 
Phys.j 1902. See also von KArmXn, Festigkeitsversuche unter allseitigem 
Druck, Mitt. u. Forschungsarb. d. F. D. Heft 118, and on recent tests 
W. Lode: Versuche uber den Einfluss der mittleren Hauptspannung auf das 
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is for the most important materials, not known with the certainty 
that could be desired. 

By means of these two limiting surfaces, a general mechanical 
property of all solid materials is described in a very inclusive 
way, which has found its expression in daily usage. The engineer 
describes his materials of construction as ductile or as brittle , 
depending on whether or not they undergo much permanent 
deformation before fracture. 

Tests of materials carried out under high pressure show how- 
ever, that the so-called “brittle^' materials, without exception, 
may, under suitable mechanical conditions, be brought into tho 
plastic state. It is therefore more correct to speak, not of brittle 
or ductile materials, but rather of the brittle or the plastic state 
of these materials. 

In solid materials a fracture by tearing apart of the material 
following plastic deformation may occur under increasing stress 
in various ways. The occurrence of these fractures sets a definite 
limit to the strength of materials. On account of the fairly 
complicated conditions existing in the mechanism of plastic 
deformation of crystal-grain aggregations, of which most solid 
materials are composed, it can scarcely be expected that condi- 
tions causing fracture of materials may be predicted by means of 
simple rules. The behavior of a material under similar mechan- 
ical conditions, for example, under tension, under compression, 
or under torsion may vary considerably. There are materials, 
for example, wrought iron, soft-annealed copper or aluminum, 
or pure metals, which behave plastically in the ordinary tensile 
tests. Other materials, such as cast metals with impurities, 
cast iron, granite, glass, do not behave as plastic materials when 
tested in tension or compression in the usual manner. In still 
other materials, such as impure cast zinc, plastic behavior occurs 
to some extent under compression, but not under tension. The 
mechanical conditions necessary to produce a fracture arc in 
such cases not easily predetermined, the more so because such 
a failure is often the result of a gradual loosening of the texture 
of the material. In other cases, failures result fronpi sudden 
disturbances of equilibrium, or because of the instability of tho 
equilibrium of the forces acting on the stressed body, 

Fliessen der Metalle Eisen, Kupfer, und Nickel, Z. /. Phy,^., vcjl. 30, p. 
913, 1926; and Dissertation, Gottingen, published in Mitt. it. Fowhwngmrb. 
V.D.I., No. 303, Berlin, 1928. 
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THEORIES OF STRENGTH AND RELATED TESTS 

Because of their historic value a few of the earlier theories 
relative to the conditions causing failure of material by fracture 
or plastic yielding may here be briefly mentioned.^ In describing 
these theories it should be noted that they were referred originally 
to very different modes of failure, for example, some referred to 
failure by yielding, while others to such completely different 
phenomena as failure by fracture. 

a. Maximum Stress Theory. — ^According to this theory the maximum 
principal stress in the material determines failure regardless of what the 
other principal stresses may bo. According to this theory, material will 
fail wlien the maximum principal stress is equal to the ultimate strength 
determined by a tensile test, regardless of the values of the other principal 
stresses. That this theory is not correct for determining the condition 
under which materials become plastic will be realized if one remembers that 
according to this hypothesis all materials should yield plastically when 
subjected to sufficiently liigh hydrostatic pressure. This as we found above 
is not the case. 

b. Maximum Strain Theory (Theory of the so-called ^‘equivalent stress,” 
SL Venmit ). — According to this theory the maximum positive elastic 
extension of the material in a stressed body determines failure by fracture 
or by plastic flow. Since the maximum positive elastic extension for pure 
compression is e = vs, where v is Poisson^s ratio and s the compression 
stress, the yield stress for compression, according to this theory, must be 
three or four times that for tension (the number v lies between M and 
for most metals). This is not the case for ductile metals. In the improved 
form of this theory, in which, for negative extensions, also a definite limiting 
value but different from that for tension should exist, the theory likewise can- 
not hold. For, under sufficiently high hydrostatic pressure, the maximum 
limiting strain must certainly be reached and therefore, according to this 
theory, the material should fail. However, as we have seen, most metals 
arc able to withstand any arbitrary amount of hydrostatic pressure without 
failure or without starting to yield plastically. 

c. Theory of Constant Energy of Deformation. (Beltrami ), — The total 
energy stored in a material as elastic energy before reaching the plastit^ 
state can have no significance as a limiting condition, since tests under high 

1 Mohii, Otto, “Abhandlungen aus dem Gebieto dor technischen 
Mochanik,” 2d ed., p. 192, W. Ernst u. Sohn, Berlin, 1914. 
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hydrostatic pressure show that verj^ large amounts of elastic energy may be 
stored without the occurrence of fracture or permanent deformation. 

d. Maximum Shear Theory. — Extrusion tests on the flow of metals 
through orifices led Tresea to the assumption that the criterion for the 
occurrence of the plastic state was not a limiting value of one of the principal 
stresses characteristic of a given material but rather their greatest difference. 
Long before, however, it had been assumed, in a theory by Coulomb, that 
permanent deformation in a compression test, because of yielding of the 
material, resulted in definite layers at an angle to the direction of the 
compression. In these layers certain relations between the stresses were 
fulfilled. According to the views of Tresea and others, permanent deforma- 
tion should occur in the planes of the maximum shear These planes 

are at an angle of 45° to the direction of the largest and smallest principal 
stress si, sz. The condition for yielding is according to this theory (see 
Eq. (24) page 46) 

tm&x - = const. (1) 

The behavior of materials under high pressure and also under other condi- 
tions is predicted by this theory in a satisfactory manner. Likewise certain 



Fig. 38. — Pattern of strain or flow figures appearing on face of a paraffin prism 

after compression. 

observations with respect to flow figures (Liiders’ lines) tend to confirm it. 
These strain or flow figures are regular markings which one may produce 
on the surface of strained bodies under favorable conditions. Essentially 
they consist of the traces of layers along which a part of the material has 
slid with respect to the remainder.^ According to the maximum shear 

^ The strain or flow figures which accompany the transition from the 
elastic to the plastic state in mild steel will be described later in more detail 
(c/. Chaps. 16, 17). 
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theory, the planes of this sliding should coincide with the planes of maximum 
shear. This we find to be approxima-^ely true in mild steel in which the 
slip layers practically coincide with the planes of maximum shear. On the 
other hand, for brittle materials which do not behave plastically under the 
usual tensile or compressive loading, the angle of the slip planes differs 
considerably from the direction of the surfaces of maximum shear. Like- 
wise in these materials the observed values of the tensile and the compressive 
strength are not equal. This latter fact is obviously in contradiction to 



Fig. 39. — Strain figures on a circular steel plate deformed by a load at center. 

{According to L. Hartmann.) 

the maximum shear theory, which would demand that the tensile and the 
compressive limit of plasticity should be equal for a given material. 

e. Mohr’s Theory. — Since the occurrence of the plastic state in ductile 
metals apparently depends upon the value of the shearing stress in the 
surface along which slip occurs, Mohr^ gave this condition a more general 
meaning when he assumed that, besides the shearing stress, the normal 
stress in the slip planes has also an influence on the occurrence of the plastic 
state. According to Mohr: 'Hhe elastic limit and ultimate strength of a 
material are determined by the stresses in the planes of slip and of fracture,” 
and 'Hhe shearing stress Ss in the planes of slip reaches at the limit a maxi- 
mum value dependent on the normal stress Sn acting in the same planes 
and on the properties of the material.”^ These limiting conditions may, in a 

1 Loc. ciL, p. 59- 
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convenient way, be described by means of Mohr’s representation of stress (see 
page 43). Any point P in the “stress plane” with the coordinates Hn and 
Si corresponds to a definite value of normal stress Sn and shearing stress Ss 
acting in a given cross-section. 

As shown aliove the state of stress is given by the three principal stiess 
circles. The condition that the limiting shearing stress 6*^ in the slip surface 

is a function of the normal stress act- 
ing on this surface is expressed by a 
curve s, = /(sn) in the s„,.Ss plane. 
This limiting curve may not be cut at 
any place hy a stress circle. For, if it 
would be cut by the largest principal 
stress circle, there would exist shearing 
stresses which would be greater than 
their values along the limiting curve. 
This latter must, therefore, be the envel- 
ope of all the largest principal circles. 
The largest principal circles representing 
the states of stress at the limits of plas- 
ticity or at the limits of fracture have an 
enveloping curve which is represented in 
Fig. 40 by the two heavy lines. The 
analjiiical expression for this condition 
is that if Si > §2 > S3, at the limit (si — 
S3) must be a function of (si + .s‘3). To 
each limiting condition correspond two 
slip planes whose intersection lies in the 
direction of the mean principal stress S2 and which make equal angles with 
the direction of the largest and smallest principal stresses S] and ,s*3. TIio 
mean principal stress §2 is, according to this assumption, without influence 
on the shape of the envelope of all the largest principal circles and, iience, 
upon the occurrence of the plastic state. 

The correctness of the assumptions made by Mohr seems to l)c verified 
by numerous observations which have been made on the occurrciiKto of 
slip lines or figures. These figures appear on the surface of stressed bodi(\s 
after the limit of plasticity has been reached (c/. Chaps. IG, 17) arul can 
be explained as the intersections of two thin layers of material wdth ihe^ 
surface, the plastic deformations in these layers, for a short time, lieing larger 
than in the vicinity. These two surfaces of slip always intersi'td in i.lu^ direc- 
tion of the mean principal stress and make an angle greater tha,n 46° wit.h 
the algeliraically greatest principal stress ,s*i. Mohr’s theory explains and 
accounts for an interesting fact, namely that the angle of these surfaeu^s of 
slip (with the principal stress Si) may change from material to material and 
also under work hardening. The more brittle a material bcconu^s be(‘auso 
of work hardening, the more the angles seem to differ from 45°, while they 
tend to approach 45° for very ductile metals, such as soft steel or annealed 
copper. The different values of the tensile and compressive strengths at 
the yield point, observed in some materials and test results, taking note of 
the position and shape of the fractured surfaces in tensile and compression 



Fig. 40. — Mohr’s enveloping (lim- 
iting) curve of the largest principal 
stress circles. The abscissae and 
the ordinates of the points P on 
the enveloping curve indicate the 
value of the normal and the shearing 
stress acting in the planes of slip, 
along which the material will yield. 
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tests, appear to confirm some of the fundamental assumptions on which 
■Mohr’s strength theory is based. 

There are, however, two facts which seem to establish difficulties regarding 
certain predictions of this theory of strength. One is that fracture of brittle 
materials in tension, or under states of stress with two or all three 
principal stresses positive (tensile), does not follow the laws as expressed by 
an enveloping curve of the greatest stress circles. The other is the observed 
effect of the mean principal stress ^2 on the condition of yielding. According 
to IMohr’s assumptions the shape of the characteristic enveloping curve of 
all the principal stress circles for all limiting stress distributions, producing 
yielding, should not depend on the mean principal stress. If, for example, 
a material would yield in tension under the same stress as in compression, 
so that the largest principal stress circle for both cases (pure tension, pure 
compression) would have the same diameter, the yield stress in pure shear 
should be equal to one-half the value of the >deld stress either in tension or 
in compression. This has not been verified, as recent tests made with such 
materials show a ratio considerably higher than one-half. Some remarks 
regarding these points will be made in the following. 

f. Tests Relative to Conditions of Yielding in Poly crystalline 
Materials. — Among the recent experimental investigations on 
this subject those of J. Guest^ with ductile metals; of A. FoppP 
with rock materials; of T. v, Karmdn^ with marble and sandstone 
under combined stress; of R. Boker^ with the same substances 
and zinc; of F. B. Seely and W. I. Putnam^ with steel; of F. E. 
Richart, A. Brandtzaeg, and R. L. Brown® with concrete under 
combined stress; of the author and W. Lode^ with iron, copper 
and nickel; of P. Ludwik^ with steel and other metals; and of 
M. Ros and A. Eichinger® with metals and rock materials might 
be mentioned here.^® J. Guest carried on his tests with thin 

^Phil. Magazine^ 1900. 

2 Mitt a. d. Mech. Tech. Lahoratoriunij Mtinchen, 1900. 

^ Forschungshcft 118 and Z. d. V. D. 1911. 

4 Dissertation, Techn. Hochschule, Aachen, 1914. 

® University of Illinois Bull. 115, vol. 17, Eng. Exp. Sta., 1919. 

® University of Illinois Bull. 185, vol. 26, Eng. Exp. Sta., 1928. 

Berichte dcs W erhstoffausschussj V.D.E.^ Dtisseldorf, 1925; also Proc., 
2d Intern. Congress of Applied Mechanics in Zurich, 1926; and W. Lode, 
Mitt. u. Forschiim/sarb.j Heft 303, 1928. 

8 Bruchgofahrund Materialprufung, Bar. 13. Schweiz. Verhandf. Material- 
prufnngen, Zurich, November, 1928; cf. also his “Elcmcnte dor tocdmologi- 
schon Mochanik,” Julius Springer, Berlin, 1909; and many other reports in 
the Z. d. V. D. I. and in Stahl und Eisen^ in recent years. 

9 Proc. 2d Ditern. Congress of Applied Mecha^iics, in Zurich, 1926, also 
Ber. 28, Eidgen. MaterialprUfungsanstalt, Zurich. 

A morc^ detailed discussion of these tests is contained in W. Lode’s paper 
quoted above. 
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tubes of Steel, iron, and copper. These were subjected either to 
pure axial tension, to axial tension simultaneously with internal 
hydraulic pressure, or to a twisting moment and a tensile force. 
The diameters of the largest principal (Mohr’s) circles represent- 
ing the state of stress at the yield points were found for these 
ductile metals to be equal, except for small differences which 
were especially noticeable for the case of pure torsion (si = c, 
S 2 = 0, Ss = -c). These tests indicated therefore an approxi- 
mately constant value of the maximum shearing stress at the 
yield point. The mean principal stress did not appear to have 
a marked influence. 

In the tests of A. Foppl cubes of rook were loaded in a special 
apparatus upon two or four sides and tested in compression to 
failure. The result was that the mean principal stress appeared 
to be without influence on the breaking strength. Only testa 
to fracture were made. 

Relative to the plasticity of materials, which under an ordinary 
tonailA or Compression test behave in a brittle manner, the tests 
under axial and simultaneous lateral pressure by T. v. Kdxmdn 
and R. B6ker may be mentioned. Both loaded cylindrical test 
pieces of marble and sandstone either in axial compression or in a 
steel vessel under axial compression combined with lateral 
hydraulic pressure. The results of their tests may be summarized 
as follows: With increasing hydraulic pressure the diameter of 
the largest principal Mohr’s circle increased and approached a 
limit for the highest hydraulic pressures. The determination 
of this Tna-rinrniTn diameter proved difficult in these tests under 
the higher pressures, since the marble possessed, under these 
circumstances and the high pressures, a steep stress-strain curve 
having no definite yield point. With respect to the influence 
of the mean principal stress no conclusion could be drawn from 
these tests. However, the acute angles which the slip planes 
made with the direction of the principal compression were meas- 
ured in the test pieces and were also determined from the Mohr 
Umiting curve. In the enveloping curve of the principal stress 
circles the angle which the normal of the limiting curve makes 
with the s„ axis is the angle of the slip planes (Figs. 41 and 42). 
On account of the large plastic deformation, the angle observed 
at the end of a test had to be corrected to allow for the change in 
shape of the test piece. In this way a satisfactory agreement 
between the measured and calculated angles of slip was obtained. 
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These angles increased in plastic marble from 63° with no hydrau- 
lic pressure to 73° with a hydraulic pressure of 685 atm. The 
tests showed that a low pressure corresponds to behavior as a 
“brittle’’ material with a small angle of 
slip, while the large pressure corresponds 
to behavior as a “plastic” material with 
an angle of slip which approaches 90°. 

If we plot the maximum difference in 
principal stresses Si — S 2 , under constant 



external pressure, as ordinates, against 
axial compression as abscissae, we obtain 
“deformation curves” under various exter- 
nal pressures. These are represented in 
Fig. 43 for the K4rm4,n tests on marble. 


Fig. 41. Fig. 42. 

Figs. 41 and 42. — The 
normal to Mohr’s envelop- 
ing (limiting) curve deter- 
mines the angle <p between 
slip planes. 


In this figure we see the various well-known types cf stress-strain 


curves of brittlej of partially brittle, and of ductile materials to appear 



Fig. 43. — Kdrmdn’s compression 
tests with marble cylinders tested 


in one and the same material. If 
the stress-strain curve of the 
marble had a sharp break corre- 
sponding to a very deiBnite yield 
point with subsequent decrease 
in stress (see curve for 235 atm. 
pressure in Fig. 43), very pro- 
nounced flow or slip lines were 
noted on the material. Under 
the higher external pressures, 
the test pieces under compres- 
sion exhibited a comparatively 
more uniform bulging, than 
under the lower external pres- 
sures, when they bulged out only 
in the middle. After an ordinary 
compression test, the micro- 


uuder combined axial and lateral 
hydraulic pressures. si axial com- 
pressive stress, 52 lateral hydraulic 
pressure. The principal stress differ- 
erence si — S 2 is plotted against the 
axial unit compression, while in each 


structure of the material showed 
countless fine cracks and fissures 
and the crystals appeared to have 
loosened along their boundaries. 


test the lateral pressure 52 was kept 
constant. 


On the other hand, if the marble 
was deformed plastically, “twin 


markings” in the grains were especially numerous. The 
lateral hydrostatic compression had prevented the breaking 
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up of the marble crystals. Although marble is brittle under 
ordinary conditions of loading, these tests clearly show that 
under high mean pressures it became considerably plastic. 
Consequently the calcite crystals composing marble deformed 
by twinning as mentioned before on page 33. 

g. The Influence of the Mean Principal Stress on the Yielding 
of Metals. — Regarding this question W. Lode,^ at the suggestion 
of the author, has carried out a great number of tests at the 
Institute for Applied Mechanics at the University of Gottingen 

I.JJL--1 Ul.fX-l 



Fig. 44. — Principal stress circles for Lode’s throe states of stress, I, II, III, 
produced in thin-walled tubes subjected to combined axial tension and internal 
hydraulic pressure. I. For tube under axial tension alone, II. for tube under 
internal pressure alone; and III. for tube under combined action of both. 

(Germany). In thin- walled tubes of iron, copper, and nickel 
subject to axial tension combined with an internal hydraulic 
pressure, it was found possible to produce three states of stress 
in the region of tensile stresses, which for the sake of brevity will 
be designated by I, II, and III and which in a certain sense 
could be considered to correspond to the simple cases of pure 
tension, pure compression, and of pure shear. Mohr’s principal 
stress circles of these three states of stress are shown in Fig. 44. 
Since the mean principal stress §2 in the stress distribution I 
was equal to the smallest principal stress, in the stress distri- 
bution III it was equal to the largest principal stress, and in 
the stress distribution II equal to half the largest principal 

^ C/. footnote on p. 63 . 





THEORIES OF STRENGTH AND RELATED TESTS 67 


stress (in all three cases the smallest principal stress being 
approximately or exactly equal to zero), the influence of the meayi 
principal stress on the value of the diameter of the largest princi- 
pal circle should in these tests be quite marked. Moreover, the 
simultaneous small change of the mean tension (si + S 2 + 8z)/Z 



Fig. 45. — Lode’s tests with steel tube under various combined tensile stresses. 
Abscissa^: axial extension of 100 mm. gage length in millimeters. Ordinates: 
greatest principal stress difference in kilograms per square millimeter. 

could be neglected since its influence on the characteristics 
of ductile materials is small. With one test piece a number of 
stress-strain curves were taken. In plotting stress-strain dia- 
grams one of the three principal extensions (for example, the 
extension of the specimen along the axes) was taken as strain 
and difference of the largest and smallest principal stress, as stress. 
Curves plotted in this manner are shown in Fig. 45. The dis- 



Fkj. 40. — Variation of the greatest principal stress difference with intermediate 
principal stress according to Lode’s tests. 


turbing influence of the gradual strengthening of the metal, due to 
progressive plastic deformation (work hardening), was in this 
way eliminated. The results of various tests are represented in 
l^^ig. 46. In this figure the abscissa ju represents a quantity 
despondent upon the mean principal strovss ^ 2 : 

‘Si 4" 


- 

This quantity may have values between —1 and +1.^ As 
. ^ Soe Fig. 49 and p. 77, 
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ordinates in this figure the ratios of the stress difference si — Sz 
to the 3 deld stress for pure tension so were plotted. 

I. We see that to “pure tension” correspond the values of 
H — —I, S 2 = S 3 = 0. (Axial tension acting on the tube.) 

II. To “pure shear” correspond /i = 0, sa = Si/2, Ss = 0. 
(The tube is subjected to internal hydraulic pressxure.) 

TTT- To “pure compression” correspond = 1, Sa = Si, Ss = 0. 
(Internal pressure and axial tension [see Fig. 44, case III].) 

The observed points in Fig. 46 may be represented by means 
of a parabolic curve passing through the points = ~1 and 
ju = +1, (si — S 3 ):so = 1, and having its vertex in the middle 
of the interval at jtt = 0 and (si — S8):so = '^1.12. Instead of 
this cTuve another of similar shape has been traced in Fig. 46 
having its vertex at ju = 0 and (si — = 1.166, the sig- 

nificance of which will be explained in the next chapter. 

Summing up the results of Lode’s tests we see that the mean 
principal stress Ss, contrary to what should be the case corre- 
sponding to the Mohr theory, shows a marked influence on the 
diameter of the largest principal stress circle. For such ductile 
materials as mild steel or copper, which have the same yield 
stress in pure tension or in pure compression = ±So accord- 
ing to the theory of maximum shear and Mohr’s generalized 
theory the yield stress in pure shear (ji = 0) should be equal 
to So: 2 = 0.600so, whereas the tests of Lode clearly indicated 
that this latter was considerably greater, about = 0.66so. 

The tests of Seely and Putnam and of Ros and Eichinger, 
referred to above, indicated a similar conclusion. Seely and 
Putnam found, tW the correct value of the elastic shearing 
strength of steel as measured by the proportional limit (or a 
useful limit point) is from ®Koo to ®Moo of the elastic tensile 
strength. 

h. Fracture. — A few remarks relative to certain differences 
exhibited b^ the appearance of the surfaces of rupture may 
now be opportune. If a piece of brittle material, of ^ass or 
cast iron, for example, is dropped on the floor and broken, the 
surface of rupture has in general a smooth appearance. A 
closer investigation shows that the surface of rupture through a 
tensile test specimen always runs in a direction perpendicular 
to the tensile stress. On the contrary, if a cast-iron cylinder or 
prism is broken in an ordinary compression test, the surface of 
rupture is always inclined to the direction of compression 
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Furthermore, this surface has quite a different appearance and 
often contains many fragments. The Mohr theory cannot 
account for these observations, which seem to indicate that 
there is apparently a fundamental difference in the two types of 
rupture, namely by tensile and by compression stresses. As 
the questions regarding the conditions of rupture seem to be of a 
much more complex nature than those determining the conditions 
of plasticity in solids, these questions cannot be discussed 
further here. Reference in connection with this matter will 
only be made to the beautiful tests of A. A. Griffith,^ which 
have thrown new light on the general conditions under which 
rupture in amorphous solids occurs, by introducing into the 
discussion and treatment of this phenomenon a new element, 
namely, the condition of instability and the energy of surface 
tension. 

1 The Theory of Rupture, Proc. 1st Intern, Congress for Applied Mechanics^ 
p. 55, Delft, 1924. 
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NEW THEORIES 

In reviewing the facts mentioned in the preceding chapter and 
in attempting to develop those available for the formulation of a 
mathematical theory in order to explain the experimental results, 
we may find it convenient to summarize the results of the tests 
mentioned above as follows: 

1. By means of the Mohr theory the behavior of materials, 
such as brittle rocks, under compression and under conditions 
which produce plastic deformation is satisfactorily explained. 
This is not the case with the maximum shear theory. 

2. Since recent tests on ductile materials have shown that the 
mean principal stress has an influence on the radius of the largest 
principal stress circle, the Mohr envelope of the maximum stress 
circles loses its meaning as a general limiting curve of all possible 
largest stress circles. 

3. Failure by tensile fracture does not follow the conditions 
specified by the Mohr theory. 

4. The Mohr assumption of an envelope of the maximum 
principal stress circles involves considerable difficulties with 
respect to a mathematical formulation of the conditions of 
plasticity. These are also found if the simplest special case 
of the Mohr theory, namely, the maximum shear theory is 
considered and an attempt is made to formulate mathematically 
the conditions of plasticity. H. Hencky^ and R. von Mises*^ have 
shown that the mathematical difiSculties may be avoided if the 
conditions for the occurrence of plasticity are formulated in a 
slightly different way. 

The relations between these theories may be more easily 
visualized if we represent the shape of the limiting surface of 

' 1 Zur Theorie plastischer Deformationen, etc., Z. ang. Math, u, Mech.^ 
vol. 4, p. 323, 1924; and Uber das Wesen der plastischen Vci'fonmmg, 
Z. V. D, /., vol. 69, p. 695, 1925. 

2 Mechanik dor festen Korper im plastisch-dcfornial')lon Znstand, Nachr, 
d, Gesellsch. d. Wissensch zu Gottingen^ Math.-phys. Klasse, 1913. 
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yielding fi(si, S 2 , Ss) = 0, according to the suggestions of Haigh^ 
and H. M. Westergaard- by means of a right-angled coordinate 
system with the coordinates Si, so, S3. By means of this system 
the various theories described in Chap. 12, a, b, c, etc., may be 
visually represented. 

In this way the maximum stress theory is represented by a cube 
with the boundary surfaces Si = S 2 = ±A, Sz = ±k, 

since according to this theory each of these stresses acts as a 
limiting stress independently of the others. 

The maximum strain theory is represented by an oblique 
parallelepiped . The condition that the principal extension, for 

example ±€i = ^[si — v(s 2 + S3)], has a constant value, corre- 
sponds in the stress space to two parallel planes oblique to 
the axes. A diagonal of the parallelepiped must coincide with 
the space diagonal of the first octant. 

If we consider the plane Si + S2 + Ss = 0, f.e., all stress distri- 
butions having the mean value of principal stresses equal to 0 and 
determine the points for which according to the maximum shear 
theory, the maximum shear stress has a constant value = k, 
we find that they lie along a regular hexagon in this plane. If, 

for example, Si > §2 > S3, ~ stress 

space the equations 5i + S2 + S3 = 0 and Si — S3 = 2k represent 
a straight line which passes through both points Si = 4A;/3, 
§2 = S3 = — 2/c/ 3 and si = S 2 = 2/c/3, S3 == —4fc/3. In a 
similar way are obtained the other sides of the hexagon. All 
states of stress having zero mean tension, in which the limits of 
plasticity have not been reached must therefore lie within a 
regular hexagon having the corners: 



^4k 



_2fc 

Si 


So 

= S 3 = 

+T 


. 4:k 



_2k 

S2 

CO 

4-1 

11 

S 3 

^ Si - 


S3 

± 

Si 

= Si = 

_2k 
+ 3" 


1 The Strain Energy Function and the Elastic Limit, Engineering, voL 
109, p. 158, 1920; and Repta. BriL Asuodation, 1919, 1921, 1923. 

2 On the Resistance of Ductile Materials to Com})ined Stresses, Jour. 
Franklin Inst., May, 1920. 
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The sides of this hexagon have the length 2 \/%k. From 
this it follows that the yield-point surface corresponding to the 
maximum shear theory is a hexagonal prism having the above 
determined regular hexagon as a base. The axis of this prism 
makes equal angles with the coordinate axes. When superimpos- 
ing tension or compression acting equally in all directions on the 
above stress distributions, the hexagon is only displaced parallel 
to itself in the direction of the space diagonal of the first octant of 
the axes si, §2, Ss- 

The discontinuities inherent in the maximum shear theory 
(the limiting surface of yielding consists of six different planes in 
the stress space) were eliminated by von Mises by the use of an 
expression which corresponds to a continuous surface. He 
assumed for the limiting surface of yielding the equation: 


(si — §2)^ “f" (§2 — 53)^ -j- (s3 — = const. (1) 

This equation apparently represents a circular cylinder circum- 
scribed about the six-sided prism representing the maximum 
shear theory. Its axis makes equal angles with the three coordi- 
nate axes and has the direction cosines I/a/S. Its radius is 
2 \/%k, That this surface is a circular cylinder may be deter- 
mined by finding the intersections of the surface with the coordi- 
nate planes (which are obviously ellipses). 

It was shown later, ^ that the expression on the left side of 
the equation has a definite physical meaning. It represents, 
except for a constant factor, the potential energy of distortion 
stored in the material under pure elastic strains. If we take, for 
example, ei, h, es, as principal extensions, E the modulus of 
E 

elasticity, G = 2(1 ' + modulus of rigidity, and v 

Poisson's ratio, the total energy stored in the material per unit 
volume by elastic distortion is: 


(«! €l + S2 €2 + S3 €3) 

2 

^ Cf, Henckt, H., Zur Theorie plastischer Deformation, Z. /. ang. 
Math. u. Mech,, vol. 4, p. 323, 1924. In the discussion of this condition of 
plasticity at the First International Congress for Applied Mechanics in 
Delft (1924) it developed that M. I. Huber (Lemberg) had also independ- 
ently suggested Eq. (1) as the condition of yielding. 
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If we replace here the principal unit extensions ei, €2, €3 by 
the principal stresses Si, §2, S3 using Hooke’s law for elastic 
deformation : 


Eei = Si — v(s2 -h S3), 

Eei — Si — v(sz -f* Si), 

Eez = Sz — I'Csi + S2), 

we obtain: 

+ So" + Sz^ — 2 v(SiS 2 + S2S3 + S3S1)]. 


(3) 

(4) 


If we subtract from this energy of deformation the work : 

^ , (5) 

which is used in changing the volume, we obtain, for the stored 
elastic energy used in changing the shape per unit volume, the 
expression: 

-‘I = "h S2S3 + S3S1)}, 

or 

-4 “ “ ss)^ -f S3 — si)2]. (6) 


The principal stress differences appearing in this expression are 
according to Chap. 8, c page 46, equal to: 

Si — S2 = 2^3, S2 -• S3 = 2^1, S3 — Si == 2 ^ 2 , 

if ^1, t 2 ) tz represent principal shear stresses. The energy due to 
change in shape may then be written as follows : 

A = 


For simple tension where the principal stresses $2 and S3 are zero 
this energy at the yield point of the rnaterial si = 2A; is according 
to Eq. (6) equal to: 


_ Si2 2k 

““ 6(? “ SG’ 


Comparing Eqs. (1) and (6), it is seen that the condition of 
plasticity of von Mises and Hencky is identical with the require- 
ment that the energy due to change in shape should have the 
constant value given in Eq. (7). The equation representing the 
condition of yielding: 

(§1 — 82 )^ ”1" (§2 — ^ 3 )^ “h (ss — Si)^ “ 8fc^ = 2so® 


( 8 ) 
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may also be written in the form : 

( 9 ) 

In this 5o = 2k is the yield stress in simple tension. 

The stresses hj h, is in a coordinate system with the coordi- 
nates ii, U, is, correspond to the intersection of a sphere having 
the equation given by Eq. (9) with the plane ii + i 2 + is = 0. 
We see therefore that the principal shearing stresses ii, i 2 , h at 
the plastic limit have a limiting curve which is obviously a circle 
with the radius \/2 * k = So/a/ 2. According to this condition 
a material stressed in pure shear t 2 = h = t\/2 will begin to 
flow under a maximum shear stress of : 

2 , 

“ V3^'- 

This means that yielding begins at a shear stress == 5o/\/3 
= 0.577so, where so is the yield stress in tension. 

In Fig. 46, page 67, the parabolic curve represents the position 
of the limits of yielding according to this condition of plasticity. 
As will be recognized from this figure the test points obtained hy 
W. Lode come quite near to this curve. ^ 

1 As mentioned in their paper: Versuche zur Klarung der Frage der 
Bruchgefahr, Eidgen. Matenal Prufungsamtj Ztirich, 1926, M. Ros and A. 
Eichinger were led to similar results. According to tests of American 
engineers (see the work of W. Lode and H. Hencky, loc. cit.)^ it appears that 
the yield point for soft metals in pure shear possesses a value 0.6 of the yield 
point in tension. 

A further generalization of the condition of plasticity Eq. (8) may bo 
referred to here. This generalization was suggested by F. Schleicher, %. f. 
ang. Math. u. Mech., vol. 6, p. 199, 1926, to explain the behavior of materials 
in which the shearing stresses in the slip planes depend on the pressure or on 
the normal stresses acting across these planes. 
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THE STATIONARY FLOW OF A PLASTIC MASS 

We now consider the simplest case of the slow flow of a plastic 
mass in which the change in shape of the mass is relatively small. 
At the same time the plastic part of the extension may be regarded 
sufficiently large so that the elastic part is negligible compared 
to it. We also assume that at each position in the slowly flow- 
ing mass both the value and the direction of the principal 
stresses are known, and that the directions of the principal 
stresses at a given point do not change during the flow. In line 
with these assumptions we may postulate that the principal 
stresses Si, snj Sz will change but slightly in magnitude and 
direction during the motion. In order to define the deforma- 
tion of the mass we may consider a small cube at an arbitrary 
point in the body in its initial condition. We will take the sides 
of this cube in the planes of the principal stresses. The ques- 
tion, as to what deformation of the plastic mass under the 
given stress distribution is to be expected, may be formulated as 
follows: In which way will a small cube the edges of which 
are parallel to the directions of principal stress distort? Does 
the material yield in the direction of mean principal stress Sz 
and if so, what increase in extension occurs along the correspond- 
ing edges of the small cube? The answers to these questions may 
be stated in the form of three rules as follows : 

First Rule: The directions of the principal extensions coincide 
with those of the principal stresses at all times. 

Second Rule: The density or the volume of the mass does not 
change appreciably. 

Third Rule {the Law of Yielding): The figure consisting of 
Mohr^s three principal strain circles remains continuously similar 
geometrically to that consisting of the group of three principal 
stress circles (see Figs. 47 and 48). 

In what follows, e, y are the coordinates in Mohr's representa- 
tion of strain and s, t the coordinates in Mohr's representation of 
stress (r/. Chaps. 8, 9 and 10). e is the unit elongation corre- 
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spending to some given direction, y the unit shear of the planes 
perpendicular to this direction, s is the normal stress, and t the 
shearing stress in these planes. In the figure of the principal 
strain circles (Fig. 47) the origin 0 of the axes e, y must be 
chosen so that Eq. (10) below is satisfied. (Figure 47 shows 
a simple construction by means of which the location of 0 may 
be determined.) 

We will now consider these statements in order. The first 
rule is only another expression of the experimental truth that the 
directions of the largest shearing displacements coincide with the 
directions of the maximum shear stresses. We must conceive of 



Fig. 47, Fig. 48. 


Figs. 47 and 48. — For stationary plastic flow, the figure composed of the 
principal strain circles (at left) remains geometrically similar to that composed 
of the principal stress circles (at right). 

the plastic state of engineering materials to be such that parts of 
the mass slide with respect to one another simultaneously along 
countless “slip planes” which may be recognized in the form of 
flow figures or Lflders’ lines. 

The second rule records the usual behavior of materials. 
To be sure, while very exact measurements of the extension during 
large plastic deformations have shown a small change in the 
volume (since the microstructure usually breaks up, the volume 
increases a little), these changes are, in the case of metals plas- 
tically deformed, of the order of the elastic deformations so that 
they may be neglected. The second rule is expressed by the 
condition: 

«l + «s + «8 = 0, (10) 

in which «i, 62, cs are the principal strains, if, as assumed, the 
change in shape of the mass is relatively small. 

The third rule is corroborated by the tests of Lode. Its 
meaning may be illustrated as follows : We know the way in which 
a plastic mass deforms under a homogeneous state of pure ten- 
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sion, under pure shear, and under pure compression. For 
example, we know that : 

under pure tension Si = 5, So = S3 = 0 

the deformation is given by €2 = €3 = ~-ei/2; 

under pure shear Si = 5, s> = 0, S3 == ~s 

the deformation is given by ei = —63, 62 = 0; 

under pure compression Si = So = 0, S3 = — s 

the deformation is given by €i = 62 = —€3 '2. 


Since these three principal conditions in stress and strain cor- 
respond to geometrically similar 
groups of Mohr circles, it appears 
reasonable to assume Rule III to be 
true for all stress conditions. In order 
to fix the position of the mean princi- 
pal stress S 2 , with respect to si and S 3 
we use the ratio /z (Fig. 49) as intro- 
duced by the relation: 


^2 
' MSi 


Si - 


Si -h Ss 



Si — $z 


(11) 


Fig. 49. — The quantity* fi 
defined in the text is the ratio 
fjL == M~Si : MSu 


In a corresponding way we define the ratio 

ei + 63 


€1 — 68 


( 12 ) 


We thus have 


for pure tension 

for pure shear 

for pure compression 






- 1 , 

0 , 


= v = l, 


and we observe thus, that in these three cases v = fj,. 

The third rule states that this condition holds for all possible 
stress distributions: 

= V (13) 

or 

32 — • Si + S2 ~~ S3 _ €2 — €1 4 “ €2 —€8 
S] ““S3 €1 €3 

The first rule contains three conditions, i.e., the three conditions which 
determine the position of three perpendicular straight lines in space; the 
second and third rule each contain one condition, thus, in the three laws 
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of yielding, five conditions are involved with respect to the stress-strain 
relations, which must hold. 

The third rule may be formulated in two additional ways. We have 


the principal stresses So, ss 
the principal shearing stresses /i, U, tz 
S2 — Ss 

"" — 2 — 

_ Si - S2 
- -o 


the principal strains ei, €2, eg 

the principal sheaiing strains 71, 70, 73 

71 = Co — 63 

72 — €3 “■ €1 

73 = €1 — €2 


For the principal shearing stresses the following identity holds: 

■+■ ^2 “h ^3 = 0 (15a) 

For the principal shearing strains we have the identity: 

7i H“ 72 + 73 — 0 (15b) 

The rule governing the change in shape ix — v corresponding to Eq. (14) 
may he written in a different form, namely: 


tiliiltz = 7i‘72‘73. ( 16)^ 

This may be shown as follows. If we express t and 7 in terms of s and e we 
obtain : 


S2 — Si _ €2 — • €1 S2 — S3 

Si — S3 €1 — 63 Si — S3 


ei •— €3 


(17) 


or after adding 


So — Si S2 — S3 

Si — S3 


€2 — 61 + €2 € 3 

ei — €3 


i.e.j n 


V. 


A third form of the third rule containing also rule II : ei -f €2 + €3 = 0 
is finally: 

€1 = c[.S*i — M(s2 + S3) I 


£0 = C[S2 — M(S3 + Si), 


(18) 


C3 = C[S3 — >2(si + Sa)]. I 

This holds since if we sul stitute these expressions in the right side of Eq. 
(17) we obtain the left side; and if we take the sum of the three principal 

1 These are not two independent equations, for if we assume the validity 
of the equation ^1:^2 ~ 71*72, it follows immediately, because of the identities 
+ ^2 + ^3 = 0 and 71 + 72 + 73 = 0 (see Eq. fl5a] and fl5b]) that the 
second equation ^3:^2 = 73:72 holds. 
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strains as given by (18) we obtain 0. Since Hooke’s law' for elastic bodies 
is given by: 


— vis 2 4- ifg)] 
e-i = — v(ss + 

€3 = — >'(«! + 


( 10 ) 


we may say that in the case of flow of plastic masses (for small strains and 
under the above-mentioned limitations), a similar system of equations holds 
as for the case of elastic deformations. The difference between the tw’o 
sets of Eqs. (18) and (19) is only that for the case of plastic flow Poisson’s 
ratio is ?/ = }4 and that instead of a constant modulus of elasticity"’ E 
an arbitrary constant 1/c appears. 
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a. The Stress-strain Cmve. — If a prismatical or cylindrical 
test piece of ductile material be loaded in a testing machine in 
tension, and if we plot the increase in length 61 of a length Zo 
chosen in the unstrained condition as abscissae and the tensile 
loading P as ordinates we obtain curves of the kind shown in Figs. 
52 to 54. They represent tests on soft annealed wrought iron, 
copper, and aluminum. In order to make these curves independ- 
ent of the dimensions of the test pieces we take the abscissae to be, 
instead of the change in length AZ, the unit extension along the 
length Zo: 


We also take the ordinates equal to the imit stress so by dividing 
the load P by the original cross-section Ao: 


So 



( 2 ) 


We thus obtain a stress-strain curve so = /(e) as shown in the 

lower curve of Fig. 50. The 
tensile load reaches its maxi- 


uniform extension of the test 
piece stops. At this point the 
test piece begins to neck and 
consequently the load on the 
test piece begins to decrease as 



Fig. 50. — Stress-strain curve and curve indicated by the last part of thc 
of true stresses for a tensUe test. gtress-strain CUTve. Finally, 

the test piece fractures at the narrowest point of the neck. 

Instead of plotting the stress So = /(«) in dividing the load P 
by the original cross-sectional area jiIo we may compute the true 
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tensile stresses s at the time the load acts according to a method 
suggested by P. Ludwik.^ These latter stresses are equal to: 



where A is the actual cross-section at the time the load acts. 
Neglecting the elastic deformation and the very small permanent 
change in volume during a tensile test we may consider the 
volume of the bar as constant and we have therefore, 


II 

II 

+ 

Jh 

(3) 

from which we obtain: 


. A oZo A 0 

1 - 1 + « 

(4) 

The true stress s then becomes- 


a+6; P . 

s = j- = (1 +«) So. 

-flo 

(6) 


By means of these formulae we may either determine the curve 
of the true stresses s = F{e) in the case of a known stress-strain 
curve So = PMo, by means of: 

8 - = (1 + €) ««, (6) 

or, in the case of a known curve of the true stresses s = ^(e), we 
may determine the load P as a function of the extension e: 

p = = 4 ^^- ( 7 ) 

1 -{- € 1+6 


From the last formula it follows that, at the maximum load Fma*: 


from which 


dP Ao 
di (1 + 6 )® 


[« 


. ds 



ds _ g 
1 + e 


( 8 ) 


I'^Elemente der technologischen Mechanik,” Julius Springer, Berlin, 
1909. 

2 If we refer the extensions to the actual length I instead of the initial 

length U and define it by e = C dl/l, this may sometimes be also of 

Jh 

advantage (see Ludwik, loc. ait.). 
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If we plot the stress so taken with respect to the original cross- 
section Ao and the true stress s as functions of the unit extension 

€ we usually obtain curves such 
as shown by the lower and 
upper curves of Fig. 50. The 
point Q (Fig. 51) on the curve 
of true stresses s which corre- 
sponds to the maximum load 
is obtained as follows: A 
length equal to unity is laid off 
to the left of the origin 0. 
of this length a line is drawn, 
The point of tangency Q gives 










L / 



Fig. ol. — Curve of true stresses. 


From the point A at the end 
tangent to the curve s = F(e). 
the corresponding value of the true stress s = QBj since at this 
point 

, , QB s dfs f 

In Figs. 52 to 54 the stress so referred to the initial cross-section 
and the true stress s referred to the actual cross-section are plotted 



Fig. 52. — Tensile test of wrought iron. (Annealed during 1 hr. at 1000®C.) 

against the unit extension e for three tensile tests. Figure 52 
represents a tensile test with a flat test piece of wrought iron, 
Fig. 53 one of copper, and Fig. 54 one of aluminum; these test 
pieces were annealed before the tests for one hour at a 1000°, at 
800°, and at 350° C., respectively. 


^This construction is mentioned in '^Einigo Prinzipion dor theorotischen 
mech. Technologic der Metalle,” by A. Rejto, p. 268, V.D.I., Vorlag, 
Berlin, 1927. 
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The maximum ordinate of the ordinary stress-strain diagram, 
commonly known in the technical literature as the ultimate 
strength,” has merely, as Ludwik^ emphasized a long time ago, 
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Fig. 53. — Tensile test of copper. (Annealed during 1 hr. at 800°C.) 

the meaning that at this point the uniform extension of test 
piece ceases. In the curve of the true stresses s = F(€), this 
stress s = QB (Fig. 51) does not have a physical meaning different 
from that of any of the other stresses. 


tbs,//n^ 

^ IS, 000 

g isoo 

^ ^ S 10 JS 20 25 30 35 

S Unit Elongation in percent 

Fig. 54. — Tensile test of aluminum. (Annealed during 1 hr. at 350°C.) 

In the stress-strain diagram the curve of the true stresses may 
occasionally be approximated by a power function: 


True 

\Stress^P/A^ 

piq 

k 1 



^ ' 

'iS'/ress 

Strain C 

urve 

'=P/A'o 


k 









S = Si 6 ”. 

To this corresponds the ordinary stress-strain diagram: 

AoSi 


P = 


1 +- 


If, for example, the extension at the point of maximum load 
is 25 per cent, e == and the formula dP/de = 0 gives: 




1 + € 


= ^ and ,9 = 


If, however, the deformation curve is a horizontal line § — si = 
constant, i.e., the strength of the material does not increase 
under plastic flow, the load 

.4oSi 


P = 


1 +€ 


1 “Elemente der technologischen Mechanik,^' Julius Springer, Berlin, 
1909 . 
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decreases, when plotted in the ordinary stress-strain diagram, 
along an equilateral h3’’perbola with the unit extension e. 


If, instead of taking the unit extension. 


1 - 

€ * / ■ ’ 
lu 

(10) 

we take the relatit'e decrease in cross-section* 


-•i,, - A 

g = ■ - 

(11) 

as the independent variable, since. 



(12) 

we obtain the true stress ■ 


So 

H-q) 

(13) 

The condition for the maximum load is then: 


ds _ s 

(14) 


When the test piece begins to neck after the maximum load is reached, 
there results in the neck a complicated stress distribution, so that the deter- 
mination of the “ti*ue tensile strength” or cohesion, f.e*, the stress at which 
the material fractures, is made considerably more difficult. A useful 
approximate calculation of the stress distribution in the neck of a test piece 
was given by E. Siebel.^ 

b. Mechanical Similarity. — In the case of two cylindrical test pieces, one 
of which has a diameter « times as great as that of the other, i e., 

d' = nd", 

the forces P' and P”j which produce the same stress and therefore the same 
unit elongation varj” as: 

P':P" =* d'2:d"2 « 

If, in the case of short test pieces, we wish to obtain the same degree of 
necking (two geometrical similar cones produced by necking), the length 
of the cylindrical part of the test piece must vaiy as the diameter. 

A cylindrical test piece and a flat tost piece can only behave mechanically 
similar in the region of uniform extensions; after the occurrence of necking, 
the stress distribution in the constricted parts of both test pieces will bo 
entirely different. 

In the German standards (D.I.N. 1605) a nilo for the determination of 
the gage length Z of a flat bar having a cross-section A is 

I = 1L3\/J 

^ Cf. Koerbbr, P., MUt, am d, Kaiser Wilhelm Institut fur Eisenfcyrsch., 
vol. 3, pt. 2, Diisseldorf, 1924. 

2 Werkstoffausschussbericht No. 71 des V.D.E., Diisseldorf, Stahl und 
Eisen, 1925. 
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This length is obtained by prescribing that the ratio of to the length 
of the standard cj'^lindrical bar should be as A to ttcP^/A Taking as length of 
the cylindrical bar V = lOd the above formula results. As stated above 
beyond the beginning of necking no rigid mechamcal similarity bet-vreen a 
round bar and a fiat bar can exist. 

In general to insure mechanical similarity in the process of plastic defor- 
mation in two geometrically similar bodies which aie loaded only by forces 
acting on their surfaces (no forces due to weight or inertia acting) the 
forces must vary as the square of the ratio of the linear dimensions. True 
mechanical similarity is insured if the trajectories of principal stress in the 
bodies are geometrically similar, 

c. Upper and Lower Yield Stress for Steel. — As has already been men- 
tioned, the transition in the stress-strain curve, from the domain of elastic 
deformation into that of the plastic state, has in the case of metallic cr 3 ’’stal 
aggregations many different forms. In the case of a metal which has not 
been previously subjected to plastic deformation, we obtain after suitable 
heat treatment an '‘initial cuiv’-e.*’ In the case of most soft annealed 
metals no definite yield point may be noticed, plastic deformation beginning 
at very low loads. In contrast to this, mild steel shows the usual phenom- 
enon of the upper and lower yield point which C. Bach first observed. ^ 
While the load gradually increases, at a certain point the pointer of the 
testing machine suddenly reverses and the load drops, often very suddenly, 
about 5 to 20 per cent, while the test piece begins to stretch plastically. 
The corresponding unit stresses; 


* 1 7 -Pa 

$i — and Si = -T 


Pi 

Ai 


A^ 


were called by Bach the upper and lower yteld stresses j respectively.® 

In the case of test pieces which have been previously strained and which 
are composed of metals which show in their initial stress-strain curve no 
definite yield point, it is usually found that if the test pieces are again 
subjected to the same stress (tension) a definite yield point is noted (c/. 
Chap. 5, p. 24). 


1 Zum Begriff der Htreckgrenze Z. d, V, D. p. 1040, 1904; and Zur 
Kenntnis der Streckgrenze, Z. d. 7. D, p. 615, 1906. 

®With reference to the upper and lower yield stress for steel, cf. also 
Chap. 16c, p. 93. 
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STRAIN OR FLOW FIGURES 

a. Strain Figures in Mild Steel. — If a tensile test piece of mild 
steel, especially a flat bar, is given a mirror-like polish and then 
tested in tension in a testing machine, at the instant of the drop 
in the load at the yield point often fine dull lines appear on the 
pohshed surface of the bar at an angle to the axis of tension. 
These lines, known to engineers as flow or strain figures or as 
^^Luders^ Imes,” quickly spread over the length of the bar while 
at the same time their thickness increases. The observation 
of the occurrence and spread of these fine markings on the surface 
of steel test pieces gives valuable information on the phenomena 
taking place in the structure of the material at the instant it 
yields.^ 

On account of the regular occurrence of these flow figures on 
stressed specimens of mild steel and of the remarkably regular 
orientation of these layers of slip with respect to the directions 
of the principal stresses it is of a greater interest to study how 
they originate, because of the close relation which seems to exist 
between the orientation of these thin layers of slip and the state 
of stress in a steel piece stressed to the plastic limit. On bars 
of mild steel covered with a coating of rust or mill scale, the 
flow or strain flgures may also be observed. If such bars have 
been deformed beyond the yield stress the scale begins to flake off 
and thus regular markings on the surface of bars may be seen, 

^ The flow figures seen in soft steel were first described by Luders, Ding ’- 
ler's Polytechn. Jour., 1854. Cf. also Martbns-Heyn “Materialienkunde,” 
Berlin. The French artillery officer, L. Hartmann, appears to have been 
the first to study these lines thoroughly in his book: “Distribution des 
Deformations dans les Metaux Soumis k des Efforts,^’ Berger-Levrault, 
Paris, 1896. The importance of these lines for the mechanics of the plastic 
state of metals was recognized by Otto Mohr, Z. d. 7. D. 1900. 
The formation of the flow figures has been recently studied by several 
investigators among whom T. H, Turner and I. D. Jbvons, Jour. Iron 
and Steel Inst., vol. Ill, No. 1, p. 169, 1925, and E. W. Fell, ibid., 1927, 
may be mentioned here. 
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which are identical with these flow figures. Some examples of 
flow figures on polished specimens are shown in Figs. 55^ 56 and 
57. 

In a tensile test the first flow lines generally appear suddenly, usually at 
or near points on the piece where it begins to enlarge near the heads of the 



Fig. 55. — Strain or flow figures (Liiders’ lines) on compressed steel specimen. 

piece. An example of the way these lines appear is shown by the sketches 
of both flat sides of a test piece in Fig. 58. The first line to occur was that 
represented by the black line a. At the instant that this line became visible, 
the load on the test piece which was at the ‘‘upper” yield point dropped about 
5 per cent and, while the load dropped 2 per cent more, a second line b 



Fig. 56. Fig. 57. 

Figs. 56 and 57.— Strain or flow figures (Liiders’ lines) on compressed steel 

specimen. 

formed. From these two lines there gradually spread out, under constant 
tension, a wide dull band c (see Fig. 58). Two such bands are often observed 
at the yield point in positions as shown in Fig. 59, the middle portion of the 
test piece having shifted sideways a small amount. In the case of com- 
pression tests with mild-steel specimens a similar phenomenon may be 
observed as shown in Fig. 60, 
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In the narrow dull strips or lines, which mark the position where the 
plastic layers intersect the surface of the test piece, the direction of the 
relative movement of the unchanged bounding portions of the material, 
with respect to each other or the slip layer, maj' be recognized. These lines 



Fig. 58. — 
Strain figures on 
a flat bar of steel. 


/ 

V 


JL, 


\ 




Fig. Fig. Fig. 

59. 60. 61. 

Figs. 59, 60, and 

61. — Formation of slip 
layers by tension or 
compression. 



Fig. 62 . — Micrograph of the slightly distorted surface of a well-polished 
specimen of mild steel just after the yield stress has been reached. Note the 
tendency of the slip bands appearing in the crystal grains to orient themselves 
parallel to a certain direction. The micrograph was taken along the border line 
of a strain figure (Liiders’ line) . 

or strips may have either the profile of a shallow groove (Fig. 61a) in case of 
tension, or of a shallow ridge in case of compression (Fig. 61c), or they may 
form a flat slope (Fig. 61&), which appears scaly under the microscope. The 
grooves appear where the dull strips run in a direction about 45“ to the axis 
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of the test piece, while the flat slopes form, where the dull strips are perpen- 
dicular to the direction of tension. Where the direction of slip runs parallel 
to the surface of the test piece, these shallow grooves result. In a steel 
test piece under compression, there result likewise similar flow lines. In 
such cases, however, the flow lines have, instead of the profile of shallow 
grooves, that of a flat ridge (Fig. 61c). Under the microscope the flakes or 
scales ’fusible in these flow lines often prove to be groups of crystal grains 
displaced along neighboring la 3 'ers and deformed plasticallju In the grains 



Fig. 63. — Micrograph of the structure of a steel bar, bent permanently to a 
small degree. The micrograph was taken along the border line of a strain figure 
(Liiders’ line) . Observe that the crystallites slipped together in groups and were 
displaced in parallel layers. In the deformed grains slip bands appear. {Mag- 
nified about 70 times.) 

dark wavy lines may be recognized (see the photographs of Figs. 62 
and 63). These markings may be identical with the wavy lines which 
Taylor and Elam^ found in plastically deformed single crystals of iron. 

The production of the shallow grooves on the surface of a stretched test 
piece of mild steel and the flat ridges on the surface of a steel prism loaded 
in compression is apparently the consequence of local yielding. In both 
cases the length changes only about 2 to 4 per cent and the load after the 
sudden drop at the yield point remains nearly constant while the test 
specimen stretches. A permanent extension of 2 to 4 per cent in the 
axial direction in a tensile test corresponds to a lateral contraction of 1 to 
2 per cent. An oblique section of the test piece taken at an angle of 45° 
to the direction* of tension, the trace of this section on the surface being the 

iProc. Roy. Soc., London, Ser. A, vol. 112, p. 337, 1926, 
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groove of the flow line, must therefore contract about 1 to 2 per cent while 
the bounding part of the test piece does not change its dimensions. 

One property of the flow or slip layers has an especial bearing 
on the mechanics of the plastic state. The planes of the thin 
slip layers in which the iron is apparently more severely deformed 
than elsewhere coincide approximately with two of the planes 



Fig. 64. Fig. 65. 

Figs. 64 and 65. — Orientation of the slip planes in a tensile and a compression 

test piece. 

of principal shearing stress. The angle a which the slip layers 
make with the axis of the test piece is in the case of tension 
usually a little greater (47°) and in the case of compression usually 
a little less than 45°^ (see Figs. 64 and 65). Since these proper- 
ties of the flow layers also are exhibited in complicated three- 
dimensional distributions of stress, observations relative to their 
position form a valuable aid in the investigation of states of stress 
in plastically deformed solids which will often be used in what 
follows. The brittle layer of scale, which covers hot-rolled or 
forged steel bars, flakes off frequently where these bars have 
subsequently been stressed in the cold state above the plastic 

^ For measurements of this angle c/. Scholl, Versuche uber Gleit- and 
Brucherscheinungen,” Z. d. F-D./., p. 406, 1925. 
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limit. In the neighborhood of punched rivet holes, markings of 
considerable regularity are often revealed. These lines are 
identical with Liiders^ linen. 

For observing the flow figures, two methods arc available. In 
the first method, which was worked out by A. Fry,^ for steel the 
test piece after being stressed is heated to 200 to 250°C., after 
which it is etched by a very strong solution containing hydro- 
chloric acid and copper chloride. The traces of the flow layers 
on the cross-section appear as dark lines. Fry and Strauss^ 
have been able to obtain, with the help of this etching method, 
valuable information regarding the fundamental changes which 
iron undergoes at the plastic limit. 

A second method is to make the flow lines visible and to photo- 
graph the flat relief shown by the depressions and ridges on a 
finely pohshed metal surface by means of the Topler “Schlieren- 
methode,’^ which was applied by the author at the suggestion of 
L. Prandtl.^ The photographs of slightly distorted metal sur- 
faces, given frequently throughout this book, were taken by the 
use of this method. 

1 Kraftwirkungsfiguren in Flusseisen, dargestellt durch ein neues Xtzver- 
fahren, Kruppsche Monatshefte, July, 1921; also Stahl und Eiserif 1921. 

2 Kruppsche Monatshefte^ July, 1921. 

3 Sch weiz. Bauztg., voL 83, nos. 14 and 15, 1924. The author is indebted to 
Dr. Lihotzky of Wetzlar for optical equipment which has served this pur- 
pose very well and which was attached to a metallic microscope manufac- 



Fia. 66. — ‘ ‘ Schlieren ’’-Method ’ ’ for observing flow or strain figures on polished 
metal test pieces. Lu source of light; Sj mirror; Pi, prism; I/s, large lens; Ps, 
test specimen; K, camera; M, ground glass; Bi and Ps, diaphragms. 

tured by Ernest Leitz of Wetzlar; this arrangement is represented in the 
sketch of Fig. 66. In this sketch Li is an arc lamp or source of light, S a 
mirror. Pi a totally reflecting prism, I /2 a good lens with a large aperture, P 2 
the test specimen, K a photographic camera, M a ground glass, Bi and B 2 
two diaphrams. In operation the screen opening Pi illuminated by the arc 
lamp is projected by means of the lens I /2 and the reflecting test piece P 2 
on the plane of the screen P 2 . 
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b. Phenomena Occurring in Flow Layers. — In many kinds of 
steel the flow lines appear as sharp lines on finely polished sur- 
faces. In other kinds, however, a gradual dulling of the surface 
or a dull area with indefinite limits is often observed at the yield 
point, ilicroscopic examinations of the surface show that those 
kinds of steel which show a sharp drop of the load at the 3deld 
point have in most cases a fine granular structure, while those 
steels in which the surface does not show flow lines but rather a dull 
appearance have a coarse granular structure. Moreover, such 
steels do not show any appreciable drop of load at the yield point. 
Since it is known from tests of metal single crystals that these 
are extraordinarily ductile and that they start to yield under a 
very low stress (which depends, however, on their orientation to 
the stress field), ^ the high yield stress of a very fine-grained 
wrought iron (a pure iron with only about 0.05 per cent carbon 
content) may perhaps be attributed to the action of a very rigid 
intercrystalline substance. The characteristic and varying 
behavior of mild steel with respect to its initial yield point and 
with respect to the size of its crystal grains may perhaps be 
explained if we assume that the intercrystalline substance in the 
case of soft iron has very great strength. Thus, the cementite 
distributed in the grain boundaries forms a rigid skeleton which at 
first prevents plastic deformation of the soft ferrite crystals. At 
the yield point the skeleton breaks down, allowing the ferrite 
crystals to deform plastically. In a coarse-grained steel, on the 
other hand, the intercrystalline substance does not form such 
hindrance to the plastic deformation of the soft-iron grains. 
Such a steel behaves more lik^ a single crystal or like soft poly- 
crystalline copper, both of which have in their initial stress- 
strain curve a very low or no defimite yield point. 

According to the tests of P. Ludwik and Scheu^ the yield point 
of electrolytic iron may be raised by combined mechanical and 
thermal preliminary treatment. Ludwik and Scheu have espe- 
cially emphasized that there may be other fundamental factors, 
than those mentioned above (carbon content), which may affect 
the properties of steel and have a considerable influence on the 
magnitude of the stress causing the first breakdown at the yield 

^ Cf. “Handbuch der Physik,” voL 6, article on Plasticity, Julius Springer, 
Berlin. 

2 tlber die Streckgrenze von Elektrolyt- und Plusseisen, Werkstoffaus- 
schussbericht No. 70, V.D.E., StaM und Eisen^ Diisseldorf, 192«5. 
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point. Among these factors recent investigations more definitely 
call attention to the content of steel on minute quantities of 
dissolved gases which seem to affect the limit of plasticity and 
to be the causes of the phenomena of “aging” in steel. W. 
Koster^ especially calls attention to the nitrogen content in 
steel. Small quantities of nitrogen of 0.005 to 0.01 per cent, which 
can be dissolved in steel or precipitated from it under various 
conditions, seem not only to cause some of the effects (for example 
the “aging” of steel with respect to its magnetic properties), 
but also to affect the developing of the dark lines hy Fry’s etching 
solution. 

Some of the suppositions mentioned above have been confirmed 
by the observations of A. Fry (loc. cit.) on the fundamental 
changes occurring in the structure of the flow layers of steel. 
By means of microscopic observations he was able to show three 
kinds of disturbances in the microstructure of plastic iron: 
disturbances along the grain boundaries (these latter appear 
much thicker in the etched micrographs within the plastic layers 
than in the elastically deformed parts of the steel pieces) ,* disinte- 
gration of the grains (cracks and slip surfaces are visible within 
the individual crystal grains); and, finally, certain disturbances 
in the grains themselves, distributed continously over the grains 
without actual disintegration. (The grains appear darker in 
the etchings within the plastic layers than in the surrounding, 
only elastically stressed parts of the steel specimen.) According 
to these observations it must be concluded, that the skeleton of 
the intercrystalline substance between the ferrite grains of soft 
iron appears to be greatly disturbed after the yield point has just 
been reached and that also other disturbances occur within the 
grains in the thin plastic layers which form the flow or Liiders 
lines on the surface of the specimen stressed above the 3 deld 
point. 

c. The Peak of the Stress-strain Curve of Steel. — The drop 
in the load at the yield point in a tensile test of iron is a result of 
the instability of the elastic-plastic equilibrium of a long bar 
occurring at the yield point. As F. Koerber and M. Moser have 
shown, it is possible by special precautions to eliminate this drop 
in load, if, by means of a sudden change in section at the ends of 

^ Zur Frage des StickstoSs im technischen Eisen, Stafd und Eisen, vol. 50, 
no. 19, p. 629, May 8 , 1930. 
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the cylindrical portion of the test piece, a local non-uniformity 
with a concentration of stress is produced. 


According to tests 





Fig. G7. Fig. GS. 

Figs. 67 and 6S. — 
Grooved bars for ten- 
sile tests. 


by the author^ it appears that tensile test bars contain- 
ing a groove (which causes a certain concentration 
of stress, and consequently earlier yielding) give a 
small drop in the load at the yield point, while test 
pieces with a ver>" smooth and highly polished surface 
and having a gradual increase in diameter at both ends 
showed a very definite drop at the yield point. Ten- 
sile tests, using cylindrical specimens of soft iron, hav- 
ing a cylindrical constricted portion {cj. the shape of 
the test pieces in Figs. 67 and 68), gave values for the 
upper and lower yield stress contained in the follow- 
ing table. 


Tests on the Drop op the Load at the Yield Point 


Kind of test piece 

Unannealed bars 

Annealed bars 

Upper 
yield 
point, 
kg./cm 2 

Lower 
yield 
point, 
kg /cm.2 

First 
yielding, 
kg /cm. 2 

Upper 
yield 
point, 
kg /cm 2 

Lower 
yield 
point, 
kg /cm 2 

1 

First 
yielding, 
kg /cm 2 



3,340 

2,990 


2,970 

2,780 




3,560 

3,360 


3,390 

3,250 




3,400 

2,890 1 


3,220 

2,680 


Cylindrical ' 


3,290 

2,750 


2,970 

2,630 




3,360 

2,900 


2,800 

2,700 




3,390 

2,970 


2,940 

2,820 




3,370 

2,920 


2,990 

2,930 


Mean value 

3,387 

2,969 


3,040 

2,827 




3,170 

3,050 

i 2,880 

2,790 


2,150 



3.170 

3,010 

: 2,940 

3,110 

3,050 

2 790 



3,080 

3,020 

2,940 

2,800 

2,780 

2,380 

With long throat, as shown in - 


3,280 

3,150 

3,000 

2,990 

2,950 

2,490 

Fig. 68 


3 280 

3,190 

3,000 

3,030 

2,930 

2,740 



3,100 


2,940 

3,030 


2,730 



3,280 

3,190 

3,050 

3,040 

2,990 

2,770 

Mean value 

3,194 

3,102 

2,964 

2,970 

2,940 

2,570 


f 

3,620 

3,530 

3,280 

3,590 

3,570 

2 , 760 



3,730 

3,090 

3,240 

3,630 

3,590 

2 , 930 



3,700 

3,610 

2,940 

3,520 

3,400 

2,950 

With short throat, as shown in 


3.810 

3,700 

2.880 

3,510 

3,440 

2,590 

Fig 67 


3,560 

3,550 

2,880 

3,360 


2,420 



3,630 


2,830 

3,480 

3,440 

2,420 


1 

3,680 

3,500 

2.830 

3,550 

3.420 

2.690 

Mean value j 

3,676 

3,G12 

2,982 

3,520 

3,46r> 

2 , 680 


In all, 21 tensile test pieces of the same soft wrought iron were tested. 
Of these, seven pieces were cylindrical with a uniform diameter for a con- 

^ Dissertation, Technische Hochschule, Berlin, 1911. 
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siderable length, seven had a “long neck” as shown in Fig. 68, while the 
remaining seven had a “short neck” as shown in Fig. 67. The cy lin drical 
test pieces had a diameter of 15 mm., a cylindrical length of 190 mm., and 
a total length of 370 mm.; the form was the usual one with a gradual conical 
transition to the enlarged ends of the test piece. The other test bars had a 
diameter of 22.5 mm. in the thickest portions and 15 mm. in the necks, 
the total length being at the same time 370 mm. The dimensions of the 
neck are shown in Figs. 67 and 68, the cylindrical length in the case of Fig. 
68 being 7 mm., in the case of Fig. 67 only 2 mm. All specimens were tested 
in the unannealed condition, then annealed in a gas oven, measured again, 
and tested again. In both tests the load was only increased above the 
yield point sufficiently for its determination. All values of the unit stress 
were determined by taking into account the change in cross-section due to 
the permanent deformation in the first tests; in other words, by taking the 
actual cross-sections of the annealed test pieces. In the ease of the bars 
with grooves this was obviously the smallest cross-section in the throat; 
for the cylindrical test pieces of 190 mm. length the cross-section at which 
flow occurred was determined with sufficient accuracy by comparison of the 
diameters, both before and after the tests as found with a micrometer. The 
beginning of plastic deformation was determined either by the Martens 
extensometer or by thermo-electric measurements of the temperature of the 
test piece. 

From the table it would, at first glance, appear that a short constriction 
apparently tends to increase the yield stress. In truth the contrary is the 
case. The reason for this is that by a short constriction, the lateral contrac- 
tion of the constricted portion of the test piece is prevented.^ On the other 
hand, in the cases of test bars having grooves, there is very little difference 
between the upper and lower yield stresses. This is explained by the local 
concentration of stress in the constricted portion, which tends to prevent 
any unstable stress condition. In the third column of the table, stresses 
are recorded at which first yielding” in the test pieces occurred, i.c., the 
stresses at which proportionality between stress and strain as observed by 
the readings of the Martens extensometers ceased. Comparison of the 
figures of the third column with those of the upper yield stresses for the 
cylindrical bars shows clearly that, in truth, by a short constriction the load 
under which the bar begins to yield, is diminished. It is known from the 
theory of elasticity, that because of a sudden change of the cross-section 

1 At this point, it should be noted that the ultimate strength of a test 
bar having a cylindrical constriction is in many cases considerably higher 
than that of an ordinary test bar without a constriction. This was shown 
by the tests of Kiekaldy, Baeba, of Bach and Baumann, ‘‘Elastizitab 
und Festigkeit,” 8th ed., 1924; by Martens, Mitt u. Forschungsarh. d. 
V.DJ.j vol. 3; by Rudblofp, Baumaterialeiikunde, vol. 4, p. 85, 1899; 
and by Tetmayee, ^‘Festigkeitlehre,” 2d ed., p. 184, 1904. In this connec- 
tion see also the test reports of Ludwik and Scheu, Uber Kerbwirkungen 
bei Flusseisen, Stahleisen, vol. 43, p. 999, 1923; and by Koebee and 
MtTLLER, Die Verfestigung metallischor Werkstoffe beim Zug- und 
Druckversuch, Mitt aus. d. K.-W.-Institut /. Eisenforsch.^ vol. 8, p. 181, 
Diisseldorf, 1926. 
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“stress concentration” is introduced, which lowers the load at which the 
first yield occurs. 

On the basis of careful investigations, instituted by the German 
Society of Iron and Steel Engineers, the influence of various 
factors on the shape of the transition curve from the elastic to 
the plastic stage in the stress-strain diagram has been studied. ^ 
Fron>. these tests it may be concluded that for technical applica- 
tions more importance is to be attached to the lower yield stress 
than to the upper yield stress, which latter seems to be affected 
by the conditions discussed above. 



Another effect on the upper yield stress may he noted here, namely 
the influence of temperature. According to tests by Bach and 
Baumann^ and others the phenomenon of an upper and lower 
3 deld stress so characteristic for mild steel at normal temperatures 
disappears gradually with a rising temperature. The various 
forms of stress-strain diagrams taken at various temperatures 
on steel are shown in Fig. 69. The phenomenon of the drop 
in load at the yield point vanishes at the higher temperatures. 

d. The Production of Flow Lines by Notches and Holes. — As is known 
from the theory of elasticity, the stresses in elastic bodies are increased or 
concentrated at concave boundary surfaces, for example, at the edges of a 

^ Cf. the exhaustive report by M. Moseb, tJber die Elastizitatsgrenze und 
Streckgrenze, W erkstoffamschmsherichi 96 des Vereins Deutscher Eisen- 
.hiittenleute, Diisseldorf. Of special interest is the enumeration of certain 
secondary conditions which have an influence on the shape of the stress- 
strain curve. Cf. also: M. Moseb, Grundsatzliches zur Streckgrenze, 
(C. Bach Festschrift), Mitt li, Forschungsarb. d. V.D.I. No. 295, p. 74, 1927, 
Berlin. 

2“Festigkeitseigenschaften und Geftigebilder der Konstruktionsma- 
terialien," 2d ed., p. 11, Julius Springer, Berlin, 1921. 
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cylindrical hole or a spherical ca\dty in a member subjected to pure tension, 
compression, or shear. At a sharp reentrant edge the stresses are theoreti- 
cally infinite. Even if the stresses in the neighborhood of a reentrant edge 



Fig. 70. Fig. 71. 


Figs. 70 and 71. — Compression tests with paraffin prisms containing a cylindri- 
cal hole at right angle to direction of compression. Left: Beginning of distortion 
near hole. Right: Formation of two distinct slip layers starting from hole. 


have only small values, nevertheless, these may be sufficient to produce 
plastic deformation or even fracture at the corners. 



Fig. 72. Fig. 73. Fig. 74. 

Figs. 72, 73, and 74. — Slip lines on the sides of a paraffin 
prism having a hole, and stressed in compression. 



Fig. 75.—- Slip 
layers in cylinder 
with hole. 


In compressed test pieces of brittle material, such as cast iron or hard 
steel, which contain small notches, failure by fracture begins at these 
notches. 1 By means of small cylindrical holes in an area subjected to pure 

I Leblonp, La Technique Moderne, vol. 15, p, 7, 1923. 
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Fig. 76. — Two 'views of the same paraffin cylinder having a small hole. 
The cylinder has been subjected to compression in axial direction. The slip 
layers in the left view form a white cross and appear as ellipses in the second view. 
(The bright central line parallel to the axis of the cylinder is caused by a reflex 
of light and not by deformation.) 

axial tension or compression, certain disturbances may be produced in plastic 
materials, as shown in Figs. 70 to 82. 

The local yielding in the neighborhood of a hole or 
a notch may be studied by means of a test piece 
made of a soft material.^ For this purpose test 
pieces made of soft paraffin and having holes were 
stressed in compression, the compression being per- 
pendicular to the axis of the hole. Long before the 
first slip lines were visible the slight deformation of 
the surface of the test piece showed that the plastic 
deformation was not uniform but occurred mainly in 
two planes. These two planes intersected along the 
axis of the hole and formed equal angles with the 
direction of the compression. The first distortion of 
the surfaces of a compressed prism of paraffin is 
shown in the photograph of Pig. 70. After an 
increase in loading there resulted the flow lines shown 
in the photograph of Fig. 71 and indicated in the 
sketches of Figs. 72 to 74. The test piece split, so 
to say, into four rigid pieces, separated by two soft 
plastic layers, as indicated in Fig. 74; the wedges 

^Recently S. Timoshenko utilized Luders’ lines to 
Fig. 77. Distortion indicate the instant at which a definite maximum 

^ dangerous point in a stressed body is 
small grooves on edge, exceeded, cf. Ptoc. 2d iTitciTYioZm Coyiqtbss fox A'p^plicd 
Tensile test. Mechanics, Zurich, 1926. 
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a and b moved in a vertical direction, thus forcing the wedges c and d to 
separate in a horizontal direction. Similar phenomena in a paraffin cylin- 
der, having a hole perpendicular to the direction of compression, are illus- 



Fig. 78. Fig. 79. Fig. SO. 


Figs. 78, 79, and SO. — Slip layers produced by two small grooves (Figs. 78 
and 79) or by central hole (Fig. 80) in hard copper prisms loaded parallel to edge 
in compression. 

trated in both views of Fig. 76 and the sketch of Fig. 75. The slip planes 
appear as white strips in the photographs and are likewise grouped about 
two planes as indicated. The effects of a small notch or a small hole in 



Fig. 81 . Fig. 82 . 

Figs. 81 and 82. — Paraffin. Formation of slip layers crossing at approxi- 
mately right angles. Produced by an accidental bubble (left) ; by a small hole 
(right). 

producing local yielding in two thin layers in metal specimens under com- 
pression or tension are shown in the photographs Fig. 77 (steel), Figs. 78, 
79 and 80 (copper), and for paraffin in Figs. 81 and 82. 
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e. Elastic Stress Distribution and the Beginning of Plastic 
Flow in a Plate with a Circular Hole.^ — In machine construction, 

tension or compression members 
having holes are very frequently used. 
It is important to note that the eflfect 
of a small cylindrical hole in such 
members is quite different, according 
to whether the material around the 
hole is stressed only elastically or 
whether it is partially yielding, plastic 
deformation occurring under a sharply 
determined yield stress. 

The stress distribution in a tension or com- 
pression member in the form of a wide plate 
containing a small cylindrical hole is weE 
known in case of an elastic material. ® Refer- 
ring to Fig. 83 consider a point P, located in 
the thin plate ha\dng a hole of radius a. The polar coordinates of this point 
are r and If the plate is subjected to a uniform tensile stress s in the direc- 
tion of the polar axis ^ = 0, the three components of stress which determine 
the state of stress in the plate are given by the following expressions: 

Radial stress: 1 ^ ~ ^ cos 

Tangential stress: 

Shearing stress: s* = “ "b ^ ^ 

On the circumference of the hole the coordinate r is r — a and hence the 
stresses become equal to; 

Sr = 0, Si = s(l ~ 2 cos 2^), Sa == 0. (2) 

The radial and shearing stresses Sr and vanish. The tangential normal 
stress Si is a maximum at the points <i> = t/ 2 and = 3ir/2, located on the cir- 
cumference of the hole and on an axis of the plate perpendicular to tho dir<»ction 
of the tension. At these points the tangential normal stress is: 

“ 3»^. (3) 

1 See Baud, R. V., Wahl, A. M., and author’s paper in Mech. Eng., 
p. 187, March, 1930. 

2 This problem was first solved by B. Ktbsch, Z. d. 7. D. p. 797, 
July 16, 1898. Further applications of the theory of elasticity to the case 
of an elliptical hole were made by Inglis and Wolff. 



Fig. S3. — Plate with hole 
in tension. 
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For r — a and <^> = 0 or 6 = tt, however, becomes negative {i.e., a com- 
pression) and 

St = — s. (4) 

These formulse indicate that the presence of a small hole in an infinite plate 
of an elastic material subjected to a pure tension stress in a given direction 
causes a considerable increase in the stresses in the vicinity of the hole, the 
maximum normal stress on the boundary of the hole being three times as 
large as the stress in an undisturbed portion of the plate. 



FiGo 84. — Elastic plate with hole in tension. Contour lines indicate curves 
as computed according to Eqs. (1) and (5) along which maximum shearing stress 
Ssm&\ is constant. These curves correspond in a photo-elastic test to the "iso- 
chromatic lines.” 


To confirm by test these analytical results and to describe the distribution 
of stress the curves can be calculated along which the maximum shearing 
stress Ssinax has a certain constant value. ^ The equation of these curves is 
given by 

+ s/ = = const. (5) 


where k is a constant. Using here the expressions (1) the contour lines of 
the distribution of the maximum shearing stress s^thbx as a function of the 
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polar coordinates r and <f> can be determined. These lines are plotted in 
Fig. 84. For example the ctmtour line marked /: = 1.1 is the locus of the 
points wheie the ratio of -Ssmax to .s*/2 is 1.1. The surface representing 
the maximum shearing stress above the plane of the plate has two 
sharp peaks at the points marked /: = 3 in the figure and situated on the 
boundary- of the hole at r — 4> = ■7r/2 and 3x/2. 

Figure 84 reveals several remarkable facts: (1) that the true sfretas-concen- 
tratioti effect in an eladic material extends only over a comparatively small area. 
High values of the maximum shearing stress are encountered only in the 
\icinity of the peaks of the surface representing = f(r, <f>)- (2) The 

contour lines for the value A; = 1, i.e.j the lines along which the maximum 
shearing stress is the same as that in the undisturbed parts of the plate, 
extend to infinity. (3) The effect of stress concentration is furthermore not 
uniformly distributed around the hole but starts at the two points = 3 
(at the “peaks” of the surface Ssm&x = fb", <i>] on the boundary of the hole 
and tends then to progress along a cross-shaped area as indicated by Fig. 
85.2 

f. How Plastic Flow Starts around a Hole. — According to 
this we must expect that in an elastic material with a well-defined 
yield stress the first yielding must start at the two points situated 
on the boundary of the hole on a diameter perpendicular to the 
direction of the tension and at a tensile stress in the plate which 
is equal to one-third of the yield stress sq in pure tension. But 
this local yielding is very hard to observe because at first it is 
practically restricted to two points. As the tensile stress « 
gradually increases, yielding spreads and very soon tends to 
progress along two comparatively narrow strips symmetrically 
situated with respect to the axis of tension and at an angle of 
about 45° with the direction of tension. 

The shape of the contour lines of the surface of maximum 
elastic shearing stress was checked by photo-elastic tests. A 
transparent model of bakelite 2 in. wide having a hole of 0.32 
in. diameter was tested in tension and projected on a white 
screen using polarized light. The colored fringes of the loaded 

1 These curves have been calculated by A. M. Wahl and checked by tests 
by H. V. Baud at the Research Laboratories of the Westinghouse Electric 
and Manufacturing Company in East Pittsburgh, (loc. cit.), to whom the 
author expresses his indebtedness. 

2 In brittle materials the presence of a hole or notch with sharp corners 
is always accompanied by great danger of fracture especially under impact. 
The effect of a hole or of a concentration of stress on the fatigue limit seems 
however not to be as pronounced as one would expect. The hole does not 
lower the endurance limit so much as one would expect from the conclusions 
drawn from the theory of elasticity mentioned above. 
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model, which could be observed on the screen, correspond in the 
photo-elastic test to those points in the plate, where the difference 
of the two principal stresses is equal to a certain constant. Thus 
the picture of the colored lines on the screen reveals the 
lines of constant maximum shearing stress. A photograph of 
these colored lines is shown in Fig. 86. The agreement between 
the observed dark bands corresponding to lines of the same color 
in the photograph. Fig. 86, 
and the calculated contour 
lines in Fig. 84 was very- 
satisfactory. 

The results of some com- 
pression tests with mild-steel 
test pieces, having drilled 


! 

Fio. S5. Fia- SO- 

Pig. 85. — Spreading of plastic region from hole in a tension member. 

Fig. 86. — Photo-elastic test of transparent plate subjected to pure tension in 
the direction indicated by arrows and having a hole. The^ dark bands are the 
pictures of the isochromatic lines (of the lines having certain definite colors) as 
they appeared on thi§ screen. 

holes, are shown in Figs. 87 to 89. The test pieces were 
approximately prismatical in shape and had, in the middle, a 
rectangular cross-section of 18 by 24 mm. The surfaces of the 
specimen containing the holes were photographed using the 
method described above (page 91). In the test piece of Fig. 
87, the hole was perpendicular to the direction of compression, 
in that of Figs. 88 and 89 the hole was at an angle of 77° and 
47°, respectively. A schematic representation of the production 
of the layers visible on the surface for the case of a hole 
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perpendicular and for the case of a hole at an angle of 45° to the 
direction of compression is shown in Figs. 90 and 91. With 



Fig. 87, Fig. 88. Fig. 89. 

a = 90°. a = 77°. a = 47°. 

Figs. 87, 88, and 89.- — Flow figures on prisms of mild steel containing holes. 
Compression tests, a is the angle of axis of hole with axis of prism. 


decreasing angles it must be expected that both slip planes tend 
to come together and at an angle of 45° with the axis of the prism 
they coincide. This expectation was con- 
firmed by the tests shown in the Figs. 87 to 
89. In Figs. 87 and 89^ besides the heavy 
flow lines, a grained appearance of the 
surface may be noted. These fine relief 
markings appeared during the progress of 
Fig. 90 .^ Fig. 91. were probably caused by an 

additional bending stress produced by 
an unavoidable eccentricity of loading. The '^wave crests'^ of 
this fine relief marking, running perpendicular to the direction of 
compression, are the traces of the flow layers caused by the 
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superimposed bending stresses due to buckling. Moreover, on 
the highly polished surface of the rectangle (Fig. 98) may be seen 
similar markings representing fine flow layers. These slight 
irregularities of a well-polished surface which are barely visible 
to the naked eye are shown up well by the special method of 
illumination described on page 91. 

Figures 92, 93 and 94 show the development of slip layers as 
they progress from a hole under increasing stress, the test pieces 



Figs. 92 and 93. — Flow figures on compression test pieces of steel having hole. 


being subjected to compression. The test pieces of low-carbon 
steel were, after machining, annealed at 930°C,, polished, and 
tested. 

These and other tests showed that the softer a polycrystalline 
metal is {i.e., the more gradual the transition of the elastic portion 
of the stress-strain curve to the plastic portion), the less sharply 
are the slip layers marked. Test pieces of mild steel having a 
sharp peak or sharp break in the tensile stress-strain curve with 
a well-defined yield point show up the two slip layers the best. 
On the contrary, a soft material like an annealed copper will not 
show sharp slip layers. 
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If this point of view is correct, it should be expected that the 
phenomenon of the formation of Lliders^ lines, so characteristic 
of low-carbon steel and for example not known in tests wnth cop- 
per, should be also produced in materials other than loW'-carbon 

steel This was confirmed. The test 
piece shown in Fig. 95 was machined 
from a copper bar w^hich was first sub- 
jected to severe cold working by com- 



Fig. 94. — Flow fig- 
ures on mild steel. 


Fig. 95. — Cross of slip 
layers produced by hole in 
compression test piece of 
work-hardened copper. 


pressing the bar about 33 per cent. This initial deforma- 
tion had the effect of cold working the copper and bringing it 
artificially into a condition mechanically similar to the annealed 
steel, i.e., both metals showing a well-defined yield point. The 
specimen of hard copper with a hole showed the cross of slip 
layers quite in the same way as the steel test pieces described 
before. 

We must therefore conclude that the formation of Liiders' 
lines in steel, or of similar bands and plastic layers in other 
metals, must be expected if the material has a well-defined yield 
point, a slight concentration of stress helping to start or develop 
these single plastic layers. 
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APPENDIX 

It is of interest to determine the distribution of the lines of constant 
maxiniiirn shear in a plate with a hole, the plate being subjected to pure 
shear, i.e., a uniform tension combined with 
an equal compression acting at right angles 
(see Fig. 96). In such a case, the distribu- 
tion of the Lines of constant maximum shear 
have the form shown in Fig. 97. These 
may easily be obtained by superimposing a 
distribution of stresses represented by Fig. 84 
upon another set of stresses similar to those 
represented by Fig. 84 but displaced through 
an angle of 90°. The superimposed stresses 
are to be taken as negative; the result is the 
series of contour lines shown in Fig. 97. 

These represent the locus of points having 
constant values of k = 2smax/s before. 

It is perhaps worth mentioning here that Fig. 96. — Hole in region sub- 
such a stress distribution around a hole jected to pure shear, 

might be obtained in the web of an I-beam, 

subjected to a severe transverse shearing load. The central part of the web 
can then be considered as stressed in pure shear, and if the amount of shear is 


-s 


Direciion of Tension Stress 

Fig. 97. — Elastic distribution of stress around hole in region subjected to 
pure shear. The contour lines indicate the curves of constant maximum 
shear. 

largo enough, the material should yield in the vicinity of a hole in the web 
along two perpendicular planes. 





CHAPTER 17 


COMPRESSION 

Although no difficulties are encountered in obtaining a uniform 
stress distribution in a bar of ductile material under tension 
until necking begins, special precautions are necessary in order 



Fig. 98. — Compression test. Flow figures (Liiders’ lines) on the four faces of a 

prism of mild steel. 


to load a cylindrical or prismatical bar under axial compression 
between two hard plates in such a manner that the lateral exten- 



Fig. s 
Figs. 99o and 996, 


c- Fig. 996. 

-Flow figures on mild steel. Compression tests. 


sion of all cross-sections is the same. Since that part of the 
test piece which touches the plates producing the compression 
is hindered from expanding laterally because of the friction, a 
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bulging in the middle part occurs and there results^ especially 
in the neighborhood of the ends of the test piece, a non-uniform 
distribution of compressive stress. 

The development of the flow layers in the case of compressed 
mild-steel specimens, shortly after the 3 deld point has been passed, 
is illustrated in Figs. 98 to 99; cf. also Figs. 87 to 94. 

a. Cylinders. — If a compression test be made in a testing 
machine with a cylindrical specimen of a brittle material, such as 
sandstone, marble, or concrete; or of a ductile metal, certain 



Fig. 100.^ — Sandstone cylinder broken in compression test exhibiting cone of 
fracture. {According to tests of T. v. Kdrmdn.) 


more or less regular markings will be noticed on the specimen 
before failure. The main thing which will be observed is that the 
greatest distortion of the material in the specimen usually begins 
at the edges of the compression surfaces and is generally more or 
less concentrated along two conical surfaces starting from the ends 
of the cylinder. In this way two pieces of conical shape split 
off from the rest of the specimen before failure in the case of 
brittle materials, and under a larger load these pieces become 
wedged into the middle part of the specimen and cause this to 
crack (c/. the compressed sandstone cylinder, Fig. 100). 

On well-polished cylinders of white marble during a compres- 
sion test two very regular systems of helical lines may be seen 
on the surface. Both of these systems of lines make the same 
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angle with the direction of compression. They are the traces 
on the surface of the cylinder of two series of helicoidal surfaces 
in which the marble is more severely distorted than in the neigh- 
boring parts. It is possible to make these severely distorted 
layers visible to the eye if the surface be colored or rubbed by 
means of a colored pencil. In this way^ the markings on the 
surface of an axially compressed cylinder of Carrara marble 
(Fig. 101) were obtained. (This cylinder was part of a series of 
tests on various kinds of rock by Prandtl and Rinne.) A second 
example of the markings on the surface of a compressed-rock 



Fig. 101. — Helical slip lines on polished marble cylinder after compression. 

{Test by Prandtl-Rinne.) 

cylinder is shown by the photograph of Fig. 102. These regular 
markings indicate that in these tests a distribution of stress with 
axial symmetry under compression existed. 

In order to investigate these phenomena in plastic materials 
the author made a series of compression tests using very soft 
materials.^ These tests will be briefly reviewed in the following: 

A dark-colored paraffin having the property of becoming light wherever 
excessive distortion of the material occurred, was used. By means of the 
resulting bright lines and markings obtained on the surfaces and cross- 
sections of these stressed paraffin specimens, the regions in which a severe 
distortion of the material existed were made plainly visible. 

After the maximum load on these compressed paraffin cylinders is reached, 
markings consisting of fine lines arranged in a more or less regular way 

^Cf. Z. f. techn. Phys., voL 5, no. 9, p. 369, 1924; and Proc, Internat 
Congress of Applied Mechanics j p. 318, Delft, 1924. 
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develop. These lines which are similar to those in the marble specimens 
consist of two systems of helical lines crossing each other. These lines make 
angles of about 45'" (usually a little less than 45°) with the generatrices of 
the cylinder. During the course of the test, single lines or groups of lines 
become more pronounced until fracture occurs with a resulting drop in the 




Fig. 102. — Helical 
sliplinesonstonecylin- 
der after compression 
test. 


Fig. 103. — Helical systems of slip 
lines on surface of paraffin cylinders 
tested in compression. 


load. In Figs. 103 to 105, the markings obtained in a series of cylindrical 
test specimens of five various heights are shown. ^ 

In Figs. 106, 109, and 111a few longitudinal cross-sections of compressed 
paraffin specimens are represented. These sections were taken through the 
axes of the specimens. Figure 110 represents a schematic sketch of the struc- 
tural changes observed in the cross-sections of the three cylinders shown 
in Fig. 103. An external view and a longitudinal cross-section of a truncated 

^ At this point may be mentioned a remarkable phenomenon which was 
brought out by a series of slowly made compression tests and a second series 
of rapidly made tests. In the last case, the loading was brought upon the 
test piece very suddenly, such as would occur if the heavy pendulum of an 
Amsler testing machine were lifted high and then suddenly released, while 
the test piece was under a small compressive load. During the rapidly 
made tests the surface of the cylinder was covered with a much finer and 
denser network of helical lines than was the case with the slowly made tests-. 
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Pig. 104. Fig. 105. 

Figs. 104 and 105. — Helical systems of slip lines on surface of paraffin cylinders 
tested in compression. 



Fig. 106. Fig. 107. 

Figs. 106 and 107.^ — Structural changes in longitudinal cross-section (left) and 
on surface (right) of a paraffin cylinder tested in compression. 
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cone, having a small angle of cone and tested rapidly in compression, is 
shown in Figs. 106 and 107. 

It will be recognized from the longitudinal cross-section' (Figs. 106) that 
the curves of constant degree of destruction of the material (and of constant 
intensity of color) have approximately the shape 
shown by the lines of the sketch of Fig. 108. A 
more careful consideration of such cross-sections 
shows that the amount of distortion of the material 
inside the specimens (the more the material has been 
deformed the brighter it appears in the photographs) 
changes throughout the inside of the specimen in a 
regular manner. Two truncated cones of material 
at each end of the specimen seemed to adhere to the 
plates of the testing machine used to transmit the 
compressive load. (In order to produce a strong 
adhesion the paraffin specimens were compressed between steel discs having 
the same radius and intentionally rough-machined surfaces.) These two 
cones can for example be seen in the dark part of the longitudinal cross-section 
of a specimen shown in Fig. 109. In the cross-sections the compressed regions 
a (Fig. 110) have a black and white^ mottled appearance with a fibrous 



Fig. lOS. — Section 
through axis of a cylin- 
der of soft material 
near compression plate,' 
showing areas of equal 
degree of destruction. 



Fig. 109. — Section through axis of a paraffin cylinder after severe compression. 
If the cylinder had been stressed higher, the cones of fracture would have 
developed from the four narrow bright sectors originating in the corners. 

structure whose direction was perpendicular to the direction of compression. 
If the two cones extended uniformly into the test piece this mottled surface 
extended quite deeply towards the middle of the test specimen. This, 
however, was usually the case only for the shorter specimens. Areas of 
distortion s (Fig. 110) extended like rays from the edges of the cylinders, 

1 The plain white surfaces (not cross-hatched) in the sketches (with 
exception of the cones 6) represent likewise regions of changed and dis- 
torted texture, in which, however, no definite fibrous structure was recog- 
nizable (see Fig, 109). 
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both sj'stems of slip lines being often very noticeable in these areas. (For 
example, compare the section through a severely distorted cylinder, Fig. 
109.) No slip lines were visible along the axis of the cylinder, a fact which 
is required from conditions of symmetrjn 

The angle which the ray-shaped areas of distortion make with the axis 
of the specimen depends, for the same material, on the friction existing in 
the compressed surfaces of the specimen and on the ratio of length of cylinder 
to diameter. Using similar compression plates, three cylinders, having 
different values of the ratio h/d ol length of cylinder to diameter, gave the 
following values of the angle a between the generatrices of the cone of rupture 
and the base: 

Value of h/d Value of a 

1.00 36 “ 

0.50 25° 

0.33 21“ 


A few of the shorter cylinders occasionally showed on their surface, 
besides the helical slip lines, countless fissures, running parallel to the 



Fig. 110. Fig. 111. 


Fig. 110. Longitudinal section through three cylinders of different heights 
from a soft material, showing structural changes due to compression test. 

Fig. 111. — Section through a cylinder of paraffin with constricted portion 
exhibiting two cones along which fracture would have developed under further 
loading. 


direction of compression. These tended to open up under further loading, 
and frequently, under close examination, showed a tendency to form jagged 
lines because of crossing the helical slip lines. 

The deformation of a few rings, loaded axially in compression between 
smooth hard plates, will now be considered. The deformation of two rings 
is represented in an easily understandable way by the slip lines in Figs. 112 
and 113. In the case of a thin ring (Figs. 112 and 114) the deformation 
was quite different from that in the case of a thick ring (Figs. 113 and 
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115). Since tlie conical slip surfaces in a thick ring come to an intersection 
at the inner surface of the rings near the middle of the height, the displace- 
ments were such as to form a ring-shaped swelling on the inside surface of the 
ring. This bulged-out portion is easily recognizable in the photograph of 
the longitudinal section. No such deformation could be observed with the 
thin rings. 

The distortion was axially symmetrical only for the case of the shorter cylin- 



Fig. 112. Fig. 113. 

Figs. 112 and 113.- — Slip lines in section of rings loaded in axial direction by 

compression. 

ders; as soon as the height of the cylinder exceeded a certain value, the distor- 
tion often became uns.ymmetrical and was, moreover, limited to a short portion 
of the length (cf . Tigs. 104 and 105). Cylindrical specimens of brittle material 
often fracture so that the final surface is composed of portions of both a 
right- and a left-handed helicoidal slip surface together with a part of the 



Fig. 114. 



Fig. 115. 


Figs. 114 and 115.- — Section of two paraffin rings through axis exhibiting 
structural changes due to compression. 


cone of slip extending from the compression plates. These three surfaces 
unite to a common surface of fracture, which sometimes may not differ much 
from an oblique plane. 

b. Plane Compression Tests. — Prisms having narrow rec- 
tangular cross-sections in planes perpendicular to the direction 
of compression, were tested between two compression plates. 
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These gave slip lines such as shown in the photographs of Figs. 
116 and 117. Before the tests, the prisms were cut through 
along a middle plane coinciding with the direction of compression 
and during the tests both pieces were held together by light 
pressure. The mode of deformation of the prism is rendered 
visible by noting the distortion of the grooves left by the cutting 
tool of a lathe. • The test specimens, whose middle cross-sections 



Pig. 116 . 



Fig. 117. 


Figs. 116 and 117. — Plane compression tests. Sections through the middle 
plane of two flat prisms of paraffin subjected to compression in a direction 
parallel to small edge of rectangle. The distortion of the section can be recog- 
nized by the regular markings which were formerly circular. 


are shown in Figs. 116 and 117 had approximately equal widths 
(33 to 35 mm.) and lengths (125 mm.) but a different ratio of 
height to width. 

When the deformation has proceeded sufficiently and has 
occurred symmetrically, certain regular systems of slip lines 
extended from the corners of the test piece under compression. 
These crossed each other in the middle portion of the test speci- 
men in a manner described by L. Prandtl.^ It will be noted 


1 Z. f. ang. Math. u. Mech., 1923. 
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that the originally concentric, circular tool marks become ellipses 
only in the central portion of the cross-section. In the four 
outer areas of triangular shape (see Fig. 116) the circles remain 
almost concentric, while the material in four narrow sectors 
emanating from the corners must have been subjected to extra- 
ordinarily high shearing displacements. As a consequence of 
this non-uniform deformation the material is distorted mainly 
in these narrow sectors so that finally the test specimen breaks 
into four pieces. This is indicated by the schematic sketch 
in Fig. 118. 

c. Prisms. — A series of prisms with square cross-sections of 
36 mm. length and having heights of 60, 48, 36, and 24 mm., when 
tested gave the slip figures shown in Figs. 

119 to 125. The prisms were compressed 
between wood plates having rough-grooved 
surfaces. The relationship between these 
slip figures with those of the plane problem 
is unmistakable. However, in this case, the 
converging systems of slip lines make a 
greater angle with the direction of compres- 
sion, corresponding to the different (radially 
directed) direction of the friction stresses 
in the compression planes. In the case of the 
shorter prisms, four portions of the specimen 
along the four edges parallel to the direction of compression 
remained undeformed, while the middle portion of the faces of the 
prism showed a network of slip lines of marked regularity. A 
bulging out of the middle portions of the sides was also noticeable. 
If we think of a cylinder inscribed in the prism, its axis coinciding 
with that of the prism, and the portions of the material near the 
corners cut away in the manner shown in Fig. 126, we will 
recognize the network of shp lines of the prisms as a part of the 
network of helical lines already described for the case of cylinders 
under compression. They appear on the surface of the prisms, 
where the inscribed cylinder touches it. 

Similar slip lines are exhibited on the surface of compressed 
marble specimens, as, for example, on the photograph of Fig. 
127, showing one of a group of specimens of Carrara marble, 
tested by Prandtl. Moreover, in this case, the remarkably steep 
angle of the marble slip lines is exhibited. 



indicating cross-section 
of a flat prism before 
(left half of figure) and 
after (right half) a 
plane compression test. 
Direction of compres- 
sion stress parallel to 
short edge. 
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Pig. 123. 



Fig. 125. 


Figs. 123 to 125. — Systems of slip lines appearing on sides of paraffin prisms 
of square cross-section tested in compression. The effect of the height of the 
prisms on the shape of the slip lines is noticeable. 
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d. Compression Tests on Cylinders of Ductile Metals. — 
Although the above described compression tests were carried 
out only with a material having a very loose texture or on brittle 
rockS; the phenomena observed mil apply at least 
qualitatively also to compression tests of ductile 
metals. This has been established by countless ob- 
servations^ and tests. The action of the friction 
between the compressed plates is exhibited by the 
well-known barrel-shaped form w^hich the shorter metal cylinders 
assume under compression. Where the cylinders have lengths 

from one and one-half to three 
times the diameter and where 
ductile metal is used, the de- 
formation is usually such that 
two S3nnmetrical enlargements 
or a bulging out of the cylinder 
in two sections is observed. 
For longer cylinders, sidewise 
buckling may occur. 

Regions of large shearing de- 
formations diverging from the 
edges of the cylinders may also 
be shown to exist in longitudinal 
sections of cylinders of mild 


Fig. 12S. 

Fig. 127, — SUp lines and surfaces of fracture of a marble prism after compres- 
sion test. One of the “pyramids of fracture” can be seen in the upper part of 
the test piece. 

Fig. 128. — Section through a steel cylinder after it was pressed between hard 
plates, showing the distortion of the parallel sets of streaks due to the impurities 
of the steel. {According to H, Meyer and F. Nehl.) 

steel. The lines or markings which result in the etched longitudi- 
nal section of the test specimen, because of the presence of the 
inclusions and segregated zones in the ingot, permit one to 
determine how a mild-steel cylinder deforms when compressed 

^ Cf. the compression tests of Riedel, Hubers, Meyer and Nehl, Siebel, 
etc., mentioned below. 
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between two bard-steel plates. In order to decrease the friction 
between the compressed surfaces, Htibers^ lubricated the com- 
pression plates with a mixture of oil and graphite. He thus 


Fig. 131. Fig. 132. 

Figs. 129 to 132. — Longitudinal sections of steel cylinders after compression 
tests. Left figures: lubricated with graphite in compression plane. Right 
figures: without lubricant. {According to K. HUbers.) 

obtained a series of markings as shown in Figs. 128 to 133, which 
are copied from his photographs. While the cylinders lubricated 
with graphite expanded laterally in a uniform manner, the 
unlubricated test specimens showed a barrel-shaped form with 
a considerable distortion of the system of 
longitudinal lines or fibers produced by 
rolling. (Comparing the markings of Figs. 

110, 128 and 132, it should be noted that 
the conical surfaces exhibiting large shear- 
ing deformations in the highly compressed 
steel cylinders are continually forming anew, fig. 133.— Base of a 

and their position changes relative to the cylinder after severe 
^ ^ T 1 . 1 i. compression. Distor- 

test specimen. Ihe cylindrical surface tion of the formerly par- 

near the ends of the cylinder tends to invert, streaks due to the 

impurities, the orienta- 

and gradually moves so that it becomes part tion of which was here 
of the outermost ring-shaped part x of the 
circular area under compression. This is 
shown by a section of a specimen in Fig. 133.) Meyer and 
NehP have further investigated the phenomena in compressed 
^ Das Verhalten einiger technischer Eisenarten beim Dmckversuch, 
Walzwerkausschussbericht des V.D.E.j No. 32, Diisseldorf. This paper 
gives considerable data relative to compression tests. 

2 Die grundlegenden Vorgange der bildsamen Verformung, Stahl und 
Eisen, vol. 45, p. 1961, 1925 (Mitt, aus der Prtifungsanstalt der August 
Thyssen-Hiitte, Hamborn). 
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iron cylinders by means of etching the longitudinal sections, 
using Fry’s method. They have also investigated the change 
in load under compression. In the schematic reproduction of 
an etched longitudinal cross-section of a compressed iron cylinder 
(Fig. 134) the conical areas in which the friction of the compres- 
sion plates hinders the lateral expansion may be clearly recog- 
nized. In a test specimen viith very accurately machined ends 
Meyer and Nehl were able to demonstrate clearly the presence 
of the conical surfaces of slip (appearing as black lines in Fig. 
135). They obtained the following values for the angle <56 which 
this conical surface made with the direction of compression, 


Fig. 134. Fig. 135. 

Figs. 134 and 135. — Reajion plastically deformed (left) and conical surfaces of 
slip (right) in sections of compressed steel cylinders. {According to Meyer and 
NehJ.) 

various ratios of cylinder diametfer d to length of cylinder h being 
considered: 


d/Zi = 0 4 0.6 0.8 1.0 1.2 

0 = 32° 40° 47° 55° 62° 


The conditions of the <)rdinary compression test have been 
substantially improved by Siebel and Pomp,^ who suggested that 
if it be desired to obtain a uniform distribution of stress, the cylin- 
drical test specimens should be compressed, not between two 
plane plates, but between two cones (Fig. 136). If the genera- 
trices of these cones make an angle with the plane of compression, 
equal to the angle of friction, the resultant stress in the compres- 
sion surfaces of the two cones is parallel to the direction of com- 
pression. This produces everywhere in the test specimen a pure 
axial compressive stress. 

1 Die Ermittlung der Formanderungsfestigkeit von Metallen durch den 
Stauchversuch, Mitt, aus d. K.-W. Inst, /. Bisenforsch., vol. 9, p. 157, 
Diisseldorf, 1927. Cf. also E. Siebel, “Grundlagen zur Bercchnuug des 
Kraft- und Arbeitsbedarfs beim Schmieden und Waken,” Dr.-Ing. Dis- 
sertation, Berlin, 1923. 
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For an ideal compression test with uniform and unrestricted 
lateral expansion; we have, as in tensile tests, since the volume of 
the compressed C 3 dinder is practicallj- constant 


= xrf)“/u<, 


( 1 ) 


where r and h are the radius and height respectively of the 
c^dinder at any given time, and ro and Ju are initial values of r 
and h. The trajectory, which an arbitrary point r, h describes 
during an ideal compression test, is given by the 
equation: 

ro-Ao 


h - 


Putting 

and 


/?o — h 



r — rp 
ro 


Fig. 136.— 
(4) Cylinder 
compressed be- 
tween conical 

as the unit compression and unit lateral expansion, end plates, 
respectively, taken with respect to the initial 
dimensions, there results from the last equation 


since r = [1 + e.]ro and 


, ha \ 

'■ ‘i+ij 


unit axial compression: 

€ - (1 + £r)2 - 1 = (2 -f- erW 


an expression for the 


(5) 


The compressive stress s taken with respect to the actual cross- 
section is a function of the unit compression e 


5 = /(c). (6) 

This function can be determined experimentally using the conical 
compression test as described by Siebel and Pomp in the paper 
mentioned above. 

In uniformly compressing a cylinder from a height to a 
height h the following work is done: 

W = ^J\hdh= (7) 

If, in this expression, we substitute, for h, the unit compression €, 
we obtain ^since h = X ~ ~ work of deformar 
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tion equal to: 


W = rfo'A 


■X' 


mh 

0 


( 8 ) 


If we take the stress s in terms, not of e, but of a new variable 
2 , such that 


3 = +€) 


(9) 



$0,000 
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1 

% 
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€ 

Fig. 137. — Wrought iron, 
0.06 C., 0.15 Mn 



0.21 C., 0.17 Si., 0.62 Mn. 


0.39 C., 0.72 Mn. 


/bs /m?- 



Fig. 140. — Nickel steel, 
0.23 C, 0.65 Mn, 24.6 Ni. 


Fig. 141. — Copper. Fig. 142. — Aluminum. 


Figs. 137 to 142. — Deformation curves 6* = / (e) for tension and compression. 
{^AccovdinQ to Siehel and Pomp.) (Abscissae i unit elongation or compression e, 
ordinates: true tensile or compressive stresses s referred to actual cross-sectional 
area.) 


we obtain the work of deformation per unit volume in the simple 
form given by Siebel and Pomp: 

W = ds (10) 

This is the area under the curve s = f(z). 

In Figs. 137 to 142, the deformation curves s = /(e) in tension 
and compression for soft iron, two carbon steels, a nickel steel, 
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copper, and aluminum, as determined by Siebel and Pomp, are 
given. In aU cases the curves of stresses in the plastic stage of 
iron and steel for compression are higher than the corresponding 
ones for tension. For copper and aluminum the s curves for 
compression differ but little from those for tension, in agreement 
with earlier tests of Ludwik and Scheu.^ 

^ Vergleichende Zug-, Dnick-, Dreh-, und Walzversuche, Stahl und Eisen, 
vol. 45, p. 373, 1925. 
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TORSION OF A CYLINDRICAL BAR OF CIRCULAR 
CROSS-SECTION 

THE STRESS-STRAIN CURVE IN PURE SHEAR 

In a cylindrical bar of circular cross-section twisted by two 
couples acting about its longitudinal axis, the distribution of 

shearing stresses over a cross-section, 
after the yield point is exceeded, may 
be described for an arbitrary law of 
deformation.^ Let s equal the shear- 
ing stress at a distance r from the 
center of the circular cross-section 
and a the radius of the bar (Fig. 143). 
Under torsion two cross-sections, a 
distance I apart, will rotate with re- 
spect to each other through an angle 
<j>, which is proportional to the length I 

<l> = e.l (1) 

In this equation 0 is the unit angular twist of the bar, f.e., the 
angle, through which two cross-sections which are of unit distance 
apart rotate with respect to each other. Consider- 
ing two neighboring cross-sections, a point P (Fig. 

144), at a distance r from the axis of the bar, is dis- 
placed, when twist occurs, along a small circular arc 
PP'. Under this displacement an element QP, 
which was initially parallel to the axis of the bar, 
is displaced through an angle 7 '. In its final position the element 
QP' forms a part of a cylindrical helix. Therefore we have : 

PP' — rd<f> ^ rd 'dl — tan 7 ' • dl, (2) 

1 This apparently was first suggested by Ch. Duguet, ^^Limite d'^lastieit 6 
et resistance ^ la rupture,’’ vol. 1, p. 157, Paris, 1882; then, independently, 
by P. Ludwik, ‘'Elemente der technologischen Mechanik,” Julius Springer, 
Berlin, 1909; and by L. Pbandtl, in his university lectures, cf. Herbert, 
Mitt. u. Forsekungsarb. d. V.D.I.f No. 89, 1910. 
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Fig. 143. — Shearing stresses 
in twisted bar. 
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from which 

tan 7' = rff. (3) 

In this tan 7' = 7 is the measure of the unit shear or of the plastic 
deformation at the distance The shearing stress s is a function 
s = f(y) of the unit shearing strain 7. The function: 

s=f{y) ( 4 ) 

will be called the stress-strain curve for pure shear. 

a. If the stress-strain curve s = f(j) of the material in shear is 
known, it is possible to determine the twisting moment acting 
on a bar in terms of the unit angular twist. This curve M = F(d), 
which we will call moment-twist curve, may actually be deter- 
mined from a torsion test. The twisting moment M is given by 
the integral : 

M = 27 rJ^ sr-dr. ( 5 ) 

Since the unit shearing displacement 7 at a distance r is given by 
the equation 

rO * 7, (6) 

we may substitute 7 instead of r in the integral and since 

ddr = dy (6a) 

M = %f^y(y)y°-dy. ( 7 ) 

The upper limit of the integral is ja = 

This means that for a given unit angular twist 
<9, the corresponding twisting moment M acting 
on the bar is equal to the moment of inertia 
of the shaded area included under the stress- 
strain curve s = f{y) (Fig- 145) taken about 
the s axis, this is to be multiplied by 27r/C^. The shaded portion, 
whose moment of inertia is to be taken, extends to a unit shear 
7o = ad. 

In the case of shearing deformations not much larger than 
7 = 0.15 (in the case of a tension or compression test the exten- 
sion or compression corresponding to this shear is equal to 
€ =.27/3 or 10 per cent, which is a considerable amount of defor- 
mation) it is possible to use the angle 7' under the integral sign 
instead of the angle y.^ 

^ If we take instead of 7 the angle 7' which the generatrix of the cylinder 
makes with the helix, we have in the integral instead of yHy the quantity 



Fig. 145. — Stress- 
strain curve s = fiy) 
for pure shear. 
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b. Conversely if the moment-twist curve M = Fiff) be known 
from a torsion test, it is possible to use Eq. (7) to determine 
the unknown stress-strain curve of the material for pure shear 
s = f(y). The right side of the equation: 

MB^ = 2Tjjy(yhHr (8) 

is a function of the upper limit ya and since ya = a6, it is also a 
function of 8. Therefore we have: 


M=F(e) 



Angle ofTw/sfperJnch 


Fig. 146. — Torque- 
twist curve M —F{d). 


= 2wfiaB) ■ = 2Ta^eX- (9) 

Since Sa - S{a8), the shearing stress at the 
edge r — a of the circular cross-section is 
determined. From the last equation the 
shearing stress Sa at the edge is given by: 


Expressed in words this last equation means that the shearing 
stress Sa corresponding to a unit shear Va = in a twisted bar 
can be constructed from the torque-twist diagram M = F (6) 
of the bar by adding the lengths of two straight lines in this 
diagram: CP -(- ZAP (Fig. 146). The shearing stress Sa corre- 
ponding to a unit shear ya = a8 is equal to the projection CP = 
6 . dM /d9, of the tangent PB to the moment-twist curve, 
increased by three times the moment M = AP, this sum CP + 
ZAP to be divided by 2ira®. 

The shape of the stress-strain curve for pure shear has been 
exhaustively studied by P. Ludwik and determined for the 
various ductile metals.^ 


r sinT' la , , 
LcOS^y'J * 

If 7 ^ 0.15 this quantity may be replaced by y'Hy', We 

have: 

y' in degrees = 0 

10 ° 

20 ° 

30° 

40°, 


7 ' in radians = 0 

0.175 

0 349 

0.524 

0 698, 

while 






sin y': cos^ 7 ' = 0 

0.178 

0 387 

0.667 

1.096 


1 “Elemente der technolog. Mechanik,” 1909, and Stahl und Eisen 1905; 
qf. also the torsion tests of W. Badee, Dissertation, Gottingen, 1927. 
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THE PROBLEM OF PLASTIC TORSION— EXPERIMENTAL 
REPRESENTATION OF STRESS DISTRIBUTION 

It is possible to consider mathematically the stress distribution 
in a prismatical or cylindrical bar having an arbitrary cross- 
section and subjected to pure torsion up to the stage where 
plasticity begins to develop, provided the metal has a definite 
plastic limit. We have seen that the plastic deformations of 
mild steel under tensile or compressive stress begin to develop 
without a large increase in stress if the permanent extension or 
compression is only of the order of a few per cent. If the per- 
manent strains do not exceed this order of magnitude, it is there- 
fore permissible to introduce an important simplification for 
metals having a well-defined yield point such as 
low-carbon steel. This simplification consists 
in assuming an idealized stress-strain diagram for ^ 
the beginnmg of 'plastic flow consisting of two | / s=k 

straight lines as shown in Fig. 147. Since all i|lL 1 J 

the elements of a bar subjected to pure torsion 

are stressed in the same manner and the kind stre^strain 

of stress in all the elements of such a bar is a diagram. 

pure shear, the simplest assumption may be 

made, namely, that stress and strain in each element are related 

as shown by an idealized diagram such as given in Fig. 147, for 

pure shear. 

The following treatment assumes, as does the mathematical 
theory of elastic torsion of a bar to which it is closely related, 
that the direct and shearing strains are small, relative to unity. 
With this assumption the increase in stress under plastic strain 
or what is commonly called '^the effect of work hardening” will be 
neglected. It will be further assumed, that the elastic constants 
of the material, when yielding ceases, remain the same as they 
were initially and that where the material in the bar was not 
stressed beyond the limit of plasticity, the same relations hold 
as those which are valid in a perfectly elastic bar under torsion. 
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In order to analyze the distribution of stress in a twisted 
bar after the yield point has been reached, it is first necessary 
to recapitulate how this distribution is determined in an elastic 
bar. 

a. Elastic torsion. PrandtPs Soap-film Analogy. The Elastic 
Stress Function for Torsion. — The distribution of shearing 
stresses in an elastically twisted bar may best be visuab'zed by 
using PrandtPs membrane or .soap-film analogy. In order to 
find the resulting shearing stress s, which exists at a given point 
P of the cross-section of an elastically twisted bar, a right-angled 
coordinate S37stem will be used (Fig. 148) with the z axis along 
the axis of the bar. The resulting shearing stress s 
will be divided into two components s* and Sy in 
the direction of the x and y axes respectively.^ 

The equilibrium of stresses acting on an element dxt dy^ 
dz is exiiressed by the equation 



Fig. 148.— 
Section through 
twisted bar. 


dx dy 


= 0 . 


( 1 ) 


Let I, 17 , r be the small displacements of the point x, y, z 
relative to its initial position and parallel to the axes x, z. 
Under twist the cioss-section of the bar z-constant rotates about the z axis. 
This is expressed by the equations 

^ = -Oyz, 7 ] = Bxz, f = C<i>^x, y) (2) 


These displacements show that the projection of the point x, y, z, on the 
X, y plane describes a small arc of length Cr (where r® = x^ + y^) with 
respect to the z axis and th#».t the originally plane cross-sections of the bar 
are, in general, distorted into surfaces given by the function 0(x, y). The 
constant d in Eq. (2) is the angular twist of the bar per unit of length. 

We now express the unit shears tk and yys by using the Equations (13) 
page 54 as follows: 


yxz = 

yvz = 


dz dx 


^ 4 - ^ 

e* ■*" Oy 


(I5+*) 


(3) 


1 Shearing sti esses will be designated by Sj and Sy as well as by the letter 
s throughout this chapter. As both components Sx, Sy of the sheaiing stress 
s are the only stress components acting on the lateral planes of an element 
dx, dy, dz in the twisted bar, no danger of ambiguity is introduced by this 
notation (in contradistinction to the general rules explained on page 
40 and used in other parts of this book). — Regardmg the theory of elastic 
torsion cf. A. E. H. Love, “Mathematical Theory of Elasticity,” 4th ed., 
chap. 14, The Cambridge University Press. 
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The shearing stresses Xj and s, are given by Hooke's law 
= Gy.. = Ge(^l - j,) i 
Sy = Gyy. = + 1 ) j 


(4) 


In this G represents the modulus of rigidity. 

From these equations it follows that at each point x, y of the cross-section, 
the following equation must hold: 


dSz 


ds„ 

dx 


—2Ge =5 const 


(S) 


In order to satisfy Eq. (1) the shearing stresses are taken equal to the deriva- 
tives of a certain function F(Xj y): 



Ox 


(G) 


The function F(x^ y) is called the elastic stress funciioii oj the cross-section. 

From this, using Eq •. (5) and (6), the following partial differential equation, 
defining the function F, is obtained: 

g + S=A^°-2g^°eonst. (7) 


In order to obtain the boundary conditions, i.e.j the conditions which the 
function F must satisfy at the edges of the cross-section, it should be con- 
sidered that the resulting shearing stress at each point of the boundary’’ of 
the cross-section shall have no components perpendicular to the edge. 
Let y = f{x) be the boundary curve of the cixiss-section. Therefore, along 
the boundary curve y ^ /(x) the following equation must hold: 


Sx dx 


(8) 


by which the fact that the shearing stress s is tangent to the curve y = f(x) 
is expressed. Substituting Eq. (6) in Eq. (8), there resiilt-s 

-Si,dx + sjy = = 0 . ( 0 ) 

This means that along the boundary curve y = f(x) of the cioss-section the 
ordinates of the fun(*.tion F must be taken as constant. 

These equations contain the essentials of the Prandtl membrane or soap- 
film analogy which is as follows: a thin membrane stressed uniformly in its 
plane (a soap film) is to be thought of as attached to the boundary curve 
of the cross-section of a twisted bar. This membrane is loaded by a con- 
stant external pressure. It can be easily shown that the deflection of sucn 
a membrane would satisfy a differential equation of the form Au — constant, 
while the deflection u has a constant value along the edge. The curved 
surface into which the membrane is distorted by the lateral pressure^ and 
which may be called the soap-film surface of the cross-section thus satisfies 
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essentially the same conditions as the function F{x^ y) or the elastic stress 
function of the cross-section. Along the contour lines of this surface is 2 / = 
const or F = const. At every point along a contour line according to (9): 


dx‘ dy St 


( 10 ) 


This means that the resultant shearing stress a is tangent to the contour lines 
y) = constant. Furthermore, we have 

+ s/ = +( 0 ' 

This is the square of the largest slope of the surface (the gradient of the 
surface) F{x^ y). The resultant shearing stress 6* at any given point x, y of 
the cross-section is therefore equal to the greatest slope of the stress surface 
F{x, y) at this point. 


Briefly recapitulating^ the preceding membrane analogy of 
elastic torsion may be expressed as follows: A thin membrane is 
thought of as fastened along the boundary curve of the cross- 
section and loaded by a uniform surface pressure. The curved 
surface into which the membrane is distorted is called “the soap- 
film surface” or “the elastic stress function” F{x, y) of the cross- 
section. The contour lines of the elastic stress surface F{Xj y) 
represent the stress lines of the cross-section of an elastically 
twisted bar. At each point the tangent to the contour line gives 
the direction of the resulting shearing stress s, while this stress 
itself is proportional to the greatest slope of the stress surface 
F{x, y). The twisting moment M acting on the bar, is equal to 
twice the volume enclosed by the stress surface multiplied by a 
factor depending on the units of length used. 

b. The Plastic Stress Function of Torsion. The Sand-heap 
Analogy.^ — If an iron bar is severely twisted, certain parts of the 
bar will undergo plastic deformation. At a certain point of the 
cross-section at which the shearing stress s has reached the yield 
point, both shear-stress components Sx and 8y must satisfy the 
condition of plasticity: 

Sx^ + = const. (12) 

The last equation states that of all shearing stresses occurring at 
various cross-sections of the bar, the largest^ which in this case is 
Sj has according to the assumptions made (see Fig. 147) at the 

/. ang. Math, u, Mech., vol. 3, no. 6, p. 442, 1923. Cf, also: Plastic 
torsion, an experimental determination of the stress distribution in a bar 
which has been twisted to the limit of plasticity, Proc, Am. Soc. Mech. Eng. 
Mech. Division, 1931. 
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yield point a constant value k. These components and Sy 
must further satisfy the condition of equilibrium: 


bSx , 0>iiv p. 
-T- T — = U. 


dX 


dy 


This equation is again satisfied if we put: 

dF dF 


Hx = 


Qy 


dZ 


(13; 


(14) 


The function F(x, y) determined by these relations may again be 
represented as a surface over the cross-section. F{x^ y) may be 
called ike plastic stress function of the cross-section. In those parts 
of the cross-section in which plastic flow occurs, the plastic 
stress function F must satisfy, according to (12) and (14), the 
following equation: 



(15) 


The differential expression on the left side of this equation is the 
square of the absolute value of the gradient ‘^grad F^^ (of the 
maximum slope of the surface F). Everyivhere in the cross- 
section where flow occurs the following equation must hold true: 

jgrad Fj = k = const. 

By means of this property and the further condition: 

-Sydx + Sxdy = + ^d7y = 0, (16) 

according to which the shearing stress s at each point along the 
edge of a plastically distorted part of the cross-section is directed 
tangential to the edge 2/ = /(^)/ condition that along 

the edge F — const., the plastic stress function F of the cross- 
section is determined. Since an additive constant in F does not 
affect the value of the stresses (the shearing stresses are the 
derivatives of F), along the edge, F may be taken equal to zero. 

From the above-mentioned properties of F it will be seen that 
the plastic stress function is a surface of constant maximum slope 
which one may construct over the edge of the cross-section. If 
the contour of the cross-section be thought of as cut out of a 
piece of stiff paper and covered with sand while lying horizon- 
tally, there results a heap whose natural slope gives a picture 
of the surface F, Its form is independent of the amount of twist 


iQr. Eq. (9), p. 131. 
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(the angular twist 0), The shape of the plastic stress function 
F{Xj y) is represented by some wooden models in Figs. 149, 150, 
151, and 152. 

We have now" to consider how the plastic areas A 2 , 3, A 4 . . . 

of the cross-section (Fig. 153) may be differentiated from the 



Fig. 151. Fig. 152. 

Figs. 149 to 152. — Examples of plastic stress function for torsion represented 
by wooden models for various cross-sections. 


elastic area Ai at any given value of twisting moment. We 
designate with the subscript (1) all values which refer to the 
elastically distorted parts of the cross-section. With respect to 
the elastic stress function Fi, we know that its ordinates taken 
over the elastic part Ai of the cross-section satisfy the following 
differential equation:^ 


d^Fi d^Pi 
dx^ dy^ 


== AFi 


-2Ge 


(17) 


^ 0/. Eq. (7), p. 131. 
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Along the edges of the cross-section the condition f i = 0 is satis- 
fied. (G represents the modulus of elasticity in shear, 0 the 
unit angular twist of the bar.) We assume for a moment that 
the values of Fi are known along the boundary curves of the 
plastically distorted areas. Then the surface Fi is determined and 
it is possible to draw the contour lines Fi = constant in the elas- 
tically stressed parts of the cross-section. These 
contour lines at each point rr, y give the direction 
of the resultant elastic shearing stress s. It is 
clear that the elastic stress lines at their inter- 
sections with the boundary curves of the plastic 
regions must satisfy a further condition: they 
must suffer no break on passing these points. 

The shearing stress s must have the same value = Elastic and 
fc, regardless of whether this value be approached plastic (.4.2, .4.3) 
from the plastic side or from the elastic side. A geSiL^n of T w 
break in the stress lines would only be permis- twisted above 
sible, if the bounding curve of the plastic region limit, 

bisects the angle of the stress lines, in which case, however, the 
vector of the resultant shearing stress s at the limiting line must 
rotate through a finite angle. After the occurrence of an infinites- 
imal permanent deformation, no reason can be given for such 
finite rotation. Therefore both branches of a stress line must be 



tangent to each other at their intersection with the bounding 
curve of the plastic region. From this it 
/\ follows that, if one chooses at a certain 

point of a limiting curve F = Fi, the 
ordinates Fx and F, of the elastic and the 
plastic stress function, must satisfy at all 
Fig. 154. — Membrane points of the limiting curve the condition 
slope. F = Fi. It will be recognized that for a 

given angular twist B of the bar the limit- 
ing curves of the plastic area of the cross-section are the 
projections of those curves on the plane of the cross-section, 
along which the elastic stress surface Fx just touches the plastic stress 


surface F. 


From the known properties of the surfaces F andFi the following 
experimental representation of stress distribution in a twisted bar, 
after the yield point has been reached, may be determined: A horizon- 
tally placed piece of cardboard having the geometrical shape of 
the cross-section is covered with sand so as to form under gravity 
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a sloping surface or '‘heap” over the cross-section. From 
this heap a negative or "hollow” may be made or a roof under a 
constant slope may be erected according to this surface above the 
boundary of the section. If the plane base of this roof is closed 
with a stretched membrane and this membrane is loaded by 
pressure, parts of the membrane will touch the surface of the roof 
erected above the section (Fig. 154) when the pressure reaches a 
certain value. The free parts of the membrane and those resting 
on the sloping surface, together form the stress surface for the 
plastically deformed bar in torsion. Under those parts of the 
membrane touching the sloping surface, the metal yields, while at 
those corresponding to the free parts of the membrane the metal 
remains elastic. 

The foUo'wing rules stated for the elastic torsion still hold true 
after the 3deld point has been reached: the resulting shearing 
stress at an arbitrary point x, y of the cross-section is the gradient 
[grad FiXi y)] of the stress surface Fix, y), the twisting moment 
M of the bar is equal to twice the volume M — 2jjFix, y) • dxdy, 
enclosed by this surface. The contour lines Fix, y) = constant 
of the plastic stress surface are the stress lines of the cross-section 
of the plastically twisted bar.^ 

The construction of the contour lines of the plastic stress surface is very 
much facilitated some well-known properties of the surfaces of constant 
maximum slope.® If the edge of the cross-section of a twisted bar is formed 

1 If ^0 represents the angular twist at an instant at which the yield stress 
k (the yield stress in pure shear) is reached at one or more points at the 
edge of the cross-section, this angle is determined from the condition that 
at this point the maximum value of the gradient of the corresponding 
elastic stress surface Fi is equal to: 

(grad F i)iaax “ 

Then the pressure po at which the membrane first rests on the sloping surface 
has the same ratio to an arbitrary pressure pi > po as the corresponding 
angular twist do has to 0i, The unit angular twist di of the bar which corre- 
sponds to given plastic areas (as indicated by the areas where the membrane 
touches the ‘‘roof'') is therefore: 

po 

* Regarding the properties of surfaces of constant slope cf. F. Schilling, 
in Z, /. ang. Math. u. Mech., voL 3, no. 3, p. 197. It is sufficient here to 
make a few remarks: The contour lines of a surface of constant maximum 
slope are equidistant curves. The contour lines of the plastic stress surface 
may be obtained if the normals to the boundary curve are constructed and 
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of straight lines or circular arcs, the plastic stress surface forms a ^'roof” 
over the cross-section consisting of planes or portions of circular cones ha\hng 
the same slope. 

The mode of penetration of the plastic areas into the inside of a twisted 
bar with a rectangular cross-section is shown in Figs, loo and 156. The 
elastic area shrinks gradually until finally it consists only of thin strips. 
The middle lines of these strips are represented in the ground plane of the 
stress surface by the ridge and oblique edges of the “roof” erected on the 
rectangle. The stress surface for plastically twisted strap iron is a narrow 
ridge, the peak of the ridge being rounded off by a parabolic cylinder. 

On the assumption that deformations are independent of yield stresses, 
it follows from this schematic representation, that the values of the twisting 
moment approach asymptotically a certain value 
given by twice the space enclosed by the plastic 
stress surface. 

The condition in which all parts of a twisted bar 
yield may be designated as the completely plastic 
state. 

For the completely plastic state the twisting 
moment of the bar may be easily calculated. For 
example, taking a circular bar having a diameter 
2a, the plastic stress surface is a circular cone 
having the equation : 

F = Hr - a). (18) 

In this k is the yield stress for pure shear. For r = 0, F = — fca, and the 
cone has a height h ^ ka and a volume V == Tra-h/Z. According to our 
analogy the twisting moment acting on the bar is equal to twice the volume 
of the cone, or 

M = 27 = (19) 

For a bar having a cross-section of the shape of an equilateral triangle, the 
plastic stress surface is a three-sided pyramid. Each side has a slope equal 
to dF/dn = k, since the shearing stress is equal to the slope of the stress 
surface. Therefore, the pyramid has the height h = kaf2^S' The area of 
the base is its volume V = and the twisting moment 

when the bar is completely plastic is equal to twice the volume or 

For a bar with a rectangular cross-section having the sides a and h {a is 
less than h) the moment in the completely plastic state is: 

M = ^ + fc^3_a) ^21) 

points having the same distance from the edge are connected. In order to 
make a model of a surface of constant slope a vertical cyhnder is, according 
to Schilling, erected on the evolute of the edge curve, A strip of paper cut 
obliquely so that its angle is equal to the angle of slope, is wound around 
this cylinder. The oblique straight line describes the sloping surface. 



Fig. 155. Fig. 156. 

Figs. 155 and 156. — 
Shaded areas indicate 
plastic regions in cross- 
section of twisted bar. 
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c. Apparatus for Experimental Deterniination of Stress 
Distribution. — The foregoing remarks permit the study by means 
of a special apparatus of the manner in which plastic flow pene- 
trates into a twisted bar of steel. The shape of the stress function 
on which the stress distribution depends can be experimentally 
determined with the help of a thin rubber membrane first uni- 
formly stretched in its plane and then loaded by lateral pressured 

The apparatus consists of an aluminum disc of 12-in. diameter, 
upon which a uniformly stretched, thin rubber sheet wms fastened 
by means of an aluminum ring and screws. The rubber mem- 
brane was partly supported along the circumference, but a cen- 
tral circular portion of it was completely free. In the empty 
space closed by the membrane, pressure could be produced by 
means of a tire pump (see Fig. 157). On the aluminum disc 
a second aluminum disc could be fastened {d) which contained 
the flat ^Toof’’ described in the preceding section. This disc 
can be seen on the right in Fig. 157. The roofs were one made of 
glass (in which case it had the advantage of being transparent 
and thus allowing direct observation of the distorted rubber 
surface) and the other of brass plates accurately machined. 
After the disc containing the flat roof was fastened on the base, 
pressure was applied and the membrane allowed to bulge out, 
until it partly or nearly completely covered the flat surfaces of 
the metal roof. To make visible the boundaries of the plastic 
parts in a cross-section of a twisted bar (c/. under b, page 134) the 
rubber sheet was covered with a thin layer of white powder and 
the roof with a thin film of oil, both put on before the pressure 

^ For the case of elastic torsion the soap-film analogy was first nsed by 
Anthes (Doctor’s Dissertation, Dresden, 1912), who photographed the 
picture of a rectangular network of lines, which was reflected by the soap 
film produced over holes in a metal sheet. Another method also using soap 
films was proposed by A. A. Griffith and G. 1. Taylor, Proc. bs*^ Internat. 
Congress for Applied Mechanics^ p. 39, Delft, 1924, who measured the deflec- 
tions of such films by an electric contact method. An apparatus utilizing 
a uniformly stretched rubber sheet, over which a pressure difference could 
be produced by evacuating the air below the membrane, was demonstrated 
to the author in 1928 by Prof. Enger at the University of Illinois. The 
principles used in this latter apparatus were adapted in the one described 
above and constructed at the suggestion of the author by H. Friedman at 
the Research Laboratories of the Westinghouse Electric & Mfg. Company, 
East Pittsburgh, Pa., 1929, to whom the author is much indebted for 
carrying out all the tests referred to above and for photographing the 
sand heaps. 
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was applied. After this latter was applied parts of the inflated 
membrane came in contact vnth the flat surfaces of the roof 
and the white powder adhered to the roof, where the rubber 
sheet rested on it. Thus, white areas of the adhering powder 
disclosed the shape of the common surfaces of contact or the 
plastic parts of the cross-section. These parts appear white in 
the photographs taken of the hollow^ side of the roof after it had 
been removed. 



Fig. 157. — Apparatus for experimental demonstration of stress distribution 
in plastic torsion. An aluminum disc serving as base is covered by rubber 
membrane b; c, aluminum ring clamping membrane; d, disc containing constant 
slope surface; e, clamps; /, connection to pressure measuring device. 


A series of tests showing the progress of the plastic regions in a 
twisted bar wdth a square cross-section can be seen in the photo- 
graphs, Figs. 158 to 160. The figures below indicate the pressure; 
the angle of twist would increase in the same proportion as the 
pressure. From Figs. 158 to 160 it may be seen, that the white 
areas are first formed in the middle of the sides of the square, 
where the shearing stress first reaches the yield point according 
to the theory of elastic torsion. With increasing twist or moment 
these white areas, representing the portions which become grad- 
ually plastic in the cross-section, grow inward. Finally, under 
sufficiently large pressure only a narrow dark cross appears 
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(Fig. 160), showing that the elastic portion in the cross-section 
has been reduced practically to two narrow strips, crossing at 
right angles and following the course of the two diagonals of 




Fig. 161c. 

Figs. 161a, 5, and c. — Sand heaps produced over roctaiiRles showing constant 

slope surfaces. 


the square or the projections of the corresponding four edges of 
the roof. 

The shape of the plastic stress function F{x, y) or of the stress 
surface for the case of complete yielding of the whole bar can be 
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Fig. 164a. Fig. 1645. 

Figs. 164a and b . — Sand heaps over areas bounded by two circular arcs. 


Fig. 162. — Sand heap over equilateral triangle. 


Fig. 163. — Sand heap over an ellipse. 
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demonstrated by sand heaps covering the figure of the cross- 
section of the twisted bar. Such sand heaps were produced and 
can be seen in some photographs (Figs. 161 to 164) taken for the 
square, rectangular, an equilateral triangular, an elliptical and 
two circular cross-sections containing grooves of semicircular 
form. This last case would correspond somewhat to a shaft with 
a keywa^" of semicircular cross-section.^ 

^ The case of a twisted shaft with a kei'tvay was also the subject of similar 
tests as those mentioned above in a paper of E. G- Coker, Elasticity and 
Plasticity, Froc. Inst. Mech. Eng., p. 897, November, 1926, (Thomas 
Hawksley lecture), to which special reference is made. In this paper 
Coker has applied the membrane and sandheap analysis for the experimental 
determination of stress distributions in twisted shafts containing a kejway. 
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TORSION TESTS. THE SLIP LAYERS IN TWISTED STEEL 

BARS 

a. Flow Layers. Torsion Tests with Steel Bars. — The posi- 
tion of the flow or slip layers in the plastically deformed parts of a 
twisted bar may be predicted with the help of the sand heap 
analogy. For a soft metal, such as mild steel, the shp layers 
coincide approximately with the surfaces of maximum shear or of 
maximum shearing displacements. These shp layers 
are, therefore, approximately perpendicular to each 
other. At an arbitrary point inside of a twisted bar, 
one surface of maximum shearing stress coincides 
continuously with the plane of the cross-section. 
The other surface of maximum shear is parallel to 
the axis of the bar, i,e.j perpendicular to the cross- 
section. The traces of the second system of slip 

layers must remain perpendicular to the stress lines of 

Orientation the plastic stress function 

After the yield stress has been passed in a twisted 
twisted above iron bar, very regular layers or markings may actually 
ikidt be shown to exist. ^ In these, the iron is apparently 

deformed much more than in the neighboring layers. 
These layers may subsequently be made visible in the cross- 
section of the bar by means of Fry^s etching method. In such 
etched sections the flow layers appear as dark strips and lines. 
A schematic sketch of their appearance in an oblique cross- 
section of a bar with square cross-sections is shown in Fig. 
165. A series of such etchings on soft-iron bars, using Fry^s 
method, are shown in Figs. 168 to 172 for circular cross- 
sections, in Figs. 173 to 180 for rectangular cross-sections, and in 
Figs. 181 to 183 for triangular cross-sections. In the etched 
^ The observations referred to above were published in a paper by W. 
Bader and the author, Die Vorgange nach der tJberschreitung der Fliess- 
grenze in verdrehten Eisenstaben, Z. d, F.D.J., no. 10, p. 317, Berlin, 1927; 
and in the Doctor’s Dissertation by W. Bader, University of Gottingen, 
1927. 
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cross-sections the traces of one of the two systems of slip layers 
are indicated. Traces of the second system of slip layem could, 
however, seldom be noted upon the surface parallel to the genera- 
trices of the cylindrical or prismatical bars or in sections inclined 
to the axis of the bar. 



An^le of Twist per Inch 


Fig. 166. — Torque- 
twist diagram of steel 
showing flow or strain 
figures. 



Fig. 167. — Lines of great- 
est slope on roof. 



Figs. 168 to 172. — Development of flow layers in twisted steel bars. Diameter 
of bar 17 mm. Angle of twist per unit of length 6: Fig. 168, 6 = 0.007°; Fig. 
169, B = 0.04°; Fig. 170, 6 = 0.22°; Fig. 171, B = 1.84°; Fig. 172, B == 3.02°. 


In a twisted steel bar the flow layers appear uniformly when 
the twisting moment reaches values corresponding to those along 
the horizontal portion AB of the moment curve M = /(0), 
Fig. 166. The first flow layers occur at those values of twisting 
moment at which the outermost part of the cross-section has 
already been plastically deformed and the moment curve begins 
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Fig. 173. Fig. 174. Fig. 175. 

Q = o.3s°. e = o.6s°. e = 0.90°. 

Figs. 173 to 175. — Fluidal structure in twisted bars with square cross-section. 
Square 2 by 2 cm. d, angle of twist per centimeter. 


Fig. 176. 


Fig. 178. 


Figs. 179 and 180. 

Figs. 176 to 180. — ^Flow layers in twisted steel bars of rectangular cross-section. 
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to bend over into the horizontal branch. With increasing twist, 
new layers form beside the old ones, while the latter become, 
longer and thicker. The flow la^^ers appear in the etched cross- 
sections of the photographs as wedge-shaped areas, ^the points 
of the wedges pointing toward the less stressed parts of the cross- 
section (Fig. 173). 

As a rule, it may be concluded that the black flow lines in the 
cross-sections run mainly perpendicular to the stress lines (the 
projections of the contour lines of the plastic stress surface). 
Moreover, these flow lines always remain perpendicular to the 
edge of the cross-section. Thus, they run in the direction of the 



Fig. 181. Fig. 182. Fig. 1S3. 

Figs. 181 to 183. — Flow layers in twisted steel bars of triangular cross-section. 


projections of the lines along which water will run off the roof 
representing the plastic stress surface (Fig. 167). With the more 
severe deformations the black strips finally cover the whole cross- 
section. In the etching of the square cross-section of Fig. 175, 
which corresponds to the most severely twisted bar, the elastic 
areas may only be recognized as bright areas along the diagonals 
of the square. In other words, the four ridges of the stress sur- 
face F, which is here a four-sided pyramid, are projected on these 
diagonals. 

b. Structure Due to Cooling and Fluidal Structure. — The similarity of 
the crystalline structure in cast-metal ingots^ with the photographs here 

^ Hemarkable examples are contained in the books by J. Czochralski, 
'(Moderne Metallkunde in Theorie und Praxis, ’’ pp. 98, 103, 139, Berlin, 
1924; and by P. Oberhoffer, Das technische Eisen, ” 2d ed., p. 291, Berlin, 
1925; compare also: E. Seidl and E. Schiebold, Das Verhalten inhomogener 
Aluminium-Querblockchen beim Kaltwalzen, Z. Metallkunde j vol. 17, pp. 
225#., 1925. 
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given of the flow layers in twisted bars, especiaiiv for the circular and 
square cross-section, suggests the necessity for an investigation of whether 
or not a correspondence exists between the formation of the flow layers in 
twisted steel bars and the figures which one may observe in the macrostruc- 
ture of rolled material as the traces of the ingot structure in the cross- 
sections. 


For this purpose a square bar, having the cross-section EFGH (Fig. 184), 
was cut out from a rolled-iron bar ha\ung an initial cross-section ABCD. 

Moreover, a bar with a cross-section 
made up of four circular arcs (Fig. 185) 
was machined from a bar ABCL as 
shown in Fig. 185. The flow structure 
of these bars, when twisted, was com- 
pared with that obtained previously. 
In Figs. 184 and 185, the structure pro- 
duced by crystallization in the ingot, 
which is not changed by rolling, is re- 
presented by the thin lines on the left 
half of the figure, while on the right 
half of both figures the normal position 
of the slip or flow layers produced by torsion is given. The flow layers, as 
found by the etched cross-section of the twisted bars (Figs. 186 to 189), 
correspond to the actual position of the applied stresses. A marked influ- 
ence of the structure produced by rolling upon the observed shape of the 
flow layers does therefore not appear to exist. 



Figs. 1S4 and 185. — Structure of 
ingot and flow structure In steel 
bars. 



Fig. 186. Fig. 187. 

Figs. 186 and 187. — Flow layers in twisted steel bars cut from a bar according 

to Fig. 184. 


For comparison the behavior of a brittle cast metal, in this case, a cast- 
zinc bar (Fig. 190), which has a very definite structure produced by cooling, 
was investigated. A square bar of zinc was cast in an iron mold and then 
twisted in a torsion machine. The bar broke in torsion in the manner 
peculiar to brittle materials and under relatively small stresses by exceeding 
the tensile strength along a surface inclined at 45° to the axis of the bar. 
In the fractured surfaces and in the etching of the cross-section the ray- 
shaped texture of the microstructure produced by cooling of the casting 
was evident, as shown by Fig. 190. 




TORSION TESTS 


149 


Further e\hdence that the fibrous structure produced by rolling has no 
marked influence on the position of the flow layers, is afforded by the torsion 
tests of bars with triangular and irregular cross-sections. All these bars 
were machined from bars with square or rectangular cross-sections; in the 
etched cross-sections the dark, square shaped zones may often be plainly 



Fig. ISS. Fig. 1S9. 

Figs. 188 and 189. — Flow layers in twisted steel bars cut from a bar according 

to Fig. 185. 



Fig. 190. — Structure of cast zinc showing crystallization due to rapid cooling. 

recognized, while the flow layers run in the directions predetermined by the 
torsion stress field and correspond to the rules laid out above. 

A systematic difference in the position of the dark strips in the etched 
cross-sections from that of the lines of maximum slope of the stress surface 
must however be noted. The pointed ends of the flow lines appear to bend 
over and to follow the narrow bright strips in the etchings. It appears 
as if the lines of maximum slope of the plastic stress surface, after severe 
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torsional distortion of the test piece, tend to approach again the curves of 
maximum slope of an da,^tlr stress surface. Probably this phenomenon 
depends on the fact that the stiengthening of the steel or cold working 
begins as a result of piecedmg plastic defonnation, which fact was neglec- 
ted m the simple theory.^ 

^ Various papers by M. J- Seigle consider the plastic deformation of a 
tT^dsted bar. Cf. especially: Quelques particularites theoriques et experi- 
mentales de la torsion des barreaux a section non-circulaire, Re?^ de Vindustrie 
miyihale^ p. 557, 1925. In the above-mentioned work Seigle used the 
phenomenon of recrystallization to observe the plastic regions. Relative 
to further studies see also papers by Seigle and Cretin on torsion and ten- 
sion in Genie Civil. 
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EFFECT OF HOLES OR GROOVES IN A REGION 
SUBJECTED TO PITRE SHEAR 

a. Longitudinal Groove with Semicircular Cross-section. — For 
the case of a bar of circular cross-section in torsion, having a 
longitudinal groove of semicircular cross-section, qualitative 
estimates of the positions of the flow layers may easily be made. 
We will first assume that the radius a of the groove is small in 
comparison with the diameter d of the bar. It is then permissible 
to replace the boundary circle of the cross-section by its tangent. 
The disturbances in the direction of the stress lines 
may then be determined under the assumption that, 
at a large distance from the groove, a constant 
shearing stress acts. 

The question is now to determine the stress dis- 
tribution in a body subjected to pure shear in a 
direction parallel to one edge and having a small 
groove with a semicircular cross-section (Fig. 191). 

For the case of pure elastic shear, the stress lines in 
the neighborhood of the groove may easily be de- 
termined with the help of the membrane analogy. 

One only has to think of a thin membrane attached along an edge 
ABODE (Fig. 191) of the body, this membrane being stretched in 
a plane inclined to the plane of the cross-section. The slope of 
the inclined plane is a measure of the amount of shearing stress 
in the undisturbed part of the stress field at a large distance 
from the groove. The contour lines of the stretched membrane 
near the edge are the stress lines of the region subjected to pure 
shear (Fig. 192). These lines are closest together in the 
neighborhood of the point 0 at the edge of the groove and at a 
large distance from it they become more and more nearly parallel 
to the edge. The shearing stress s which exists at a given point 
P is equal to the slope of the elastic stress surface 

^ By means of the potential theory the stress function F may easily be 
determined. Using polar coordinates r and a 



Fig. 191.— 
Semicircular 
groove on 
straight edge. 
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As the inclination of the plane of the thin membrane is increased, 
all shearing stresses are increased until the stress at the point C 
reaches the yield point. Then the membrane must be inclined 
in a plane F = J:x/2 with respect to the plane of the cross-section. 
In order to determine the limits of the plastic area we must think 
of a sloping surface in form of a cone, erected, as shown in Fig. 



Fig. 192. — Membrane 
near semicircular notch 
and straight edge. 



Fig. 193.— Mem- 
brane and cone. 



Fig. 194. — Stress 
lines around semi- 
circular groove in 
straight edge. 
Shaded area repre- 
sents plastic region. 


193, above the circle of the radius r == a. If the slope of the 
membrane at C becomes larger than h/2, certain neighboring 
parts of the membrane will lie upon the cone. These parts, 
which have been shaded in Fig. 194, represent the plastic area of 
the cross-section. Of especial interest here is the limiting case 
when the shearing stress s = c approaches the value of the yield 
stress 5 = A for pure shear. Calculation^ showed that when s 
approaches h and for a; = co the plastic region becomes bounded 

By forming the derivatives of this surface the maximum shearing stress 
Smax is found to occur at the edge of the groove at the point C, where r = a 
and a == 0 and is = 2c, that is twice as large as the shearing stress 
s = c = constant at a large distance from the groove. Since when x 
approaches infinity F = —co; and the shearing stress s = ^dF/dx = c. The 
picture of the contour lines in this case is exactly the same as that of the 
stream lines of a fluid which circulates around a circular cylinder, the liquid 
moving perpendicularly to the axis of the cylinder. (Only one-half of the 
picture of the stream lines around the cylinder has to be considered.) 

^ See Proc. 2d Internat. Congress for Applied Mechanics, p. 337, Zurich, 
1926. The stress distribution around a hole after the yield point has been 
reached, has been treated by E. Trbpftz in Z. /, ang. Math, u. Meek,, vol. 
5, p. 64, 1925. 
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by two parallel lines. The plastic region becomes a parallel strip 
having & finite width b which was found equal to: 

h ~ 

X 

This leads to the interesting conclusion, that in a body stressed by 
pure shear and having a small semi-cylindrical notch, mth the 
increasing stress only a thin layer of plastic material vill be formed. 
When the shearing stress approaches the yield stress of the 
material, this plastic layer extends indefinitely and has a width 
2/7r times the diameter d = 2a of the notch. It is not difficult 



Fig. 195. — Apparatus for experimental demonstration of spreading of plastic 
region from semicircular notch, or cylindrical hole. The dark block at the left 
is a micarta cone, which can be fastened to the frame by means of the four 
screws shown. 

to obtain the solution of the problem discussed above by means 
of a mechanical apparatus. Figure 195 shows an apparatus 
constructed for this purpose, consisting essentially of a sheet of 
rubber stretched in its plane on a rectangular frame of metal. 
The plane of this frame could be tilted about one of its sides. 
The rubber sheet could be brought by this movement in a posi- 
tion, in which it partially touched and covered a cone attached 
to the frame of the apparatus in the manner indicated in Fig. 193. 
The contour lines of the plastic region were made visible by the 
same method as used in the cases of other cross-sections already 
mentioned. The white areas of an adhering powder on the dark 
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Pig. 197. 



Fig. 198. 



Fig. 199. 

Figs. 196 to 199. — Spreading of plastic region (white area) from semi-cylindrical 
notch or cylindrical hole. 
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surface of the cone (the latter was machined from a piece of dark 
micarta) illustrate nicely the shape of the plastic region. The 
spreading of the plastic region from the edge of a semicircular 
notch is shown in a series of photographs in Figs. 196 to 199, taken 
by H. Friedman for various, increasing angles of inclination 
of the plane of the rubber sheet. The figures indicate that when 
the shearing stress in the undisturbed parts of the stressed body 
approaches the ;yield stress for pure shear, the plastic 
region tends to take a more and more longitudinal 
shape. ^ 

These considerations lead to a somewhat paradoxi- 
cal conclusion; for according to what has been stated 



pre\dously, the presence of a small longitudinal 
groove on the surface of a material strained by 
pure shear is sufficient to cause the small plastic area 
at the edge of the groove to extend deeply into the 


Fig. 20(J. 
Plastic area 
p r oduced 
by semi- 
circular 
notch in 


material, if the shearing stress at this edge is increased f e g i o n sub- 
to the 3deld point (Fig. 200). Moreover, from this shear! ° 

it follows that it is not possible, by increasing the 


shearing stress, to produce plastic deformation elsewhere tVign 


in the narrow flow area. The apparent discrepancy between 
this conclusion and actual yield tests on bars is easily explained 
by recalling one of the idealizing assumptions, on which it was 


based, namely that the yield stress should remain independent 
of deformation. On the other hand, the above conclusions have 


been confirmed by numerous observations on the development 



Pig. 200 a. — Plastic 
stress function represented 
by contour lines for cor- 


of the flow layers and flow figures in plas- 
tic materials, which begin to flow under a 
constant or a decreasing stress. 

^ Moreover, in the case of a corrugated surface 
the limits of the plastic areas may be studied 
easily. If the edge of the cross-section is ap- 
proximately a wavy line, the plastic stress func- 
tion forms a roof, having grooves inclined to the 
edge and being separated by wedge-shaped pro- 


rugated surface of bar. jecting edges, as shown by the contour lines of 


Fig, 200a. Since a stretched membrane can 


never touch these edges, it is seen at once that such unevennesses of the 
surface of a twisted bar will give rise to oblong flow areas, which under 
increasing stress, will spread inward from the small grooves in a perpendicu- 
lar direction to the mean edge of the cross-section. 
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b. Cylindrical Hole. — In the neighborhood of a small cylin- 
drical hole of diameter d in a region stressed by pure shear, two 
narrow^ flow areas of width 2d/^r develop in an analogous way, if 
the shearing stress is gradually increased to the yield point (Fig. 
201) , The stress distribution in the neighborhood of a cylindrical 
hole in an infinite plate corresponds completely with the above- 
mentioned case of a semi-cylindrical groove; the two cases are 
mathematically the same. At small holes, notches, or grooves, 
the axes of which lie in the plane of principal shear, under sufli- 

ciently high stresses, narrow flow areas 
develop. The difference in the action of a 
small hole, according to whether the strains 

Fig. 201.— -Plastic flow are purely elastic in the vicinity or whether 
cSSl^^hole pl^stic flow occurs (in the case of a material 

subjected to pure shear, having a definite yield point) has already 
been shown by the above-mentioned com- 
pression tests of specimens having holes (c/. page 100). 

If, in the neighborhood of a hole, the strains are purely elastic, 
the disturbances in stress produced by the presence of the hole 
rapidly decrease with distance from the hole. In a plastic 
material which begins to flow under approximately constant stress, 
there results, however, in the case of axial tension or compression, 
severe plastic deformation along two planes, the deformation 
being quite marked even at a large distance from the hole. 

In soft-annealed copper test specimens it is usually not possible 
to observe flow layers after plastic deformation has occurred. 
If however, the copper is subjected to severe cold working before 
the test, it acquires a definite plastic limit and it is then possible 
to produce flow layers. 

An essential condition for the production of the narrow flow 
layers in plastically deformed materials seems to be that the 
materials possess a definite yield point, i.e., a break in the ordinary 
stress-strain curve such that the material yields under a constant 
stress or the load drops suddenly, together with local concentra- 
tion of plastic deformation because of an increase in stress. A 
possible origin of such local concentrations of stress is a small flow 
or a slightly softer inclusion which has a somewhat lower yield 
point than the neighboring parts. 

c. Bars with Longitudinal Grooves. — In Figs. 202 to 219 are shown 
etchings of twisted cylindrical bars having longitudinal grooves of differ- 
ent shapes and dimensions. In the flow figures found on the cross-sections 
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of a round bar with a small semicircular groove (Fig. 202), it will be noticed 
that three wide flow layers extend from the groove. ^igu.re 203 represents 
a similar round bar whose surface was, however, given a mirror-like polish 
before the test. Although the tvisting moment, applied to this bar, was 


Fig. 208. Fig. 209. Pig. 210. 

Figs. 202 to 210. — Fluidal structure in twisted steel bars having notches or 
grooves. On right the contour lines of plastic stress surface. 

about 10 per cent greater than that applied to the bar shown in Fig. 202, 
only one flow figure was obtained near the groove. 

Figures 202, 205, 208, 211, 214, and 217 represent slightly twisted bars; 
Figs. 203, 206, 209, 212, 215, and 218 represent more severely twisted bars.^ 
For each shape of test piece the shape of the plastic stress surface for the 
^ For details regarding dimensions of the bars and applied torque moments 
cf. Z. d. V.D.L, p. 317, 1927. 
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completel}^ plastic state is represented in an adjoining figure by contour 
lines (Figs. 204, 207, 210, 213, 216, and 219). The construction of these 
contour lines is very much facilitated by the condition that the surfaces in 
question consist entirely of either planes or straight circular cones (c/. 


Fig. 217. Fig. 218 . Fig. 219. 

Figs. 211 to 219. — Fluidal structure in twisted steel bars having notches or 
grooves. On right the contour lines of plastic stress surface. 

the wooden models and sand heaps on the previous pages). Therefore, the 
contour lines consist entirely of straight lines and circular arcs. In the 
schematic representations the penetration curves of these surfaces are given. 
According to these assumptions, the elastic area in the cross-section in the 
completely plastic state must shrink until it coincides with the ridges 
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(more exactly the projections of the ridges) of the plastic stress surface 
which may be thought of as erected over the cross-section. It will be 
recognized by comparison of the etchings with the contour figures that the 
middle lines of the white jagged-ridge areas in the photographs agree quite 
well with the curves of the ridges of the plastic stress surface shown in the 
sketches.^ 

^ At this point the excellent work of E. G. Coker on the experimental 
determination of stress distribution in transparent models by means of 
polarized light should be mentioned. For cases of plane elastic stress 
distribution there exists little difficulty to determine quantitatively the 
stress distribution by his methods. Relative to his results cj. his paper 
before the First International Congress for Applied jMechanics, Delft, 1924. 
Since by means of his optical methods the difference in principal stresses at 
various points of the model may be measured, it would seem advisable to 
utilize this property of material in its plastic state for experimental deter- 
mination of the lines of constant principal stress difference. A few tests 
in this direction with transparent nitrocellulose in its plastic condition are 
described in a paper of Coker mentioned on page 143. CJ also the work of 
H. Turner and J. Je\"ONS, The Detection of Strain in Mild Steels, Iron 
and Steel Inst., vol. 61, no. 1, 1925. In this, the change in microstructure 
of soft iron under stress was utilized in the study of plastic deformation. 
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BENDING OF BARS WITH ARBITRARY LAW* OF 
DEFORMATION 

The theory of bending of narrow bars, when the deformations 
do not obey Hooke’s law, may be stated in a relatively simple 
manner. We assume that the bar has a cylindrical or prismatical 
shape with constant cross-sectional area and that it is loaded by 
forces directed perpendicular to its longitudinal axis in one of 
the principal planes of inertia of the cross-section. The cross- 

sectional dimensions of the bar are 

V P ^ assumed small, relative to its length, 

so lihat the deformation due to shear 

may be neglected relative to that due 

Fig. 220.— Bending of bar. normal stresses. Finally, cross- 

sections having profiles, composed at 
least in part of thin sections, and of unsymmetrical form (angles 
or channels) will be excluded insofar as in such cases bending may 
be combined with twisting. 

The calculation utilizes certain methods of C. v. Bach and 

is based on the assumptions made in the usual 

theory of elastic bending that the cross-sections 

remain plane during bending. The validity of 

these assumptions has been shown particularly 

by C. V. Bach^ on materials which do not obey 

Hooke’s law and possess no straight-line stress- 

strain curve for tension or compression. These 

assumptions were also confirmed by tests by S’ig-. 221.— Stress- 
T-i TiJT ^ 1 x • 1 XI -11 strain curve for 

Eugen Meyer^ on wrought iron above the yield bending. 

point. 

In order to determine the distribution of normal stresses over 
the cross-section (Fig. 220 ) at a distance x from the end of the bar, 
the stress-strain curve of the material for tension or compression 

^ Bach, C., and Batjmann, R., '^Elastizit^t und Festigkeit,*’ 9th ed., p. 
259. 

d. p. 197, 1908. 
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must be known from tests. We will assume that this stress- 
strain curve has been determined from a tension and a compres- 
sion test in the shape of a graphically (Fig. 221) or an analj-tieaUy 
given function of the normal stress s : 

S=/(6) (1) 

as dependent on the unit extension e. 

It is evident that there is an axis NN (Fig. 222a), the neutral 
axis, along which the stresses and strains produced by bending 
vanish. If the bar is bent, two neighboring cross-sections x and 
x + are caused to move so as to be slightly inclined to each 



Fig. 222a, h, and c. — Cross-sectional area A and element Adx of a bar with 
distribution of bending stresses s as depending on distance 17 from neutral axis 
NN in section. 


other. A length dx (Fig. 222c) at a distance 77 from the neutral 
axis undergoes thereby an extension Adx; therefore the unit 
strain at a distance 77 is: 

— 

^ ^ dx 

Since 

Adx __ -n 
dx p 

we have 


€ 


Jl. 

P 


( 2 ) 


In this p is the radius of curvature of the elastic line of the 
bent bar. 

The equilibrium of the forces acting on this element dx of 
the bar is expressed by the two equations: 


JsdA =0 
fsrfdA - M. 


(3) 

(4) 



162 


PLAiiTICITY 


In these equations dA represents an element of the cross-section 
at a distance 77, and 5 the normal stress acting on this element. 
The bending moment which must act to hold these internal 
stresses in equilibrium is denoted by ii/. 

Instead of the element dA of the area A we may write also 
dA — ^irj)drf if the width of the cross-section at the point 77 is 
designated hj b = Finally, if the variable 77 be replaced 

according to Eq. (2) by the unit strain e, Eq. (3) takes the form: 

sdA = P r “ /(e) ^(pe)d€ = 0 (5) 

V I ^1 


Here €1 = 771/p, €2 = Vi/p are the absolute values of the unit 
strains in the points of cross-section farthest from the neutral 
axis. Since 771 + 772 = A the upper limit €2 in the integral is 


equal to €2 = 


— 61 so that the limits are determined by the 


values of €1 and p. The functions / and /3 may be taken as given 
and of the two quantities ei and p one can be chosen arbitrarily. 
Then the integral: 


£ 


/( 6 ) ^ipe)de = 0 


(6) 


becomes an equation for the other unknowmquantity. By means 
of this equation, a function €1 = ^(p), corresponding to a given 
shape of the cross-section and to a given law of deformation, 
is determined such that even if no analytical expression exists it 
may be constructed point by point by trial. (One needs only 
to choose a p for an assumed value of ei, calculate the integral 
(5) and to plot its values as obtained for different values of p; 
the point where the integral is zero then gives the desired value of 
P.) 

Ji 

If in this way €1 = ^(p) and €2 = ~ — 771 are determined, the 


maximum stresses are given by Si = /(ei), = /(€2). For each 

pair of values ei, €2 (or Si, 52) there corresponds a bending moment 


M which may be calculated by (4), and a curvature - = 

-r P h/ 

Since the bending moment M is a given function of the variable 
X, a curvature 1/p may be found corresponding to the value of M 
at the point x. Thus a certain curve — ^the elastic line of the bar 
— ^is defined by the differential equation 

p 


( 7 ) 
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Since 1/p is a function of M and hence of x, integration of this 
equation gives the deflection y of the elastic line as a function 
of X. 

In the following chapters a few applications of the above 
derived relations will be made. 



CHAPTEE 23 


PURE BENDING OF A BAR WITH RECTANGULAR CROSS 

SECTION 

a. To Determine How the Bending Moment Varies with tiie 
Deflection. — As in this case, M is independent of x, and i = ^(ri) 
is independent of ti, Eq. (5) reduces to: 

= 0 . ( 8 ) 

If we introduce here the areas under the respective stress-strain 
curves for compression and for tension (Fig. 223) : 


this condition then gives: 

= At. (10) 



Fig. 223. — S tress- Fig. 224. — Pig. 225. — Bar in pure 

strain curve & « /(e) for Areas Ai and A 2 bending, 

bending. as depending on e. 


One may then plot Ai and A 2 as a function of the upper and 
lower limits respectively of the integral (Fig. 224) and from this 
determine €2 as a function of ei. The bending moment is then 
equal to: 

M — /(6)e cZe. (11) 

The angle which two cross-sections at a distance Z apart (Fig. 226) 
are inclined with respect to one another, is: 
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771 = 61 . p, 772 = €2 . p, J71 A V 2 — h 


the curvature becomes: 


1 €1+^2 ^ Kei + €oj 

p = — and ^ ^ 


The results of the calculation may be condensed into the two 
following formulae: 

Bending moment 


Slope of the tangent 


(£1 4. £2)/ 
— 


Since M and ^ may easily be determined by a bending test, these 
formulae permit a convenient experimental test of the funda- 
mentals of the calculations. They give the moment M (or the 
load on the bar P = M/a) as a function of the slope (t> of the 
elastic line if the law of deformation of the material is known. 

b. To Determine the Stress-strain Curve from a Bending 
Test. — The above equations permit the solution of the inverse 
problem. It will be assumed that from a bending test with a 
bar of rectangular cross-section both strains ei and €2 of the 
outermost fibers have been determined for a series of loads P 
or what is the same thing, for various values of the bending 
moment M = Pa. One may determine from these observations 
the shape of the stress-strain curve of the material for tension 
and compression as follows: 

From Eq. (16) the slope of the tangent to the elastic line of 
the bent bar is given by: 

<^ = (ei -1- € 2 )^. (17) 

The position of the neutral axes is given by (13) and (14) : 

€ih 

= (11+15 

In the integral 

f‘‘ f(,)de = 0, 


(18) 

(19) 
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the limits €i and €2 are to be looked on as functions of <j>. From 
these it follows therefore: 


or since, 
we get 


d4>, 


/:vwd*=/(e.)-g+/(-o|=o,* 

Si = '-/(-Cl), S2 =/(e2), 


Sidti = Si dzi 


( 20 ) 


(21) 


The apparent meaning of this equation is that the increase of 
both areas ^1 and JL 2 , namely sidei and S 2 de 2 , must remain con- 
stantly equal, as the load or moment increases. 

The expression for bending moment [Eq. (15)] gives, if the value 
of <^> in (16) be substituted, the following equation: 



From this it follows that : 


^ - /( = T (®^ S) ’ 

or using Eqs. (21) and (16) 


— SiC?€i S2(i€2 = 0, 

^hd<f> 


d€i = 


S 2 


dei -h d€2 = 


we finally obtain: 




I 


S 1 S 2 
Si -{- 5 


, 2h 

0€2 = “T 


m 

l Si -J- S 2 

Si 


I Si -f" S2 


• d<p 
d4>f 


- 1 »<"♦=)• 


(24) 


The right side of this equation is known if, from observed test 
data, the bending moment M is known as a function of the slope 
From the observed strains €1 and C 2 , the ratio dei/de^, and 
therefore using Eq. (21), S 2 /S 1 may be determined for various 
values of the observed angle These expressions permit 
the calculation of the stresses Si and S 2 farthest from the neutral 


* In forming the derivatives of the definite integral, we proceed according 
to the rule: 


In Eq. 19, / does not depend on the parameter <f>j and for a and b we sub- 
stitute: 


d — — cij 6 = €2 
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axis as functions of the strains or, in other words, the construction 
of the stress-strain diagram for tension and compression.^ 

Exami)le. — Material with the same stress-strain curve for ten- 
sion and compression. For all degrees of deformation , 

€i = Cj, Si = S2, (dei = del), (25) 

From Eq. (24) Si may immediately be calculated: 

"-T- <“> 



Fig. 226. — Pure bending. Bending moment M =FC<^); 24 > angle of inclina- 
tion of elastic line of gage length Z. 


These equations suggest the following rule for constructing the 
stress-strain curve: in order to determine from a bending test 
the normal stress Si corresponding to a given unit strain ei the 
curve representing the bending moment Af as a function of the 
slope 4) is plotted (Fig. 226). The normal stress Si is equal to 
the projection PB of the tangent AP of the moment curve M = 
F{(t>) upon the ordinate, increased by twice the value of the bend- 
ing moment and the sum divided by h'hA/2 (& = width, h = height 
of the rectangular cross-section of a bar bent by a pure bending 
moment, I = length of the bar for which the angle 0 was observed) . 

1 Herbert, Mitt, ii, Forschungsarb, V.D.I., vol. 89, 1910, used similar 
relations in order to determine the stress-strain curve for cast iron in tension 
and compression by means of bending tests on cast-iron bars. Cf. also 
Bach and Baumann, '^Elastizitat und Festigkeit,’' 1924. 
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compression 
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If a bar of ductile metal be loaded in bending under increasing 
load, at a certain definite load in certain parts of the bar the limit 
of plasticity will be reached. If the stress-strain curve for 
the metal in tension and compression is known in both the elastic 
and plastic stages, the stresses inside a bent bar may easily be 
^ calculated by the procedure as set forth in 

Chap. 23. 

a. Initial Yield or Flow in Steel Bar. — 
For a metal which has a definite yield 
o mtt efongafian point as, for example, soft annealed 
wrought iron, the stress-strain curve may 
be replaced, for the above purpose of cal- 
culation, by three straight lines. It is 
thus assumed that the strains produced by 
plastic bending are not larger than a few per cent. If it be 
Assumed that the yield points for tension and compression are the 
same and that in the elastic regions —eo < e < eo, however the 
strains may be calculated by taking a constant value of 


Fig. 227, — Idealized 
stress-strain curve for pure 
bending. 



Fig. 228a, &, and c. — Simply supported bar bent by single load beyond plastic 

limit. 


the modulus of elasticity E = s/t, these assumptions correspond 
to a stress-strain curve which satisfies the following conditions 
(Fig. 227): 

for € < —€0,5“= — So = const, 
for —60 < € < €o, s = J^€, 
for €0 < €, s = So = const. 
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In the inside of a bar, subjected to bending, which is stressed 
above the y^eld stress, for certain parts of the bar two kinds of 
regions are to be differentiated according to whether the strains 
are elastic or plastic (Fig, 228a). Likewise the elastic and plastic 
areas are to be differentiated in different cross-sections (Fig. 2286). 
We consider a cross-section of the bar and take tj equal to the 
distance from an arbitrary straight line, perpendicular to the 
plane of bending (Fig. 228c) . In a certain part of the cross-section 
which we may designate by (Fig. 2286), the bending stress s 
is equal to the yield stress for tension Sq; a second part has 
stresses equal to the yield stress in compression s = — so- In the 
middle part A (Fig. 2286), where the bending stresses have not 
reached the yield point, the stress must satisfy the straight-line 
law: 

s = 6 ij. (27) 


We set S, S\ S'' equal to the static moments relative to the axis 
00 and J, J' J" thef moments of inertia of the above-mentioned 
areas Aj A', A". At the limits of the plastic zones tj — rf' and 
rj = rj", the stress a = ±so, or 


a 6 17' = So 
a + 6 77" = — 

From this follows that: 

7l' + V' 

The condition of equilibrium: 

fsdA = 


s - W 

0 , ( 30 ) 


when the above relations are introduced, takes the following 
form: 

A • o + jg • 5 = SojA" - A'). (31) 

If, in this equation, a and b are replaced by the expressions (29), 
there results a function of it* and r/'. From this function the 
ordinates ij' and i/", which separate the plastic areas of the bar 
from the elastic area, may be calculated. If a and 6 are deter- 
mined in this way the bending moment may be calculated from: 

JIf = /s , dA = -go + /5 + (S' - S")«o. (32) 


b. An Example of the Spread of the Plastic Regions in a Bar Stressed 
Slightly above the Yield Point. — As an example we choose a simply sup- 
ported bar with triangular cross-section of steel, loaded in the middle by 
a force P. The cross-section of the bar is an isosceles triangle having a 
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base c and a height h. The length of the bar is I and the abscissa x is 
measured from the left end. The process of calculation will be briefly 
outlined. 

In the elastic region of deformation the bending stresses are distributed 
in the cross-sections according to the straight-line law: 


l2Px(. _ 

- chY\^ 2hJ 


(33) 


As the force P increases, the yield point is first reached in the outermost 
compression fiber (97 = 0) of the middle cross-section where x = 1/2, at a load: 


P ^Po 


ch^SQ 

Ql 


(34) 


S~-So 


Since the stress at a load Po is only so/2 on the tension side (77 = k) of the 
middle cross-section, the bar begins to yield at first in the neighborhood of 

the point 97 = 0 on the compression side. 
At a load P > Po there results at first only 
one plastic region in the bar. This is re- 
presented by the cross-hatching in Fig. 229a, 
its area being designated by A". 

In the part A not cross-hatched (the 
elastic part) of the cross-section, the straight- 
line law gives for the stress: 

s == a + & 97. (35) 

At the limits of A and A' we have for 97 = 97" 



Fig. 229a and 6. — Cross- 
sectional area and distribution 
of bending stress. 


Eq. (31) becomes when A' = 0, 

Acl Sh = 

Taking: 


—So = a -f 6 97'^ 


A - 

and designating: 


c(/i2_-j7^ 

~~ ~2h 


A" = 


C97 


2h 


cQl^ - 97"3) 

Zh ’ 


a — So a, 6 = 


SojS 

h ' 




from the foregoing expressions we obtain: 

2 + 


/3 = 


(36) 


(37) 


(38) 


(39) 


(40) 


2 - 3m" + m"3 " 2 - 3m" + m"3’ 

This determines the stress distribution in the eross-seetion; for example, for 
m" < M < 1, s = (« + /3 m)so, 

and for 

0 < M < u", s = —So, 
while the bending moment M becomes: 

_ cVs„ 3u"* - 4m"3 + 1 
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The above expressions hold as long as: 


0 < 



0.3661. 


(42) 


As soon as u" becomes > 0.3661, P > l.SOPo and the bar begins to yield 
also on its tension side. At a loading P > l.SOPo, there are two different 
regions inside the bent bar in which the stresses are at the plastic limit. 

In order to determine the stress distribution under this loading the 
following three equations are available: 


In this 


a A- W ^ So, 

a -r W' “ —So, 

Aa +Sh = so(A" - A'). 


A' = 


c(h^^ - v'-f 
2h ' 




s = 


c(,'» 


3h 


(43) 


(44) 


Using the above symbols as defined in (39) and taking 



(45) 


we obtain from the first two equations (43): 

-h 2 

“ " w' - u"' ^ w' - u"' 

From the third we obtain: 

+ u'u" + u"2 = 


(46) 

(47) 


This is the equation of an ellipse whose minor semi-axis a = 1 has the direc- 
tion of the bisector of the axes it' = w" and whose major semi-axis h — 

W^e consider only that part of the ellipse where: 

u' = 1, a" - ^ to «' = u" (48) 


To the one limiting point corresponds the pomt in the bar where the second 
plastic region begins. If, however: 


“'=“"=V2 


(49) 


there results a limiting case of bending of the bar. In this case both the 
above different plastic regions touch each other in the middle cross-section 
of the bar. This occurs when P = 2.34Po. 

In the middle portion of the bar, where it is strained plastically on the 
tension as well as on the compression side, as long as l.SOPo < P < 2.34P o 
the bending moment is: 


M 


ch^sp / 

6 V 


2 - 


u'i 

u' — m" J 


2* 


(50) 
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On tlie basis of tlie preceding formula the limits of the plastic areas for 
P = I.8OP0 and for P = 2.34Po are represented to scale in Figs. 230 and 231. 
In these the plastic parts of the bar are represented by the cross-hatching. 

It is clear that the above calculation insofar as it relates to the spread of 
the plastic regions under the larger loads will decrease in accuracy with the 



Figs. 230 and 231. — ^Limits of plastic regions in a freely supported bar of 
triangular cross-section bent by single load P at center. The boundaries of the 
plastic regions are indicated in true scale for two loads. Fig. 230 (above) : 
Load P - I. 8 OP 0 just when lower side of bar starts to yield. Fig. 231 (below) : 
P * 2.34Po when whole middle section yields. (Po is the load under which the 
bar just starts to jield at upper side.) 

increasing load (P = 2.34Po). At the higher loads the validity of the simple 
assumptions made relative to the shape of the stress-strain curve s - fie), 
(viz., that the yield stresses are independent of the strains e) on which the 
calculation is based, do not hold accurately. How these assumptions may 
be improved is indicated in the following chapter. 
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PLASTIC BENDING CONSIDERING WORR HARDENING 

The assumptions regarding the shape of a stress-strain curve, 
on which the treatment of Chap. 24 is based, do not take into 
account the increase in yield stresses or the strengthening of the 
material (work hardening) which occurs for most ductile metals 
with increasing strain. There is, however, 
no difficulty in taking this factor into account. 

How this can be done will be illustrated by 
the following example of the plastic bending 
of an iron bar with a rectangular cross-section. 

a. Stress-strain Curve, According to Fig. 232. — 

The calculation can be based on a stress-strain curve 

composed of three straight Imes as shown in Fig. 232: ^ ^ , 

^ ® ® Fig. 232. — Idealized 

for — 60 > €, s = —Soo + s"6, stress-strain curve for 

for -60 < e < 60, S = s't, “to ae- 

» ^ I // count work-hardening, 

for 60 < e, s = Soo 4- s e. 

If we introduce here instead of the constant soo the yield stress for tension 
So and consider that at the break of the curve e = €o the stress is: 

So = s^6o = Soo “h (51 

we then have: 

Soo = So^l — (52) 

The stress-strain curve is thus determined 
by the following three constants depending 
on the material: the yield stress So, which 

l^lstribution of game for tension and compression, a 

bending stresses m cross-section. , j. J 

constant s' for the elastic, and a constant s" 

for the plastic strain (s' is equal to the modulus of elasticity of the material 
E, s" is a measure of the increase in yield stresses under increasing strain, 
i.e., of the strengthening or cold-working effect). 

The length of the bar is designated by Z, the width of the rectangular 
cross-section by b, the height by h, and the loading of the bar by P. 

On account of the symmetrical distribution of bending stresses, it is not 
necessary in this case to determine the position of the neutral axis. The 
stresses in the cross-section, distributed according to Fig. 233, give the 
following bending moment; 

M = 2 (Pi 7 ji + P2172 Hh 
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( 53 ) 
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In this Ply Po, Ps represent the resultant values of force produced by those 
portions of the stress diagram (Fig. 233) which are bounded by the straight 
lines shown; and 171 , 172 , 173 represent their moment arms relative to neutral 
axis (Fig. 233) 



(The s>nnbols relate to Figs. 232 and 233.) If we put: 

2 i 7 o 

'' “ T’ 

Ifo o . - ?/)2(2 +u)-\ 

J, 

the bending moment becomes: 

2 “ 4 • 


(55) 


(56) 


The bar begins to yield under a load: 


Po 


_ 2hhho 
31 


(57) 


The above equation for M holds for P > Po. The variables u and v are 
to be considered as functions of x. In the middle of the bar we have for 
X = I '2, V = P/Po. If this value of v is designated by Vq = P/Po, the 
equation of the boundary curve of the plastic region is determined from the 
following relation: 


X 


IL = -Lfa + 

L’ZJo 4^0 L ^ 


( 68 ) 


At a certain load P, where P > Po, at those points of the cross-section, 
where u = I and v — Ij the yield point in the fibers farthest from the 
neutral a.xis is just reached. The abscissm of these cross-sections may bo 
obtained from (58) by substituting w == 1 and v — 


X = Xi 



(59) 


In the plastically bent part of the bar xi < x < Z/2, the maximum stress 
at the edge of the cross-section having the abscissa x is given by: 

Si = ±(so + s''(€i — eo)) = ^ - j • ( 60 ) 

1 Pz is determined as follows: let si equal the stress along the edge and €1 
the corresponding strain for 77 = Then Pz = — ^ 

1/p = € 0/770 — 2€i/Zi, we have ei = ^€ 0 / 2^70 = (si — soo)/^", from which we 
obtain si — so = —^ 7 - ( ^ — 1 j Introducing this in the above expression 
for P , we obtain the value given in Eq. (54). 
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The shape of the elastic line of the bent bar for that portion where the 
strains are purely elastic, is determined from the well-known equation: 


- _Z£. . 

dx- " -JE ^ 2JE’ ^ 


Pj:2 

12J~E 


+ Cix 4- Co, 


(0 < a; < xl). 


In the plastically bent part of the bar it is determined by the formula: 

P V rjQ 


If the strain €o in this formula be replaced by so/E and the ordinate rja of the 
boundary curve of the plastic region by tjo == hu/2 and if the curvature 1/p 
is replaced by -d-ij dx-, we obtain for the plastically bent part (xi < x < 
lj2) the following differential equation of the elastic line: 


d-y ^ ^ 

dx- Eh u 


r 61 ) 


As will be recognized from the formulse and the expressions for the limiting 
curves of the plastic regions, the elastic region in the middle part of the bar, 
at sufficiently large loading P, shrinks up into a narrow strip. 

In a bar which is plastically bent under heavy- loading, it is possible to 
differentiate three different parts: an elastic part, having pure elastic tensions 
(0 < a; < aji), an elastic-plastic part (xi < x < xl), and a completely plastic 
part (x 2 < X < 1/2). 

Under high loadings, producing severe yielding, in the transition part of 
the bar xi < x < Xi, u and v may usually^ be replaced by the simpler expres- 
sions: 

j, = K = ^ (62) 




(63) 


and in the plastic part these may- be replaced by: 

^ 1 s"u _ 2Px 3 

s'*'* P„Z 2 

The deflection of a bent bar at high loads may bo calculated with sufficient 
accuracy in that portion where 0 < x < X 2 from the differential equation: 

y" = -^* (64) 

In the plastic part xz < x < 1/2, it mayi’i^e' calculated from the equation: 


y 


s"h\Pol 


(65) 


The limiting curves of the plastic regions in a severely bent 
bar may be observed experimentally in various ways. In bars 
of very soft iron the limits of the plastic regions may be indicated 
by suitable etching combined with previous thermal treatment 
of the test bar. For this purpose the etching method of A. Fry 
already referred to above or etching of the iron by heating to its 
recrystallization temperature is of value. ^ 

^ Fischer, Fr. P., Kruppsche Monatshefte, vol. 4, p. 77, 1923. 
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A few photographs of the markings obtained using Fry^s 
method in the longitudinal sections and cross-sections of plas- 
tically bent steel sheets are shown in Figs. 234 to 237. Figures 
234 and 235 show two longitudinal sections in the plane of bend- 
ing of a steel plate. Figure 236 shows a section perpendicular to 



Fig. 234. — Etching of a section through an old boiler plate showing flow lines 
and cracks, {According to B. Strauss and A. Fry.) 


the plane of bending. The position of the flow layers is indicated 
in the sketch of Fig. 237. As will be seen, the flow layers in a 
bent steel sheet practically coincide with the surfaces of maximum 
shear. In longitudinal cross-sections of a wrought iron bar bent 



Figs. 235 and 236. — ^Lliders’ lines in sections perpendicular and parallel to axis 
of a steam boiler. The flow lines were produced by the bending of the boiler 
plate in the bending machine. {According to B. Strauss and A. Fry.) 


beyond the plastic limit, the shape of boundary hnes of the plastic 
region could be demonstrated using Fry's etching method. The 
boundaries of the dark surfaces in the etchings were practically 
identical with the shape calculated by the above methods for the 
case of a simply supported bar loaded in the middle. 
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Using the second method, the steel bar stressed above the 
yield point is heated for some time at 650° to 750°C. The anneal- 
ing treatment at this temperature induces in the stressed steel a 
rearrangement of its microstructure, and, according to a well- 
known law, under recrystallization the largest crystal grains are 
formed at the limits of the plastic region, which then may be 
made visible by the usual etching process (for 
example by means of copper-ammonium- 
chloride). . 




Fig. 237. — Flow lines 
in a plate produced by- 
bending. 


b. Other Examples of Plastically Deformed 
Regions in Bent Bars. — In calculating the shape 
of the boundary" curves of the plastic region it was 
assumed that the stress-strain curve of the material 
is represented by the broken line of Fig. 227. 

1. Simply Supported Bar with a Single Load in the Middle. — If the material 
begins to flow under constant stress, the constant s*' = 0 in the formula (65). 
From formulte (56) and (55), the bending moment becomes: 


M - = 


Pyi PoZ(3 


8 


( 66 ) 


(67) 


from which the equation of the boundary of the plastic area follows: 

The plastic area is, therefore, bounded by two parabolas, which shift along 
the bar as the load increases. The limiting position which these parabolas 
can take up is that position in which their vertices just touch in the middle 
of the bar. The force is then Pmax = 3Po/2. 

2. Simply Supported Bar Loaded with a Uniformly Distributed Load, — The 
length of the bar is Z; the rectangular cross-section has a width 6 and a 

height hj while the load per unit length of the 
bar is p. The bar begins to yi®ld under a 
load po*. 

Abh-SQ 

po = 






w 






( 68 ) 


Fig. 238. — Plastic regions 
in a bar bent by uniformly 
distributed load p. 


If p > po, there occur in the middle of the 
bar two plastic regions which are bounded by 
two branches of a hyperbola. The boundary 
line of the plastic zone has the equation: 

(69) 




In this the semi-axes are: 

A = - 


^ po 


B 


-IVf- 


1 ; 


(70) 


at a load p = 3po/2, the hyperbolas coincide with their asymptotes (Fig. 238). 

3. Bar EaHng Built-in Ends with Uniformly Distributed Load. — ^In this 
case the plastic regions are bounded by elliptical arcs. 
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BTJCEXING APTER THE YIELD POINT IS EXCEEDED 

It was shown by von Karman^ that the theory of bending of bars 
may be extended to those cases in which bars axially loaded in 
compression are stressed beyond the jdeld point. If a bar be 
loaded in compression its equilibrium may, as is well known, 
become unstable if the slenderness ratio is 
sufficiently" large. The bar then tends to 
buckle. Now, if the stresses which occur 

( I when the bar is straight and subjected to 

7 axial compression, reach the ydeld point, it is 

] clear that during bending the compressive 

stresses on the convex side of the bar are 

Fig. Idealized decreased (by the tensile stresses set up 
buckling after the yield by bending), while those on the concave 
point is exceeded. side are increased. In this consideration 
the treatment will be based on a stress-strain 
curve (Fig. 239), such as was assumed in Chap. 25. The bar 
has a rectangular cross-section of width b and height A, a length 
Z, and is loaded axially by a compressive force P to an average 
stress Sk, which is higher than the yield stress Sq of the material. 
It is desired to find the critical value of com- 
pressive stress Sj: or the hmiting force Pk = 
bhsk, at which the equilibrium of the bar 
in its straight form becomes unstable, and Sj 

buckling results. 

In Fig. 240 the stress distribution in a 
bar is represented. Before bending, the 

stress distribution would follow the hori- Fig. 240. — Bending 

zontal straight line s = After bending, 

the stress distribution is represented by 

the broken line A 1 OA 2 . The equilibrium of the stresses requires 

that: 

Si VI — 52 172 . ( 1 ) 

^ Untersuchungen liber Khickfestigkeit, Mitt, u. Forschungsarh. d, 

Heft 81, Berlin, 1909. 



178 




BVCKLIXG AFTER THE YIELD POIXT IS EXCEEDED 1/y 


Since the cross-section remains plane during bending, using the 
symbols of Eq. (2), page 161, and of Eq. (51J, page 173, we have: 

s' p' p* ^ P ’ “ p ^ 

iloreover: 

VI ^ 

From these expressions it follows that: 

s ' vi “ ~ 6^^172“ 

and 

/iVT"' _ h\/7' 


(3) 


Vi 


V7 + V?'' ’■ + Vs" 

The bending moment is equal to: 

xl/ = g(Sll7l® + S2l72-)» 

or apphdng Eq. (4) we have: 

^ 

12 p (-y/? + v/ s'O® • 




Using the sjTnbols: 


4s's" 


r - p - _ 

12’ (V^ +VF')* 


(4) 

( 6 ) 

( 6 ) 

(7) 


(/ being the smallest moment of inertia of the cross-section about 
a gravity axis) we thus obtain the differential equation for the 
deflection of the bar: 


1 ^ M ^ Py 

p JEo JEo 


(8) 

From this it follows that : 





(9) 

Using the boundary conditions: 



X = ±J» y = 0, P = (n = 1, 2 . . 

. . ). 

(10) 

The smallest load at which the bar buckles is therefore: 


p ^ J Fa 

Pk-T^ tT 


(11) 


This formula is of the same type as Euler’s formula for elastic 
buckling, namely: 

p _ s 


It is seen that the value of modulus of elasticity E given by 
Euler’s formula has simply to be replaced by the value Eo, given 
byEq. (7). 

The formula (7) derived for rectangular cross-section may be 
immediately generalized for any arbitrary cross-section. From 
the condition of equilibrium JsdA = 0, using: 
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s = —It, ot $ — ~1Jt 
VI 


: i? C^\ 

^2 J 0 


dA, 


the following equation results: 

-''i f % dA 
viJo' 

Putting: 

S'vi «"lf2 

A‘1 = 1 Sj = > 

P P 

the former equation simplifies to: 

s'Si = 

by means of which condition an axis in the cross-section is de- 
termined along which the stresses do not change during the first 
instant of buckling. Putting Si, S 2 equal to the static moments 
and Ji, Ji equal to the moments of inertia of the two halves 
of the cross-section relative to this axis, and J = Ji + J ft 
equal to the moment of inertia of the complete cross-section, the 
bending moment becomes: 

From this the value E^, from which the buckling load P* may be 
calculated, becomes: 


iiZl + !£? = l(sVx + s"Ji) = 

171 ^2 P P 


IEq 


s'Ji + 

/i H- /a 


( 12 ) 


P^f^fori/o^O 




Fig. 241. — E 1 a s t i c 
buckling. Load deflec- 
tion curves for various 
eccentricities of load. 


Fig. 242 — Plastic 
buckling. Load de- 
flection curves for 
various eccentrici- 
ties of load. {Ac- 
cording to Kdrmdn,) 


A peculiarity of the buckling process, accompanying the exceed- 
ing of the yield point, which von Kd,rmSn has especially empha- 
sized, is the decrease in the axial compressive force during bending. 
If one plots the maximum deflection of a bar during buckling as 
abscissae and the compressive load P at which the bar bows out, as 
ordinates, for various values of the eccentricity of the axial load and 
for elastic buckling the series of curves shown in Fig. 241 is obtained. 
All curves have for their common asymptote the horizontal straight 
line which corresponds to Euler’s critical load, Pk = 
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With buckling, accompanied by average stresses exceeding the 
jield point, one obtains a series of similar curves shotrn in Fig. 
242 with the difference that now with increasing eccentricities 
the axial maximum compressive loads which produce buckling 
decrease considerably. 

If one plots the compressive stress at the instant of buckling 
against the so-called ^^slenderness ratio’’ I i (where i = '\/jJA 
equals the radius of g^iration of the cross-section), there is 
obtained according to Karmen’s tests a line such as is represented 



0 20 ^ 60 so wo tzo 140 160 WO 200 
Slenderness — ^Z/l 

Fig. 243. — Buckling loads for various ratios of slenderness Z : i, 

by the heavy line in Fig. 243. The portion of the curve AB 
corresponds to elastic buckling as given by Euler’s buckling 
formula : 



The portion BC corresponds to buckling after the yield point is 
exceeded.^ 

^ Relative to the practical application of the results of the theory of 
buckling in bridge design and in proportioning structural compression 
members Cf. W. Gbhler, ^^Vorschlag einer Gebrauchsformel fur Kniekung," 
Mitt d. N ormenausschusses d. deutschen Industrie, vol. 2, nos. 11, 12, 15, 
November, 1923; in Bauingenieur, 1923. Relative to buckling of a bar of 
unelastic material such as concrete and reinforced concrete, cf. Bach and 
Baumann, “Elastizitat und Festigkeit,” 9th ed., Julius Springer, Berlin, 
1924; and E, Morsch, “Der Eisenbetonbau, seine Anwendung und Theorie,’' 
5th ed., Stuttgart. Lately F. W. Gbckeler in Z. f. ang. Math. u. Mech., 
1928, has calculated the buckling load for the case of unelastic buckling of 
a thin-walled cylinder, which is loaded in an axial direction. The buc kl i n g 
of such a cylinder is accompanied by symmetrical corrugations or waves. 

Finally, an extension of the work of v. KarmXn by H. M. Westergaard 
and W. R. Osgood, Strength of Steel-columns, A.P.M. 50. 9., A.I.M.E. 
Trans., p. 65, 1928, shall be mentioned here. These authors give the 
theory of steel columns which are stressed beyond the proportional limit 
and which are eccentrically loaded or initially curved. 



CHAPT]^]R 27 


THE PLANE PROBLEM 


This is the case where all stresses and strains depend only on 
two coordinates : .r and y if rectangular, r, (J) if polar coordinates are 
chosen. We distinguish two cases; a. The plane problem of the 
first kind: plane strain: In this case the principal strain perpen- 
dicular to the xy plane, is either constant = const.) or equal to 
zero (e. = 0). In such cases the body under stress must be 
assumed very long in the z direction. Many examples of engi- 
neering practice are comprised under this heading. An example 
is the stress distribution which results when rolling a sheet 
which is very mde in the direction perpendicular to the direc- 
tion of rolling. Other examples are the stress distributions 
in a thick-walled tube, deformed plastically under internal 
pressure or in a long rotating drum. (6) The plane problem of the 
second kind: plane stress: In this case the principal stress perpen- 
dicular to the xy plane is zero : = 0. This case occurs in a thin 

sheet which is loaded in its own plane. Examples of such cases 

h are the stress distribution after the 
yield point has been reached in the 

neighborhood of the enlarged ends of 

I It ^ a flat test bar (the heads of the bar) 

I * in tension, that in the neighborhood 

\y of a rivet hole in a tension member, or 

^ sc I the stresses in a rotating disc. 

a. Plane Strain, = 0. — We des- 

Fig. 244. — Stress components ignate the Coordinates of a given point 
for plane problem. i j. i i x t 

by X and y, both normal stresses and 
the shearing stress of the state of plane strain at the point {x, y) 
by Syj Sxy respectively (Fig. 244), and the unit strains and the 
unit shearing strain by e®, €y, €xy Next we arrange to determine 
the normal stress under the assumption that the strain perpen- 
dicular to the xy plane €z = 0 is zero. 

A strain e has in general an elastic part e' and a plastic part e". 
The elastic part ej of the strain eg can be taken according to 
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Hooke's law equal to: 

e.-' = — pis- -T SJ\ 

The plastic part e/' according to Eq. (IS) page 78 is equal to: 


fin these equations, a — E, i3 is an undetermined factor, E 
the modulus of elasticity, and v Poisson’s ratio.) The sum of 
both strains must, according to our assumptions, vanish. Hence ; 

ej -f- = a.[sz — pisx -r S//'] “b Mss —• + s>“l = 0. 


As the expressions within the brackets cannot be simultaneously 
equal to zero we must have: 


_ -f 2va 
~ 2(a + fj) 


’ (Sx + Sy) 


Considering the effect of we can therefore differentiate three 
regions in the stressed body: In one part only elastic strains will 
exist, so that we have: 

/? = 0, Sz^ — “b Sy)* 

In a second region the plastic strains are predominant so that ^ 
is large relative to a and we have: 

6‘a'^ = J'2U*x + S,j). 


Between these two regions lies an elastic-plastic region in which 
the values of Sz take on values between sj and 

The following statements referring to plane strain with one 
vanishing principal strain (e^ = 0) are limited to plastic regions 
where the permanent parts e/', e/' of the strains e® and €y are 
predominant, so that the elastic strains ex\ ey may be neglected. 
We may then put simply the principal stress 

Sz = Sz '=M(Sx + Sy). (1) 


Using the formulae for plane stress as derived on page 46, we 
see, that the principal stresses Si and S 2 are given by the Eq. (21), 
Chap. 8 or by 


51 

52 


Sz + Sy 
2 


+ Sm 


Sx + Sy 
2 


Smj 


( 2 ) 


where designates the principal shearing stress: 


S^m — 



Hh 


(3) 
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In order to express the fact that we have an equilibrium of stresses 
in the plastic state, we have to introduce a condition of plasticity. 
Taking the general form of this condition (see Eq. (8) page 73). 


{si — 4- (§2 — S3)2 4- (53 ~ 5i)- = 2so^ (4) 


where the constant So designates the yield stress in pure tension, 
we see that using Eq, (1) this expression simplifies considerably 
and becomes in terms of principal stresses: 


(&‘i — 6*1 )- 


46*0^ 

3 


= const. 


(4a) 


Hence the condition of plasticity is: 

, 2so 

Si — 6*2 = ± — 7= = const. 

Vs 


(5) 


Writing for the constant so/VS = k and using (2), (3) this 
last equation can also be expressed in terms of the stress com- 
ponents Sx, Syy Sxy in rectangular coordinates: 


(Sr — 4- 4iS-xy = 4:k^ = const. (6) 

Under the assumption that plasticity occurs when the sum 
of the squares of the three principal stress differences Eq. (4) 
is a constant (this is identical with the condition of constant 
energy of distortion) we see that we obtain in the case of plane 
strain exactly the same condition of plasticity as would have been 
found using the maximum shear theory, with the single difference 
that according to the latter the constant k on the right side of 
Eq. (6) is equal to sq/2 = 0.500so, while assuming condition 
(4) and (5) k is equal to so/VS = 0.577so. 

Hence we see that the theory of plane plastic strain for the case 
€3 = 0 is mathematically exactly the same in both cases, either 
if we use as condition of plasticity the condition of constant 
energy of distortion [Eq. (4)] or that of constant maximum shear- 
ing stress (^Hheory of maximum shear”). The value of the 
constant has to be taken in the first case equal to A; — 0.5775o 
and in the second case equal to fc = 0.500so, where sq is the yield 
stress in pure tension. 

b. Plane Stress. — In this case the third principal stress vanishes 

S 3 = s* = 0 

Hence Eq. (4) becomes 

{si — $ 2 )^ 4“ ^ 1 ® 4* 52^ = 2so^ 


(7) 
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and the condition of plasticity now takes the form 

5i“ -- Sigo ~r ^ 2 * = ^ 0 “. fS; 

In rectangular coordinates si, s* this is the equation of an ellipse 
with the semi-axes a = ■ so and h = ‘ fsee Fig. 245).^ 

The principal stresses in a thin plate can therefore at no time 
become larger than 2so/V3 = l.loosp, which is the farthest 



Fig. 245. — Ellipse of plasticity for plane stress: .si, principal stresses; = 0, 
.So yield stress for pure tension. 

distance of a point J of this ellipse from the coordinate axis OA 
(see Fig. 245).2 

In terms of Sx, Sy, Sxy the condition of plasticity takes now the 
form: 

“ SrSy + s^y + Zs^xy — (9) 

In the following chapters several applications of these cases 
will be discussed. 

^ This ellipse is the intersection of the surface of yielding /(si, so, § 3 ) = 0 
(c/. Chap. 13, p. 72) with the plane Ss = 0. If this surface is a circular 
cylinder with radius So/^/Z, we see at once that Eq. (8) must be that of an 
ellipse. 

^ In Fig. 245, the points A and B correspond to states of pure tension, C 
and D to pure compression, E and F to states of pure shear, G and H to 
states of stress with two equal principal stresses, etc. 
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THE THICK-WALLED TUBE UNDER INTERNAL 
PRESSURE 

One of the simplest cases of the equilibrium of the stresses 
in thick-walled tubes or rings, subjected to high internal pres- 
sures, isfthat in which the stresses reach the limit of plasticity in 
the entire tube or ring. In the following the assumption will be 

made that the material has a well 
defined limit of plasticity and that it 
has not been strained much above a 
unit elongation of some few per cent. 
Under these circumstances it is permis- 
sible to treat the deformations of the 
tube as if the stresses would be in- 
dependent of the deformations, 
independent of the unit elongations in 
a radial or in a tangential direction. 
Later, more complicated cases will be 
discussed, in which the tube yields only 
partially, so that there is a plastic region 
in it, surrounded by a region stressed 
below the limit of plasticity. In the 
latter portion of the tube the equations 
must satisfy the conditions of stress and 
strain of a perfectly elastic body and 
expressed by Hooke’s generalized law. 
Another possible application of the 
theory to materials with more general 
stress-strain relations, including the 
effect of cold work, will be indicated. 

In a thick- walled cylinder stressed symmetrically with respect 
to its axis and uniformly along the length, no shearing stresses 
will be transmitted along any co-axial cylindrical surface or any 
plane which is perpendicular to the axis. The shearing stress 
components acting on these surfaces must hence vanish, and with 
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Figs. 246 and 247. — Tube 
under internal pressure. 
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these latter the directions of principal stress must coincide. In 
the tube there acts onl}’ (Ij a normal stress s in a radial direction, 

(2) a tangential normal stress St in a circumferential direction, and 

(3) a normal stress S:: parallel to the axis of the cylinder (see Figs. 
246 and 247). Since everjdhing is symmetrical with respect to 
the axis of the tube, all three stress components Sr, St, s. are prin- 
cipal stresses and depend only on one independent variable, the 
distance r of a point P in the tube from the axis 0. 

Under the assumptions made above, the deformation of the 
tube can be determined at once. All points P along a circle of 
radius r = OP are displaced in the direction of the radius by the 
same amount. These small displace- 
ments will be designated by p (Fig. 

248). Moreover, in the case of plane 
strain the crosssections of the cylinder 
remain plane, the unit extension of the 
tube parallel to its axis is therefore 
constant along the tube. During the 
plastic flow the material will be 

stretched and the amount of the unit elongation in the radial and 
the circumferential directions wall be denoted by €r and The 
radial and tangential unit elongations (strains) are 




d6 



Sr 


'dr L 


Fig. 248. — Radial and tan- 
gential stress in tube. 


” Jr 


p 


( 10 ) 


As the volume of any element is not changed by the plastic 
deformation the sum of the three unit extensions in the radial, 
tangential, and axial directions (er, €f, e^) must vanish: 

€r + -f- = 0. (11) 

Eemembering that €z must be constant and independent of r, 
the last condition determines completely the radial displacement 
p. Using the expressions for €r and et given in Eq. (10), we 
have the following differential equation for the radial displace- 
ment p, 

^ = -€z = const, (12) 

from which 

P = + ^ (13) 

In this c is an integration constant. 

a. Tube under Internal Pressure Yielding without Change of 
Axial Length. — If the axial extension Ca = 0, we have seen that 
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one condition for the radial and tangential stress Sr and St is the 
condition of plasticity, Eq. (5) Chap. 27: 


A second equation for calculating the unknown stresses St, s, 
is given by the condition of equilibrium of the forces acting on a 
small element of dimensions rd<l> and dr. This condition is 


d(rsr) 

dr 


— St = 0 * 


From this it follows that 



St — s,. 


(16) 

(16) 


Taking into account that the stress difference on the right side 
of this last equation according to (14) equals a constant, namely 
±2so''V^) tbe last equation can be integrated, which gives the 
radial stress Sr 

Sr=ci±— Mnr, (17) 

V3 


where In designates the natural logarithms, and Ci an integration 
constant. In a tube with the inner radius a and the outer radius 
b the radial stress is 

for r = a, Sr = — p, 
for r = 6, Sr = 0, 

if the tube is subjected to internal pressure p. In this case in 
Eq. (14) the upper sign must be taken and from the last condition 
it follows that 

(18) 


Hence the radial and the tangential stress Sr and St in the tube 
are given by the formulae 


Sr = 

St = 


2so 

Vs 


2s( 

V3 


3\ 



(19) 


The first equation determines the pressure p under which sdelding 
in the tube is maintained. Since for r = a, s, = — p, the pres- 
sure p will be equal to 


p = 


2so , & 
— =ln-- 

Vs a 


( 20 ) 
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In this case the axial stress is [see Eq. (Ijj at everj' point of 
the tube equal to the average value of the radial and the tangen- 
tial stresses: 


Hz 



''21 * 


The stress distribution corresponding to this case in a thick- 
walled tube under internal pressure is given in Fig. 249, in which 



Fig. 249. — Distribution of stress in a thick-walled tube subjected to high internal 
pressure when entire tube yields plastically; So yield stress for pure compression. 


the three curves for the radial, tangential, and axial stress are 
shown. The three stress curves are represented by three equi- 
distant logarithmic curves. The curves for the axial and the 
tangential stress Ss and St are obtained from the curve of the 
radial stress Sr by shifting the latter in the vertical direction by 
the amounts and 2so/'v/3y respectively. 

b. Yielding in Thin Plate with Circular Hole or Flat Rings 
Radially Stressed. — A flat ring, with inner radius r = a and 

* We may note that if the axial extension is zero: €« — 0, €r == —e/ and the 
radial displacement (the widening of the tube) is given by 



In this case the two smaller principal strain circles (see Mohr’s circles of 
stress and strain, p. 43) have the same radius. According to the third 
law of plastic flow (see p. 75) the corresponding principal stress circles 
must also be equal. This is indeed the case because the axial stress Sz in the 
tube is at any point equal to the mean value of the two other principal 
stresses. 
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outer radius r = 6, may be stressed by a pressure p uniformly 
distributed over the circumference ha\ing the radius a, and 
acting in the plane of the plate. The second circle r = b will 
be assumed free. In a thin plate the principal stress which is 
directed normally to the plane of the plate can be taken equal 
to zero. Let s. be this stress, so that Ss = 0. For the two 
unknowTL components of normal stress Sr and St we have now 
since .s- = 0 to take the condition (see Eq. (8), page 185) of 
plasticity in its second form: 

Sr — -f Sr- == So- = const, (23) 

where sn is again the j-deld stress in pure tension. This equation 
together with the equilibrium condition Eq. (16): 



Fig. 250. — Ellipse of plasticity. 


enables the determination of the unknown stress components 
Sr and St. We have already noted that Eq. (23) is the equation 
of an ellipse, if St and Sr are taken as rectangular coordinates of a 
point (see p. 185). The principal axes of this ellipse (Fig. 250) 
bisect the angle of the Sr and St axes and they were found equal 
to A = S(i and B =\/%' Sq. This suggests the use, instead 
of Sr and S/, of two new variables s and s' expressed by 

Sf “1" Sr . - 

s = — ^ ~ sq Sin dj 

, St Sr ^0 

s =— 2 

From this we see that 

.. = s + a'=^sin(f»+|) 
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Eq. (23) when expressed in terms of s and s' takes the form 

-f 3s'= = so= (27) 

and is satisfied, if we introduce in it the second forms of s and s' 
depending on the new angular variable B, while the equilibrium 
condition now takes the form 

j 

r j^is - s') = 2s'. (28) 

Expressing s and s' by Eqs. (25) we get 

This differential equation can easily be integrated 
of the variables and the integral is 


(29) 

by separation 


where c is an integration constant. To determine its value we 
have only to remember that the radial stress Sr, which in terms 
of 6 was given by (26) : 



must vanish at the circumference r = h. Hence for r = & 
d must be chosen equal to ^ ~ ^6 = t/6. To this value of $ cor- 
responds in the ellipse, Fig. 250, the point B. li 6 < 7r/6, Sr 
will become negative and the radial stress will be a compression, 
on the contrary if 0 > tt/Q, Sr will become positive and the 
radial stress will be a tension. We see that evidently the former 
case must correspond to the case of a ring with internal pressure 
and the latter case to a ring with external tension.^ Now taking 
Bh = ^/6 for r = h, the constant c in (30) is determined by: 

2 6 

&2 — (32) 

V3 

and replacing its value in (30) we get finally: 

2 ■ 0 

r"- = (33) 

V3 'cos 9 

^ This has been shown in Fig. 250 by the full and the dotted arcs of the 
ellipse. The arc BC oi the ellipse corresponds to the case of a ring with 
internal pressure and the arc AB to the case of a ring with external tension 
(infinite plate subjected to tension). 
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The radial and tangential stress are given by (26) or 



(34) 

( 9 + 1 ). 

Thus the complete solution for this case is worked out in terms 
of the parameter 6, To get the pressure p we have to compute 



Fig. 251. — Radial and tangential stresses Sr and st at inner circle r » a of 
flat rings subjected to high internal pressures p for various ratios 5; a of outer 
to inner radius. 

^ for r = a from (33). For r — a the radial stress Sr — —p 
and hence the pressure p is given by 



To each value of Ba corresponds a value of the ratio h /a and a 
radial and tangential stress. Thus 6/a, Sr, St are given as func- 
tions of the parameter da. This has been shown in Fig. 251, 
where the ratio 6/a and the radial and tangential stress at the 
inner circle r == a are represented by the corresponding curve. 
To find the pressure p for a given ring we have to read the value 
of Sr (or p) below the value of the given ratio i/a of the outer 
to the inner radius. 
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The distribution of stress is also shown in Fig. 252, where 
the radial and the tangential stress Sr and St are plotted as 
functions of the radial distance r of a point of the ring from 
its center. 



Fig. 252. — Distribution of radial and tangential stresses Sr and s t in flat rings 
subjected to internal pressure p: r variable radius, a inner radius, h outer radius, 
So yield stress in tension. 


Figures 251 and 252 and the formulae (34) show a remarkable fact. Com- 
paring the shape of the stress curve in the two cases a (ea = 0) and b 
(§2 = 0), which have been worked out above and which are shown in 
Figs. 249 and 252, respectively, we observe that in case a (thick-walled 



Fig. 253. — Distribution of stresses in plate having hole yielding under radial 

tension. 


tube of infinite length and having no axial extension or contraction) the 
pressure p increases indefinitely with decreasing inner radius a. This is 
obvious. In the case of a fiat ring, bounded by two concentric circles 
r — 5 and r — a and subjected to a uniform radial pressure p on the inner 
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circle r — a (case !>), however, the pressure p can never exceed a certain 
amount, i.e., pmax = *2s ./Vs = l.lSosu, where sq is the yield stress in tension. 
Moreover, equilibrium of the stresses in the plastic state in ease b is only 
possible in flat rings under internal pressure with a ratio 

1< ^ < 2.963. 

For h 'a > 2.9r>3 no completely plastic equilibrium correfeponding to the 
equations is possible in a flat ring subjected to internal pressure. This 
follows from the fact that in a flat ring where Sz = 0 the stress components 
Sr and St must be the coordinates of the “ellipse of plasticity,” Fig. 250, 
and, therefore, never can exceed the value 1 155so. 

It is perhaps noteworthy to draw another conclusion from the formulis 
(34). They contain evidentlj- also the case of plastic equilibrium of an 
infinite plate stressed uniformly in its plane in all directions and having 
a circular hole. This case results simplj' by choosing for 6 the interval 
30® < 0 < + 90°. The stress distribution is shown in Fig. 253. 

c. Comparison of Both Cases with That of a Perfectly Elastic 
Tube. — This behavior of the plastic equilibrium of stresses in 
tubes or in flat rings stressed radially will now be compared with 
the well-known elastic distribution of stresses in such bodies, if 
stressed below the limit of plasticity. The distribution of the 
radial and tangential stress in a perfectly elastic material is in 
both cases (a and b) the same and given by 



Let the ratio of the inner to outer radius of the tube be chosen 
for example a/6 = 0.4. For this case the stresses Sr, in a 
perfectly elastic thick-walled tube are shown in Fig. 254, just 
when the limit of plasticity has been reached at the inner surface 
r == a of the tube. At this moment the difference of the stresses 
St and Sr for r = a must become equal 2so/\/3 and hence the 
pressure po required for first yielding in a thick-walled tube is 
found from 

(*. - PO = (l - (37) 

If a/b = 0.4, Po = 0.485so. 

In the next Fig. 256 is shown the plastic distribution of 
stress in a thick-walled cylinder, constrained not to expand or 
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contract in axial direction for case a Us = 0) for the same ratio 
a b = 0.4. This requires a pressure 

2so h 

P^-flu-a ( 38 ) 

which is for a b = 0.4: 

p — l.OoTso. 

2x£o Case a Case b 



Fig. 254. Fig. 255. Fig. 256. 

Figs. 254, 255, and 256. — Distribution of stresses in thick-walled tubes and 
fiat ring subjected to high internal pressure p. Radial, tangential and axial 
stresses .sv, st, Ss. Figure 254, when tube still elastic and first yielding starts. 
Figure 255, when tube is entirely in plastic state. Figure 256, stresses in a flat 
ring entirely in plastic state. 

Finally in a flat ring with the same ratio b/a stressed radially, 
the pressure required to produce plastic flow in the entire ring 
is found approximately to be: 

p = l.OOso. 

The stress distribution in a flat ring is shown in Fig. 256. 



( 39 ) 
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Summmg up the preceding we may conclude that while the 
distribution of radial and tangential stress in a perfectly elastic 
material is the same in either a long tube or a flat ring both having 
the same ratio h/a of the outer to the inner radius, this changes 
completely if plasticity is considered. The radial distribution 
of stress under plastic equilibrium in a thick-walled cylinder 
subjected to internal pressure is given (1) in the case a of a 
tube which does not stretch in an axial direction (cg = 0) by the 
logarithmic functions Eqs. (19) and (2) in the case b of a flat 
ring (Ss == 0) by the trigonometric functions Eqs. (34). 

d. Partial Yielding in a Thick-walled Tube. — If the pressure 
p in the tube is gradually increased from zero the tube will be 
stressed only elastically at first. We have 
seen before that in a tube which cannot ex- 
pand in the axial direction (e^ = 0) the first 
yield will occur at a pressure 



y i el din g Under which the limit of plasticity is reached 

waUed tube. at the inner surface r ~ a of the tube. If 

p > Pdy considering a cross-section of the 
tube, a ring-shaped plastic region will begin to penetrate into the 
tube. In the outermost ring-shaped area of the cross-section, 
extending from an intermediate radius r = c to r = 6, an elastic 
state of stress will exist. If €« = 0 the elastic stress distribution 
in this portion of the tube is given by the well-known formulae: 

V ® 

« Cl - (c ^ r ^ 6), (41) 

St =» v{Sr + S/) — 2*^01, 

where ci, C 2 are constants and v is Poisson's ratio. ^ 

Within the ring area a < r < c (Fig. 257) a plastically stressed 
portion will exist extending from r = a to r = c. The stresses in 
the plastic ring have been calculated before and are given accord- 
ing to Section a page 188, Eqs. (14), (17) and (21): 

= Cs + s* In r, 

- cs + s* On r + 1), (a ^ r ^ c) (42) 

Sz = Cs +s*0nr-{- Js), 

1 See TiMosHBiffKo, S., and J. M. Lbssblls, “Applied Elasticity,” p. 249; 
Timoshenko, ^^Strength of Materials,” Part II, p. 528. Van Nostrand Co., 
New York. 
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where stands now for 






and Sii is the 3 ield stress in pure tension and cz a constant. 

To find the three constants ci, C 2 , cz three conditions may be 
prescribed, f.e., that : 


r — hj Sr Oj r — Sr — j St — s/ • iAA) 

By the first, the condition is expressed that the outer surface of 
the tube ?' = 5 is free; the two others express the condition of con- 
tinuity at the boundary of the plastic region r = c. It is easy to 
satisfy these three conditions. We take: 


r 




7 


c 

h 


(45) 


Then the result of the computation can be expressed by the formulae: 


in elastic portion c < r <h 



in plastic portion a <r 


< c. 


Sr = —V + s* In 

a 

St = —p -f 

s. = -p+s*(ln^+5). 


T- A 2so 

where s* = — j= 

Vs 


(46) 


(47) 


(48) 


and the pressure p required to produce yielding in the tube to the radius 
r = c is found by 

=^(21n^ + l -r^), (49) 

where So is the yield stress in pure tension. 


In Fig. 258 the stress distributions in a thick hollow cylinder 
under internal pressure are shown for the case a/b = 0.4 and for 
four different values of the pressure p. From this figure it can be 
seen how the stresses vary if the pressure increases and yielding 
gradually starts from the inner surface. The upper curves show 
the distribution of the tangential stresses St and the lower curves 
that of the radial stresses Sr for c == 0.4, 0.6, 0.8 and 1.06. The 
thin curves are the axial stresses Ss, 
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In a second Fig. 259 the pressures p required to produce pro- 
gr^sive jdelding in thick hollow cylinders are plotted for 10 



Fig. 258. — Partial yielding in thick-walled tube subjected to internal pressure 
p. Curves indicate distribution of radial, tangential and axial stresses nu 
Sz when c:b — 1, 0.8, 0.6, 0.4; a inner, b outer, r variable radius, c radius of 
outer boundary of plastic region. 

different ratios of a = a/b = 0.1, 0.2, ... 1. The abscissae in 
this figure (Fig. 259) are y = c/b, the ordinates are the pressures 
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p. For example the curve belonging io a= 0.8 shows how the 
pressure p in a tube of the ratio a of the inner to the outer radius 



Fig. 259. — Partial sdelding in tubes Curves indicate how pressures p would 
increase in thick-walled tubes with outer radius c of plastic region. The pressure 
curves are plotted for 10 different ratios of « = a/6 of inner to outer radius 
of tube. 

a/b = 0.8 would increase with the increasing radius c of the 
cylindrical surface to which yielding has penetrated in the tube. 

As a further example the case of a long cylindrical cavity 
in an infinite elastic body might be mentioned (Fig. 260), assum- 
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Ing that in the hole of radius a a pressure ^ acts. If 3delding has 
penetrated to the depth r = c the stresses will be : 



Fig. 260. — Yielding around a cylindrical cavity in infinite elastic body under 

internal pressure. 


the pressure p will be equal to 

p = +2ln-^) 

and in the outer, elastif region c< r 


s. 



In both regions the radial displacement is given by 


(1 + y)so _ 
■s/lB ' »•' 


(61) 

(52) 

(53) 
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PLASTIC FLOW IN HOLLOW CYLINDER FOR 
ARBITRARY LAW OF DEFORMATION 
CONSIDERING WORE HARDENING 


Until now all cases have been treated under the assumption 
that the yield stress was not dependent on the amount of plastic 
deformation. We have seen that this assumption was a good 
approximation of the facts observed on such ductile metals as 
mild steel which have (1) a well-marked yield point, and (2) 
begin to deform in the plastic region under a nearly constant 
stress. 

It can be shown, that the case of plastic flow in a thick-walled 
tube under high internal pressure can also be treated under more 
general assumptions regarding the law of plastic deformation 
provided only that the tube does not expand or contract in 
the axial direction. 

Assuming that the unit elongation parallel to the axis of the 
cylinder = 0, we see that the two other unit extensions and €< 
must be equal and have opposite signs : 

Cr = since €r -f = 0. (1) 

A consequence of this is that the radial displacement p of a 
point at the distance r must be equal (see Eq. (13), page 187) to: 



where c is a constant, ^ and hence the tangential extension €« 
must be et — p/r = c/r^. If = —e^, the rule of plastic flow 
requires that the axial normal stress shall become equal to the 
average value of the two other normal stresses 


^ The constant c has evidently the value poO if pa designates the radial 
displacement at the radius r — a. 

2 Otherwise the figure of the three principal circles in Mohr^s stress 
diagram would not be similar to the figure of the three principal circles of 
strain. 
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Under these circumstances the state of strain in ev^ery element of 
the tube is a pure shear. At a distance r from the axis of the tube 
this unit shear must be 


7 = €i — €r = 2et 



(4) 


Evidently all the small elements of the tube are deformed in a 
similar manner as are the elements in a solid cylinder under the 
action of a twisting moment as described in Chap. 18. The only 
difference is that the shear in the tube under internal pressure 
has now a different direction from that in the cylinder under 
torsion. It is easy to see that the stresses in the tube can be 
determined if the stress-strain diagram of the material in pure 
shear is known. This latter could, for example, be determined 
by an ordinary torsion test with a bar of circular cross-section 
as shown in Chap. 18. Let the law of plastic deformation in 
pure shear be given by a function: 

. (5) 


where Ss is the maximum shearing stress and y the unit shear. 
For a hollow cylinder stressed by an internal pressure p, the 
maximum shearing stress is given by 


and the unit shear 7 given by 


7 



(7) 


These two expressions have then to be combined with the condi- 
tion of equilibrium of the stresses, or 


_ St — Sr 

dr r 


(S) 


Integrating this expression between the limits r and h and taking 
into consideration that the radial stress Sr must vanish for r = b, 
the radial stress is found to be 


Sr 



(9) 


Replacing here the variable r by the variable 7 using ( 6 ) and (7) : 


dr 


dy 

2y^ 


( 10 ) 


r 


St - Sr = 2s = 2/(7), 
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the radial and the tangential stresscii are found to be 



The lower limit in this integral jb designates the value of y for 
r = & or 76 = 2 c/b^. 

Since for r = a the radial stress Sr = —p, from the last equation 
for Sr, the pressure p under which the whole tube will yield can 
be calculated. It is given by, the integral: 


p = 



(13) 


The limits of this integral are, 


7o = 


1 :. 

a- 


76 and 76. 


(14) 


So far none of the above expressions contain any assumptions with 
regard to the special form of stress-strain diagram of a material 
in pure shear, and they can therefore be used for any material. 
We can also try to employ some scnBlyticsl expression for this 
function and to calculate the corresponding stresses, if such a 
function can readily be established.^ 

On the other hand, if the stress-strain diagram of a material in 
pure shear is known and has, for example, been observed by 
means of a torsion test, aU the expressions given above can be 
calculated by graphical integration. 

If a torsion diagram is not available, but a stress-strain diagram, 
taken by an ordinary tensile test, has been determined, we may 
also use the latter for the construction of a diagram in torsion. 


a. Yielding of a Die-cast Aluminum Tube. — Such an example of an 
experimentally determined tensile stress-strain curve is shown in Fig. 261 
for die-cast aluminum. Provided that we restrain all deformation to small 
amounts such as in the part of a tensile diagram given in Fig. 261, we may 

1 For example, if the stress-strain diagram in pure shear can be approxi- 
mated by means of a power function 

the radial and tangential stresses will be given by the expressions: 



The exponent m must be taken 0 < m < 2. 
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construct from the plastic t ensile diagram of a material the diagram of pure 
shear as follows. If is the tensile stress m a tensile diagram which corre- 
sponds to a unit elongation e and 6 s is the shearmg stress in the diagram for 
pure shear which corresponds to a unit shear 7 then 


6 ‘ = F(€) (17) 

is the tensile diagram and 

=/( 7 ) (18) 



UrulBlonffcdion £ 


Fig. 261, — ^Tensile diagram for die-cast aluminum. 


is the diagram in pure shear. To find the second diagram assummg that 
the shape of the curve ^(e) in the first is known, we have to multiply all 
abscissse^ e by and to divide all ordinates ^ a by taking thus: 


7 ~ -9 and 



(19) 


in the diagram for pure shear as the point corresponding to a point €, s 
of the tensile stress-strain curve. This has been done in Fig. 262. Figure 


^In the pure plastic deformation during a tensile test the specimen 
extends by €1 longitudinally and contracts by €2 = -- ei /2 in the lateral 
direction, hence the maximum unit shear in pure plastic tension is given by 



2 The yield stress in pure shear is = the yield stress in pure tension times 
l/\/ 8 - (Compare Chap. 13, p. 74.) 
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261 shows tlie original ten&ile diagram as experimentally observed. From 
this the diagram in pure shear was constructed >Fig. 262;.^ In Fig. 263 
the distribution of stress m a die-cast aluminum tube, subjected to plastic 
flow under the action of an internal pressure p and having a ratio of inner to 
outer radius ah — 0.6, is given as determined by the formuhe from the 



Fig. 262. — Diagram for pure shear for die-cast aluminum constructed from 
tensile diagram shown in Fig. 261. 


diagram Fig. 262. The tube is shown with the stress distribution under an 
internal pressure of about 

p = 10,600 Ib./sq, in. 

In the same figure three other curves for the stresses Sr, Ss are shown in 
thinner lines. These curves represent an ideal stress distribution which 
would be obtained if the stress-stiain eharaeteristie of the material would 

1 The author is indebted to H. Friedman of Boston for having carried out 
the graphic integrations required for the determination of the stresses in 
the tube. 
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not follow the law used above, but would consist of an ideal diagram con- 
sisting of two straight lines ■, these Imes are also drawn in the shear diagram, 
Fig 2t)2 1. It can bo seen from the comparison of both sets of curves in Fig. 
263 that the character of the curves of the stress distribution is not greatly 
changed by replacing the actual stress-strain curve as observed in test with 



Fig. 263. — Distribution of radial, tangential and axial stresses in hollow tube 
of die-cast aluminum subjected to internal pressure under plastic equilibrium. 


a ductile metal (such as die-cast aluminum which shows a work hardening 
effect) by an ideal stress-strain diagram consisting of two straight lines. 
The tangential stresses st in the outer portion of the tube are considerably 
smaller, if the material has a stress-strain curve as represented in Fig. 2G2 
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than the stresses derived from an ideal stress-strain curve with a well-defined 
yield stress such as shown with the two straight lines in the same figure. 

b. Similarity of Three Stress Distributions under General Law of Plastic 
Deformation. 1. Plastic Torsion of Bar with Circular Cross-section. — Let 

3= /I'*.) (20) 

be the stress-strain diagram of the material in pure shear, d be the angle of 
twist per unit of length, a the radius of the bar. Then the twisting moment 
producing a maximum unit shear ja at the extreme fiber is 

- 1 / = pfjy(7)y-dr ( 21 ) 

where the upper limit of the integral is 7 „ = ^a. (Cf. Chap. IS.) 

2. Pure Plastic Bending of Bar with Reciayigular Cross-section. — If the 
material has a stress-strain diagram in pure tension which is identical with 
that for compression: 

s == F(e) (22) 

and p is the radius of curvature of the elastic line of the bar, then the bending 
moment M is found by 

M = (23) 

where b designates the width of the bar and €« the unit elongation in the 
extreme fiber. (Cf. Chap. 23 ) 

3. Tube under Internal Pressure without Axial Expansion. — If the material 
has the stress-strain diagram in pure shear 

5=/(t), (24) 

the pressure p in the tube is given by 

p = rv(7)^. (26) 

Jya y 

where Ja and are the unit shears at the extreme fibers r ^ a and r — h. 
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DISTRIBUTION OF STRESS IN ROTATING 
CYLINDERS AND DISCS 

The theory of the distribution of stress in rotating cylinders 
or in rapidly revolving discs after the yield point has been reached 
is very similar to that of the stress distribution in a thick-walled 
tube or flat rings treated in the preceding chapters. That such 
questions have practical importance is indicated by the fact that 
engineers have long found it necessary to specify a high degree of 
ductility in the materials used for machine elements such as the 
rapidly revolving discs or heavy spindles of steam turbines or 
the heavy cylindrical rotors of large turbo-generators, which 
are mainly stressed by the centrifugal forces. In overspeed 
tests of such highly stressed cylinders or discs the yield point 
of the material may be reached or passed in certain portions of 
the discs. As A. Stodola mentions/ attempts have been made to 
improve the stress distribution in rotating discs with a central 
hole by running them during manufacture at a speed such that 
the inner part of the disc is permanently stretched. This question 
has also been considered by H. Hencky, F. Ldszl6, and others.^ 
Therefore it will be perhaps useful to work out in what follows 
some of the simplest cases of plastic flow in rotating cylinders or 
discs. 

a. Rotating Cylinder under Plane Strain. — In this case the unit 
elongation in the direction parallel to the axis of the cylinder 
€z == constant and the case which was worked out on page 187 
applies. Hence the radial displacement p is given by 



Now in a solid cylinder, which case will be treated first, the 
constant ci must be chosen equal to zero: Ci = 0. In a solid 

1 “Steam and Gas Turbines,” Eng. ed., Loewenstein, L. C., vol. 2, p. 
1080, McGraw-Hill Book Company, Inc., New York. 

2 See a paper by L. H. Donnell, and the author in Trans, Amer. Soc. 
Mech. Eng,, 1928, on Rotating Discs, where a bibliography on this subject 
can be found. 
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cylinder the radial displacement p and the tangential and radial 
strains tt and Cr must be 


(3), (3) 


We see that in a solid rotating cylinder in the plastic state, the 
deformation in each element is practically the same. It consists 
evidently of a unit elongation = const, parallel to the axis of 
the cylinder which is a uniform contraction and negative, 
accompanied by a lateral elongation of half of this amount and 
equal in all directions perpendicular to the axis of rotation which 
will be therefore a uniform expansion in the radial direction. 

According to the rule of plastic flow, we see at once that since 
6, = «(, also at every point the radial and tangential stresses 
must be equal: 

Sr “ Sty ( 6 ) 

as otherwise the figure of Mohr’s principal stress circles would 
not remain geometrically simil ar to that of the principal strain 
circles (see page 75). The condition of plasticity 

{s, - s0= + (s< - 8.)* + (s. - SrT- = 2Si,8 (6) 

becomes therefore simply 

. s« — «> = ±8o “ const, (7) 

where so is the yield stress in pure tension. In the condition of 
equilibrium an additional term must be introduced to take into 
account the action of the centrifugal forces. Let w be the angular 
velocity of the cylinder, X the specific weight of the material 
(weight in lb. per cubic inch) g the acceleration of gravity, and 
a the radius of the cylinder. Then 

dSr „ 8i “ 8f ^ ^ 

dr r g 

According to Eq. (5), the first term on the right side of this equa- 
tion is now zero and the equation of equilibrium takes the simple 
form 

p = ( 9 ) 

dr g * 


^ = ^‘(a* - r*) 


whence by integration: 


( 10 ) 
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using here the condition that for r = a, Sr = 0. The tangential 
stress St is according to Eq. (5) equal to Sr. 

According to Eq. (7) two distinct cases may be obtained, 
depending on w^hether the upper or the lower sign is taken. 
Taking the upper sign, the axial stress is given by 

S’ ~ Sf " Sq, (il) 

In a freely rotating cylinder, which can contract freely in an axial 
direction the resultant of the axial stresses s. 

= 0 (12) 

should become zero. From this condition the peripheral speed 
u == aco is found under which the entire cylinder will yield: 

u = aco = (13) 

Now the peripheral speed of a free ring of small cross-section 
rotating with a uniform angular velocity and stressed to a stress 
So is given by the expression 

Vo = Vt 

and this is the speed under which in a free ring the yield stress so 
wdll just be reached. Hence 

u = 2^0. (15) 


The distribution of stress under which the whole rotating cylinder 
becomes plastic is finally given by the set of formulse 


radial and tangential stress Sr — st — 2s o 



06) 


axial stress 



The central part of the cylinder receives tensile and the region 
near the periphery compressive stresses in the axial direction, 
but the action of the former balances that of the latter, so that no 
resultant axial force is acting. 

b. Comparison with Elastic Rotating Cylinder. — In free, solid 
cylinders of an elastic material of radius a rotating with an angular 
velocity co or with a peripheral velocity = aw the stresses are, 
according to the theory of elasticity, given by 



( 18 ) 
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where v is Poisson's ratio and s stands for the constant: 


XcO-fl2 '2 

S = = Sl — 

g Ur 


(19) 


For steel, for example, if j/ = } 3, the stresses at the center of the 
cylinder are: 

r = 0 , Sr = Si = 0.4376-, - 0.12o6’ (20) 

and at the periphery of the cylinder 

r = a, Sr = 0, Si = 0.125s, s. = -0.125s, (21) 

and first ^deld will occur at the center ?• = 0 of a steel cylinder 
when at this point 
__ (3 — 4v'js __ 


8(1 - y 5 


s = 3.20so. 

( 22 ) 


Hence a solid rotating steel cylinder 
of radius a will start to jield at the 
center if the peripheral velocity u' is 
equal to 



(23) 

Above we found that the whole 
cylinder becomes plastic at a speed 
u = 2uo- Comparing u with it is 
seen that from the moment at which 
the first yield occurs, an increase of 
speed of about 12 per cent will bring 
the entire cylinder into the plastic state. 

The plastic region, therefore, spreads 
comparatively rapidly with changing 
speed, and an increase of only 12 per 
cent suffices to obtain plastic deform- 
ation in the entire cylinder, provided its material follows the law 
of deformation which was assumed, i.e., that the material yields 
under a constant stress So in pure tension. 

The stress distributions in these two cases — ^for first jdelding 
and for complete yielding — are shown in the Figs. 264 and 266. 

We may mention, that the case of a hollow rotating plastic 
cylinder can also be worked out completely without difficulty, 
but the expressions for the stresses become slightly more 
complicated. 


Pigs. 2G4 and 265. — Elastic 
equilibrium. Stresses in rotating 
cylinder and disc just when first 
sdelding starts. 
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c. Rotating Disc. — In a rotating disc having a uniform thick- 
ness, which is a comparatively small fraction of its diameter, the 
approximate value of the stresses can very easily be found in 
the cases of both partial and complete yielding. As in this case 
one principal stress, namely vanishes throughout the disc, 
the two other principal stresses in the plastic region must satisfy 
the condition Eq. (8), Chap. 27, and must also be the rectangular 
coordinates of an ellipse. Now in a disc stretched by centrifugal 
forces both stresses Sr and st wiU be tensile stresses and as the 
tangential stress always remains the larger, we may replace the arc 
of the ellipse expressing the condition of plasticity used before (see 
Eq. (23), page 190, and the arc of the eUipse in Fig. 250 between 
A and B) simply by a horizontal line. The condition of plasticity 
will therefore be expressed with sufficient approximation by 

St - c = const. (24) 

As the value of the constant c we may take either the average 
value of the 3 deld stress sq in pure tension (which is the ordinate of 
point B in Fig. 250, page 190) and of the maximum possible 
ordinate of the ellipse (which is — 2so'\/3 “ 1.155so) by taking 

s, = c = Q + = 1.077SO (25) 

or we may use the theory of maximum shear, according to which 
St also should be chosen equal to the constant: 

Si = So = const. (26) 

(We see that the above approximate value of the constant c 
differs by 8 per cent from the value obtained from using the theory 
of maximum shear.) 

1. Solid Disc . — In the case of a partially plastic solid rotating 
disc of radius a we have an outer elastic portion and an inner 
plastic region. 

As long as the stresses are below the yield point they are given 
by the expressions derived from the theory of elasticity, namely 

-‘^'=—¥-V~aA 

= ^1^3 + p — (1 + 3>’)y ) 

St * Oj 



(28) 
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where again v denotes Poisson's ratio and s stands for the con- 
stant 


g 


•id- 


(' 20 . 


peripheral speed of disc, uq speed of free rotating ring, which 
pelds under stress Sc). 

The disk yields first at its center r = a, at a peripheral speed 
found by equating St for r = 0 to Sq. 

This gives 


and w' 


= 


3 -f v' 

= 1.o6mo. (30) 

If u' > 1.56 uo there will be an elastic 
portion extending from a radius r = c 
to r = a in which the stresses will be 
equal to : 

/ (3 : 


St 




8 

(31^ + 11s 


r- , C 2 

-f Cl - -Tj 

a- r- 


8 


+ Cl + 

a- r- 


(31) 


and a plastic portion extending from 
r == 0 to r == c, in which according to 
the theory of maximum shear 

sr2 


Sr = So - 


3a2' 


St ~ 


(32) 


The three unknown constants s, ci, C 2 
can be found from the conditions that 
for r = a, Sr = 0 and for = c, = 



s/, St = s/. Using the theory of maxi- 


Figs. 266 and 267. — Plastic 
equilibrium. Stresses in ro- 
tating cylinder and disc when 
entirely in plastic state. 


mum shear (st == So = const.), the 

peripheral speed u can be computed explicitly at which the plastic 
portion wiU extend to a given radius r = c 

24a^ 


w- = Uq^ • 


(33; 


3(3 + v)a* - 2(1 + 3v)a2c2 + (1 + 3v)c^ 

From this if c = a we see that the entire disc will 3 deld if the 
peripheral speed wiU be equal to 

u = 'v/S • Wo = 1.73wo. (34) 

Comparing this last value with ii' == 1.56z^o which was the speed 
for first yield, we see that an increase of about 1 1 per cent in the 
speed is sufficient to spread the plastic state through the whole 
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disc. Figures 265 and 267 show the state of stress in the rotating 
disc at the moment of first jfielding and for complete jdelding. 

2. Rotating Disc with Hole. — In this case an additional term has 
to be introduced in the expression for the radial stress Sr within 
the plastic region a < r < c: 

(35) 

Using a gain the theory of maximum shear the peripheral 
speed under which the disc will yield to a radius c is found 

X2[26‘c - ah\h^ + c2)]p 

““ “ ■ 3(3 + i>jh'c - (1 + - c2jc3 - 40^6" + c'-) 

Here a and h designate the inner and outer radius of the disc 

and uq the speed in a free ring of small 
SfiU innerHaif cross-scction for yielding, 

ws^ foso ^0 IS the yield stress m pure 

L ”' \ ^ tension, g the gravity acceleration, X 

05 \ OS the specific weight of the material 

r\ of the disc, v is Poisson’s ratio.) 
f ^ f According to the last formula the first 
{ J J starts at the inner surface 

yi.— ^ r — a Bhi peripheral speed 

EictsFic Eiasftc Tiasfic given by the value of u for c 
Figs. 26S. 269. and 270.— which is 




Figs. 26S, 269, and 270. — 
Kotating disc with hole. Sr 
radial, st tangential stress, so 
jdeld stress for pure tension. 


3 V (1 — v)j 


and the plastic region will spread completely to the outer surface 
at a peripheral speed u given by the value of ic for c h, which is 

(38) 


We may verify this last result by computing the value of u for the 
case that a tends to become equal to Z?. In this case the disc 
becomes a thin ring with small thickness in a radial direction. 
Formula (38) gives for a/ 6 == 1, 

w = Wo • VM = Wo (39) 

in agreement with the speed wo for a free rotating ring of small 
cross-section and just at the yield point. Figure 269 shows an 
example of a stress distribution in a rotating disc with a hole and 
in a partially plastic state. ^ 

^In the paper mentioned above (see footnote 2, p. 208) L. H. Donnell 
has worked out several eases numerically under the assumption used above 
and also by using the more general condition of plasticity. 
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GENERAL PROBLEM OF PLASTIC FLOW WITH AXIAL 
SYMMETRY ABOUT AN AXIS 

Under this heading are comprised all such cases of stationary 
plastic flow in cylindrical bodies in which the components of 
stress and of strain are dependent only on a single variable coor- 
dinate, namely the distance r of a point in the body from an axis. 
We have already treated several simple cases of this more general 
problem in the preceding chapters, such as the stress distribution 
in thick-walled tubes under high internal pressure or in rotating 
cylinders under certain assumptions. In more complicated cases, 
such as the plastic equilibrium 
of a hollow cylinder with thick 
walls subjected to internal 
pressure combined ydth an 
axial tension or compression dz 
or with twist, it is necessary 
to work out a more general 
theory. Especially will it be 
necessary also to include the 
stress-strain relations for plas- Fig. 271,— stresses for axial symmetry 
tic flow, as developed in Chap. about 2 axis. 

14 and to introduce besides the three components of normal 
stress Sr, St, Sz, a shearing stress 5^. This latter acts in the planes 
perpendicular to the axis of the cylinder and in a direction tangent 
to the circles r = const, (see Fig. 271). 

We give here some results of the calculation^ for two special 
cases, 

a. Hollow Cylinder Subjected to Internal Pressure and Axial 
Load. — The pressure p required to produce plastic flow through- 
out an entire thick- walled tube which expands in the axial direc- 
tion is given by 

p = _£« In (1) 

i/s Wa + -y/l 4- 

1 For the complete report see, On the Mechanics of the Plastic State of 
Metals, Trans. Amer, Soc, Mech, Eng., Applied Meek. Division, 1930. 
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Here sq is the yield stress in pure tension and Ua and Ub are con- 
stants given by the expressions 



Fig. 2T2.— 
Combined 
torsion and 
tension. 


1 . 2ea\ a- ... 

€a is the value of the tangential unit elongation at 
the outer surface r == a of the tube and es is the axial 
elongation. The distribution of stress and the naagni- 
tude of the pressure p depend mainly on two para- 
meters: the ratio of the outer to inner radius a/b and 
on the ratio ea/e^. 

b. Combined Torsion and Axial Tension in Solid 
Cylindrical Bar. — In this case Sr — Si = 0, the axial 
normal stress and the shearing stress are given by 


Ss = So cos O', Ss 


So 

V3 


sm a, 


(3) 


where the variable parameter a is defined by 

tan a = — 7 -: 

•n/3-6. 


(4) 


SjfSj, Stress 



Fig. 273. — Plastic stress distribution under combined torsion and tension in 

solid cylinder. 


9 is the angle of twist per unit of length, e*the axial unit elongation 
of the bar. 6 and e, are considered as given. A distribution 
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of stress according to this formula is represented in Fig. 273 
for a value of tan = 5.25 (oia is the value of oi for r = a). As 
can be seen from this figure, the tensile stress becomes a maximum 
at the center of the cylinder. As at this point the shearing stress 
vanishes, the normal stress at the axis of the bar becomes exactly 
equal to the jdeld stress so in pure tension. With increasing 
radius the shearing stress s,, must increase and consequently the 
normal stress decreases. 
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SYSTEMS OF SLIP LINES IN TWO-DIMENSIONAL 
PROBLEMS 


The state of stress in the case of a two-dimensional flow of 
a plastic mass extending to infinity, as H. Hencky^ first observed, 
may be determined independent of the deformation. For 
determining the three stress components Sx^ Sy, Sxy, the two 
conditions of equilibrium ; 


I dSxy rt dSy , dSxy « 

dx dy " ^ dy dx 


( 1 ) 


and the condition of plasticity are available. 

For the latter, according to Chap. 27, Eq. (6), the condition of 
constant energy of distortion may be assumed, thus:- 

(s* - SyY + 4:Shy (2) 

The constant k has the value k = £o/\/ 3 (so being the yield point 
in tension). Using the maximum shear theory as the condition of 
plasticity the same equation holds, except that the constant 
k — So :2. The three stress components Sx) Syf Sxy may be expressed 
according to Eq. (23), page 46, in terms of the principal stresses 
Si and §2 as follows: 


Si 4" S2 , Si — S2 O 
s* = — 2 1 2 — 

Si 4-52 Si — S2 o 

Sy = S O — cos 2oi, 


(3) 


Si — S2 . o 

Sjy *= — 2 — J 

^ Tiber einige statisch bestimmte FMle des Gleichgewichts in plastischen 
Kbrpern, Z. f. ang. Math. u. Mech., vol. 3, p. 241, Berlin, 1923. 

2 According to St. Venant, who derived condition (2) from the maximum 
shear theory, Eqs. (1) and (2) may be solved with the help of a stress function 
F. Both conditions of equilibrium are satisfied by putting 
d^F d^F d^F 

- -to*’ d^' 

The third condition (that of plasticity) gives, using these expressions, the 
following partial differential equation of the second order and second degree 
for determining the stress function F: 

(Fyy - 4 - 4F^xy = 4.kK 
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Here a is the angle which the algebraically greater principal 
stress 6‘i makes \vith the :r axis. The maximum shearing stress is, 
according to Eq. (22), page 46: 





(4) 


In a soft mass, in which the stresses are at the plastic limit, 
we must have according to Eqs. (2) and (4): 


Ttf mjLT 



k = const. 


Putting the mean value of the normal stresses equal to s, thus: 


Sx + 


Si + 

2 ’ 


Eq. (3) may be written in a more compact form: 

Sx = s + A; cos 2a, j 

Sy = s — COS 2a, / (6) 

Sxif “ k sin 2a. | 

At an arbitrary point P having the coordinates x and y, there 
are two cross-sections in which the shearing stress takes on its 
maximum or minimum value 
±k. We will in the future ^ 
call the directions of these 
cross-sections the directions of 
'principal shear. Both these 
directions are inclined at 45 Fig. 274. — Directions of principal shear, 

to the principal stress Si, 

Introducing, instead of a, an angle jS in Eq. (6) thus: 

^ = a + 45% (7) 

^ being the a^pgle of the principal shearing-stress direction 

with the X axis (Fig. 274) (the other being a — 45°) formulae 
(6) become: 

Sg, = 5 + & sin 2/5, 

Sy = s — fc sin 2/3, (8) 

Sxy — — k cos 2/3. 

If the two directions of the principal shearing stresses are indi- 
cated at each point (x, y) of the plane, two series of curves may be 
constructed, whose tangents at each point of the x, y plane 
coincide with the directions of the principal shearing stresses at 
these points (Fig. 275). 
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These sets of curves cross each other everywhere at right angles 
and are called the slip lines of the plane distribution of stress. 

We may easily derive the differential equation of these slip 
lines. If 2/ — f{x) is the equation of a slip line whose tangent at 
the point (x, y) makes the angle j8 with the x axis, we have, for the 
differential equation of the first family of slip lines: 

= tan H. (9) 


Fig. 275. — Slip lines. 



For the second family of slip lines, we have: 

^ = tan + = -cot/3 (10) 

The angle occurring on the right side of these equations may be 
calculated for a given state of plane stress from Eq. (20), page 
45, thus: 


tan 2/? = 



In this jS is to be treated as a given function of x and y. 


( 11 ) 



CHAPTER 33 


PLASTIC MASS PRESSED BETWEEN TWO ROUGH 
PARALLEL PLATES 


From the three fundamental equations of the two-dimensional 
stress problem, a few solutions may be easily obtained by imme- 
diate integrations. These equations are (Eqs. (1) and (2), Chap. 
.32): 


dSx I dSxy Q dSy . dSxjf 

dx ~dy “ ’ dy dx ~ ^ 


(Sar — — 4Ar^, 


If the first two equations are differentiated with respect to y 
and respectively, the difference gives: 


dxdy 


d^Sxv d^Sxy 
dx^ dy^' 


Substituting in this the value of Sx — 8y obtained from the third 
equation, which is: 

Sx — Sy = ±2's/k^ — s^xv 


we obtain for the shearing stress Sxy the following partial differen- 
tial equation: 


, k- — Sxy^ _ 

dxdy 


( 12 ) 


A solution of this equation may be obtained if we assume = 
f{y). The equation then gives: 

^ = 0, s,, = c^+ C2V (13) 


The shearing stress Sxy cannot become greater than k. If Ci be 
chosen equal to 0, there are two straight lines y = ±. a, along 
which the shearing stress Sxy reaches the maximum absolute value 
possible (k). The sign of the constant C 2 is to be chosen according 
to whether Sxy = +fc, or Sxy == —k, fox y - a. If we assume 
that for y = aj Sxy == — A:, we must then take Sxy ~ —ky/a. 
Both straight lines y ^ ±a form natural limits for the plastic 
mass. The analytic functions representing the stress distribution 
cannot logically be extended beyond these limits and the solution 
has a physical meaning only inside the parallel strip — a ^ S + a. 
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Both, stresses s* and Sy may be calculated from the conditions 
of equilibrium (1) thus: 


BSx __ BSxy __ I fe 

~ dy 

BSy SSxy Q 

dy dx * 


S. = +/i(2/), 

Ob 

Sy = /.(*). 


(14) 


Both arbitrary functions fi{y), U{x) must be so determined that 
the condition of plasticity will be identically satisfied, thus; 

Sz “ Sy i2\/Ar" S~zy 

+ ^+My) -Mx) = ±2fc-^i_ 

From this we have: 

Mv) = c ± _ ^0’; Mx) “ 


From this the stresses may be determined thus: 

s» = c +— + 2&-v/i -t 
a a^' 


8y 

$xif 


I C + 


hx 


a 


(15) 


As these equations show, under the above assumptions,^ two dif- 
ferent solutions are obtained, according to whether in the expres- 
sion for Sx the positive or the negative sign is taken. From the 
equations, a very noteworthy peculiarity of these solutions may 
be discerned, namely that at both limits y ±a, both solutions 
give exactly the same stresses: 

- 7 . hx 

Sxy — + Sy — C T 


We now determine the equations of the slip lines under both stress con- 
ditions. The proper sign to use in the right-hand member of the equation 
for Sx in (15) may be determined as follows, use being made of variable ^ 
and formula (8). According to the latter we have: 

Sxj/ ~ — 'Aj cos Sx ^ Sy ~ 2A/ sin 2)3 (16) 

Moreover, according to (15) 

Sxy == and Sj; — Sy = ±2k^l — (17) 

Therefore cos 2/3 = y/a and the sign of the radical must be chosen positive 
or negative, according to whether the variable j3 IS taken between 0 < ^ ^w/2 
or between Tr/2 < )3 < tt. 

^ These solutions and the statement relative to the slip lines were first 
given by L. Prandtl, see Z. /. ang. Math, u. Meek,, vol. 6, 1923. 
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The equations of the slip lines are determined from the differential equa- 
tion in the simplest way by using the variable as a parameter. 

Since, 


it follows that: 


y — a cos 2iS, 


^ = -2a sin 2/3 -f?- 
ax dx 


The differential equation of the first family of slip lines is, according to (9) : 

^^=tan/3 = -2a sin 2/3.^- 
dx dx 


That of the second family is according to (10) : 


dx 


— cot ^ = —2a sin 2^ • 


dx 


From these the following equations for the slip lines are determined 
first family f = ““>23 + 2^' + const 1 

second family f ® 1 (19) 

[ y = acos 2/3. j 

If the quantity 2/3 be replaced by a parameter t (time) it will be recognized 
that these are equations of a family of cycloids, a being the radius of the 



State I. State II. 

Figs. 276 and 277. — Slip lines and distribution of stress in a plastic mass 
pressed between two rough parallel plates. Fig. 276 showing passive, and Fig. 
277 active plastic state. 

rolling circle and t the angle through which it has rolled. The slip lines are 
represented by the two systems of cycloids (Fig. 276) which cross one 
another at right angles. Each straight line 2 / = ± a, along which the shear- 
ing stress Sxj/ reaches its maximum value k, and which we recognize as a 
natural limit of the plastic region, is at the same time an envelope of one 
series of slip lines. If the angle lies between 0 and 7r/2 the first solution 
results in a position of the slip lines according to Fig. 276, while if 7r/2 < 
0 <7r the second solution gives the position of the slip lines according to 
Fig. 277. 

Under conditions of the kind represented in Figs. 276 and 277, 
a soft, pasty, plastic mass is squeezed between two wide parallel 
plates of hard material, provided the material may flow only 
towards one side. To produce the stress distribution I the solid 
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plates must be brought together. Under distribution II, how- 
ever, the horizontal compressive stresses are the driving forces; 
under their action the horizontal plates are forced apart. Since 
the limiting conditions relative to stress along the horizontal 
compression plates ^ are the same for both stress dis- 

tributions, one may also — to differentiate both stress distributions 
from one another — say, that on the compression plate in the state 
of stress I a passive compression acts, while in the state of stress 
II an active one acts. 

Relative to the behavior of a plastic mass in the neighborhood 
of a rigid rough surface we may, therefore, differentiate between two 
states: State I may be called the passive plastic and II the active 


compression 




t t t t t t t t 


Fig. 278, — Slip lines in cross-section of a plastic mass pressed between rough 
parallel plates. Symmetrical case of flow. 


plastic state. ^ The active and the passive flow may be visually 
represented by the corresponding systems of slip lines. One may 
think of the state of stress I (which corresponds to a positive sign 
of the radical or the region where the variable & is between 0 and 
7r/2) as represented by its slip lines in a plane I, while the state of 
stress II (corresponding to the negative sign and 7r/2 < jS < tt) is 
represented in a second plane II. These two branches or regions 
of the solution may be thought of as coinciding along the branch 
lines^^ y ^ ±a to a single function. Plane I contains the slip 
b'nes of the passive and plane II those of the active flow. The 
envelopes of the slip lines are two ‘^branch lines” of the solution 
along which two states of stress, distinct in physical space, 
bound each other. We may finally say: Solution Eq. (15) repre- 

1 This method of designation corresponds to the active and passive earth 
pressure in the theory of earth pressure. In this respect there is a near 
analogy between the compressive action of a soft plastic mass on a rough, 
rigid plate and the pressure of loose earth on a firm wall (supporting wall). 
C/. the author’s report on Plasticity in ‘‘Handbuch der Physik,” vol. 6, 
Julius Springer, Berlin, 1928. 
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sents the plane flow of a perfectly plastic mass, which has two 
parallel lines as branch lines N 

The relations near the free edges of a plastic mass compressed between 
two rigid plates cannot be determined by the above equilibrium conditions. 
In the net of slip hnes, in the neighborhood of the free boundaries of the 
mass, new regions must be considered in which the stress condition cannot 
be expressed by formula (15). It is difficult to predict how a continuation 
of the shp lines would appear, as long as the other mechanical properties of 
the mass (its ultimate strength in pure shear and tension) are not considered 
since these determine the form of the shp lines at the edges and free surfaces. 
On the basis of observations on distortion and slip, one would expect that 



Tin. 279. — Cross-section of a plastic mass after compression between two rough 
parallel plates. {According to TT^. Riedel.) 



Fig. 280 , — Cross-section of a plastic mass after compression showing the 
distorted form of an originally rectangular network of straight lines. Observe 
the elliptical shape of markings in greater distance from white center line of 
symmetry. 

the slip lines in the neighborhood of a free surface would tend to converge 
toward an edge in the form of rays (c/. the photograph of the shp lines in a 
plane compression test. Fig. 117, page 116), In this connection Prandtl 
has proposed possible forms for the continuation of the shp hnes.^ If the 
plastic flow may be considered as two-dimensional, but the plastic mass is 
permitted to flow away in both directions between compression plates, 
there arises in the middle of the layer (in the axis of the test piece) an area 
(Fig. 278) in which the shearing stresses (the friction) along the compression 
plates do not reach their maximum possible value. It is only necessary to 

^Loc. cit. 
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consider tlmt in the axis of the test piece the friction of the plates must be 
zero on the basis of symmetry conditions. Hence, in this middle part of 
the mass, the limits of plasticity will not be reached. This region is shown 
dotted in Fig. 278. 

It should finally be noted that formula (15) offers the possibility of accu- 
rately determining the displacements of the material in the plastic layers. 
A system of components of displacements u and v compatible with the S 3 "stem 
of slip lines of Eqs. (18) and (19) can be found. The displacement component 
u parallel to the compression plates is given by the ordinates of half of an 
ellipse, with respect to the variable y. 

squeezing out a highl^^ plastic mass (wet clay or plastic plaster) 
compressed between two parallel rigid plates YI. Riedel has obtained 
deformations which support the conclusions arrived at above. In Fig. 279 
the distorted form of an originally rectangular network of straight lines can 





Fig. 281. — Distortion of network after severe compression. Observe points of 
Inflection in markings near white center line. {According to TF. Riedel.) 


be recognized. The horizontal lines remained parallel, but the vertical 
lines were transformed into curves very similar to halves of ellipses as 
predicted by the theory. In Figs. 280 and 281 the central portion of a 
plastic mass can be seen, flowing symmetrically to both sides. This latter 
case of deformation corresponds to Fig. 278 of the slip lines and one can 
clearly see from Figs. 230 and 281 that the elhpses are completely disturbed 
at the center of the mass according to what must be expected from Fig. 278. 

Since one would suspect that the properties of the mathematical solution 
given above for a plastic mass compressed between two parallel plates may 
be generalized to include other stress conditions, it appears worth while to 
investigate other cases of plane stress on the basis of these properties. 
This will be done in the next chapter. 
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OTHER CASES OF PLANE PLASTIC FLOW 


If, instead of right-angled coordinates x and y, we use the polar 
coordinates r and <;>, the three equations of the plane plastic flow 
assume such a form as may easily be obtained, if one considers the 
equilibrium of the forces acting on a small element represented 
in Fig. 282. Designating by Sr the radial normal stress, by St 
the tangential normal stress, and Srt the shearing stress, the equa- 
tions of equilibrium take the form: 

+ *4 = 0 - ( 2 ) 

To this we add as the third 
equation, the condition of yielding: 



(Sr — 4* (3) Fig. 2S2. — Stress components 

. I , , , . ^ polar coordinates r, <p. 

Eliminating Sr and St, the dilieren- . 

tial equation for the shearing stress Srf takes the form: 






dSrt 


9<p^ 


(4) 


a. Radial Yielding. — If Sr and st depend only on r and are 
principal stresses (Srt being 0) we have : 

- s* = 0. (5) 

Sr — St =• ±2*i. (6) 

The solution is: 


s, = ±2/cln?, St = q:2fc^l - In (7) 

where a is an arbitrary length. These formulse have been given 
already on page 188. The slip lines are two orthogonal systems of 
logarithmic spirals. These spirals are commonly observed in 
wrought-iron plates or in the cross-sections of thick-walled tubes, 
in which the material has been stressed above the yield point, the 
stress distribution being symmetrical with respect to the axis. 
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W, liruger/ has observed such flow figures in the shape of loga- 
rithmic spirals at one end of a thick-walled tube, which had been 



Fig, 283. — Slip lines on surface of a steel block produced by forcing a cylindrical 

punch into it. 

subjected to high internal pressure. Figure 283 shows similar 
markings or flow figures on the polished 
surface of an iron piece obtained by 
forcing a cyhndrical punch into the test 
piece. From these markings we may 
conclude that the forcing of a punch of 
cylindrical cross-section into a plastic 
metal, such as wrought iron, tends to 
cause, at least in the thin surface layer, 
a plastic flow of radial symmetry having 
the radii and the circles as the directions 
of principal stress. ^ These slip lines 
have no envelope. 

V.DJ., vol. 87, 1910. 

Slip lines in the form of logarithmic spirals may be frequently observed 
in the heads of steam boilers subjected to plastic bending under an axially 
symmetrical stress field (c/. the paper by Korber and Siebel m Mitt d, K.^ 
WMnst /. Eisenforschung), These slip lines are also frequently visible 
around punched^ rivet holes. In the well-known Brinell hardness tests, 
the metal is obviously stressed in a similar way in a ring-shaped area of 
the surface layer. SimOar flow figures may be often observed around the 

Brinell indentations while testing iron for hardness. 



Fig. 284. — Family of slip 
lines consisting of system 
of orthogonal logarithmic 
spirals. 

^ Mitt u. Forschungsarh.f 
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b. Circles as Envelopes of Slip Lines. — We assume that the 
shearing stress Sh is only a function of r not of (p. If it is denoted 
simply by s, then Eq. (4) takes the simpler form: 



+ 3^-0. 


( 8 ) 


The solution of this equation is: 



To obtain the solution the boundary conditions: 


and 


r = a, s — —k 
r = b, s — +A; 


(9) 


are used. Thus, a ring-shaped plastic area is obtained, bounded 
by the two concentric circles of radii a and 6. These circles are 
the envelopes of the slip lines. The Equations (1) and ^2) may 
be integrated completely to determine the stresses and the equa- 
tions of the slip lines. ^ 


c. Vortical Flow in a Plastic Mass. — We content ourselves in this case 
with the statement of the formula for the case that the integration constant 
in Eq. (9) Cz == 0. We may then put: 

Srt = — (r ^ a)* (10) 

r** 

Furthermore, we introduce an angle at which the first series of slip lines 
cross the radius vector. We then have, corresponding to Eq, (8), page 219: 


Sr — Sf = 2k sin 2/8 


Qi^ ' ^ 

Srt = -'ki cos 2^8 = — 

(11) 

also 


cos 2/3 = ^ 

(12) 

The condition of equilibrium is: 

dSf n7 A /■< 

'■‘dF ” ®' " ^ " 7*’ 

(13) 

from which 



(14) 


1 Cf. *'Handbuch der Physik,” vol. 6, art. on Plasticity, Julius Springer, 
Berlin, 1928. The slip lines arc epi- and hypo-cycloids. 
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After introducing the variable p# as given by Eq. (11), the integration may be 
easily carried out, and the stresses Sr* determined as functions of the 
parameter j5: 


Bt « “A: In tan 

St — —k In tan + sin 2p# 

Sri = — A: cos 2jS. 


(15) 


Moreover, the equations of the slip lines may be determined thus. 

The equations for the first and second family of slip lines are given in 
parametric form: 


= arc tanh v — arc tan v + Ci^ 


f- 


® ■ ~W' 


—arc tanh w — ar.* tan v + C 2 | 

1 + (16; 


a2 


2v 


At a large distance r from the center the slip lines approximate logarithmic 
spirals making an angle of 45** with the radial direction. 

A t^^pe of vortical flow compatible with this system of stress and slip 
lines is given by the following displacements: 

u' = A »' = c^(l - 'sjl - p)- (17) 


In this u' is the radial and the tangential displacement along the circle 
r constant. At the inner circle of the plastic area, the mass flows at an 
angle of 45® across the circle r = a; its vortical motion, however, quickly 
dies down at a larger distance from the center of the circle. 

d. Kadial Distribution of Stress in a Wedge-shaped Plastic Space. — If 
the shearing stress Srt depends only on the angle 4>y the differential Eq. (4) 
may be immediately integrated once with respect to <f>, thus giving 

^‘ = T 2Vifc* - + 2ck- (18) 

In this the constant of integration is designated by 2ck, For c ^ 0, we 
obtain: 

Srt - Tk sin (ci -h 20). (19) 

The corresponding stresses given by this particular solution constitute a 
homogeneous tension or compression. 

The integral curves (19) have, however, as may be seen, two envelopes, 
namely the straight hnes Srt = ±A;, These are two singular solutions of the 
differential Eq. (18), no constant of integration appearing. If Srt = ±k, 
according to the condition of plasticity Sr must equal The two equations 
of equilibrium then give: 

Sr ^ St - =F2A;0 + const. (20) 

The stress distribution represented by the following equation: 

* Sr ^ St ^ T2/fc0 -h const, Srt ^ ±k 


( 21 ) 
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has for its slip lines the lines <l> = const, passing through the origin and the 
concentric circles r = const, while the trajectories of principal stress are 
logarithmic spirals. 

This state of stress has a practical meaning, since it may give the rela- 
tions, which must exist in the sectors of severely distorted 
regions under compressive loading. If a stiff plate is 
pressed on a plastic mass, observations show that on 
account of the friction, ray-shaped areas extend from the 
edges. In these the material has suffered extraordinarily 
large shearing displacements, as indicated by the sketch 
of Fig. 285. (At this point reference may be made to the 
photographs of compressed test specimens on page 116.) 

The points corresponding to the projections of the edges 
bounding the compression surfaces of a test specimen of 
soft material, compressed between hard plates, are 
singular points of the stress distribution. Wedge-shaped 
regions extend from these straight edges into the inside of 
the specimen; the plastic strains in these regions increase 
the nearer the point considered is to the edge. The 
enormous strains, which must arise here, make it obvious 
why the sliding fractures in compression tests usually start along these 
regions (pyramids and cones produced by fracture of brittle materials in 
compression tests). 


Fig. 285.— 
The ray-shaped 
region with ex- 
traordinarily 
large shearing 
displacements 
radiating from 
the edge of a 
compression 
plate. 




Fig. 286. — Slip lines having two inclined straight 
lines as their envelope. 


Fig. 287. — Case where 
angle a of Fig. 286 is a — 


It is noteworthy that the radial stress distribution of a plastic mass arises 
from a stress function of the form F ~ which corresponds in the pjane 
problem also to a possible condition of equilibrium of a perfectly elastic 
material.^ 

1 Regarding applications of the radial stress distribution given by Fq. 
(23) for determination of the breaking conditions in a compressed test 
specimen of brittle material, cf. Z. /. Phys,j p. 106, 1924. 
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If, however, in Eq. (18) c 5 *^ 0 , there results, as a more detailed investiga- 
tion shows, ^ a stress distribution in the form of a wedge-shaped area with two 
straight lines as envelopes of the slip lines. Also this distribution of stress 
may be completely determined. Two examples of the net of the slip lines 
are shown in Tigs. 286 and 287. 

A particular case is that of the equilibrium of a plastic mass compressed 
between two rigid and rough plates, whose planes are inclined at a small 
angle to each other: 



Fig. 288 .^ — System of slip lines and distribution of stress in a plastic mass pressed 
between two inclined rigid plates. 

The compressive stress varies along the plates as the logarithm of the 
distance r from the point of the wedge. In this a is equal to half the angle 
of opening of the wedge (Fig. 288). The slip lines are given by the following 
equations: 

In — == + a arc sin -7 

In ~ _ Qj 

C2 a 

The above expressions, if the angle a is made infinitely small, reduce to 
those given in formula (15), which applies to the case of a mass compressed 
between two parallel plates. 

1 Z. f. Pkys., p. 106, 1924. 
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HARDNESS 

Difficulties have been encountered in attempting to find a 
more exact definition of the property of materials of construction 
which is expressed by the words: hard or hardness — ^used as the 
contrary of soft. Several attempts have been made to treat 
hardness as an original mechanical property of materials in 
addition to such properties as designated by the terms: elasticity, 
ductility, or strength. A closer examination of these numerous 
attempts will show that unfortunately the term hardness is often 
used in different senses by engineers, metallurgists, and mineral- 
ogists while the same term may refer to very different properties.^ 

The second and perhaps more serious difficulty in finding a 
general definition and a quantitative testing method of measuring 
hardness was encountered in the fact that practically in most, or 
perhaps all, of the methods proposed for the measurement of 
hardness the distributions of stress, actually applied, are not of a 
simple nature. It was, therefore, not possible to predict these 
stress distributions more accurately. The distribution of stress 
in the vicinity of an indentation is, furthermore, affected by many 
factors, among which elasticity, plasticity, after-flow, and strength 
must first be mentioned. 

The metallurgist, for example, in producing alloys of metals may wish to 
harden one soft metal by alloying with it another metal or substance m 
small quantities. The effect he wishes to bring about is usually to raise the 
value of the stresses, at which permanent and plastic deformations begin to 

1 This fact was clearly brought out in a paper by L. B. Tuckerman, 
Hardness and Hardness Testing, Mech. Eng., vol. 47, January, 1925 in 
whijh he states that ‘^hardness in common parlance represents a hazily 
conceived conglomeration or aggregate of properties of a material more or 
less related to each other. These properties include such varied things as 
resistance to abrasion, resistance to scratching, resistance to cutting, ability 
to cut other materials, resistance to plastic deformation, high modulus of 
elasticity, high yield point, high strength ...” He also says that “the 
immediate usefulness of hardness tests in determining uniformity of 
materials should not be allowed to obscure the real need for a fundamental 
investigation of hardness.” 
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occur and possibly at the same time to increase the strength of the alloy. 
The mechanical property, which the metallurgist wishes to improve and 
which he expresses by “hardness’’ is here apparently the limit of plasticity 
or that of rupture, which we have seen, at lower temperatures, mainly 
depend on the three principal stresses or on other conditions. 

Mineralogists, on the other hand, use “scratching” for the determination 
of hardness. They have established a certain scale of standard minerals, 
each scratching the next standmg in the row below and define hardness by 
the destruction of the surface of a mineral. Martens, using a sharp diamond 
under a determined load, and measuring the width of the scratch under a 
microscope, has improved this method somewhat. Here some resistance 
against tearing apart is involved but this is not obtained by a simply 
determined homogeneous state of stress such as pure tension, pure shear, 
etc., but rather by an unknown and probably fairly complicated distribution 
of stress produced by a normal and a tangential load which forces a rigid 
cone into the material. 

In the BrineU hardness test a hardened steel ball under a given load (for 
materials such as steel a 10-mm. ball under a load of 3,000 kg.) is forced 
into a ductile metal and the average pressure in the surface of contact is 
measured. In this test, therefore, a certain average stress involving plastic 
equilibrium is measured under a load concentrated on a small spherical 
area.^ In case of P. Ludwik^s cone hardness test instead of a ball a cone 
having an apex angle of 90° is used. While the BrineU hardness number 
depends on the arbitrary load which was used to force the steel ball into the 
metal (3,000 kg, for hard, 500 kg. for soft materials) the stress derived by 
dividing the load by the projection of the area of contact in Ludwik’s cone 
bar dr^PRs test is independent of the load. Hence, the cone hardness number 
is independent of the load. 

In the Shore scleroscoj>e hardness test the height of rebound of a falling 
steel ball is measured. This is certainly much affected by the elastic 
properties as well as the plastic properties of the material to be investigated. 
In the RochLoell hardness test the depth of the indentation made by a steel 
ball is automatically recorded. In the Herbert pendulum hardness test the 
damping of the vibrations of a pendulum, supported by a steel ball resting 
on the indentation in the material tested, is measured. 

To define elasticity and measure it as a mechanical property of matter, 
it is advantageous and necessary to first test the materials under simple 
homogeneous states of stress, such as pure tension, pure compression, or 
pure shear, in order to show how stress depends on strain in these special cases 
and then also in more general cases (establishment of Hooke’s generalized 
law). On the other hand, the elastic states of stress produced by loads 
concentrated on comparatively small areas may in certain cases (as, for 
example, in the case of axial symmetry) be analyzed, but in general 

1 A very thorough treatment of hardness-testing methods and laws govern- 
ing the relation between force and diameter of indentation for the BrineU 
hardness test, is contained in the work of Eugen Mbtbe in Mitt, H, For* 
schungsarh,, nos. 65, 66, 1909. With respect to the various methods of meas- 
uring hardness cf, Sachs, “ Grundbegriffe der mechanischen Technologie 
der Metalle,” 1925, as weU as other textbooks on material testing. 
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such cases of concentration of pressure are not simple and consequently 
less suitable for defining elasticity. Something analogous niaj’’ be said, if 
under severe pressures a permanent indentation is produced in a material 
and this yields partially under a concentrated load. Hence ‘^Hardness,” 
if tested by such a method, cannot be considered as simple a mechanical 
property as elasticity or plasticity. 

In the following a few observations relative to the plastic 
deformations near the regions of contact of materials deformed by 
indentations in various ways will be given. For the purpose of 
making plainly visible the slight distortions of the surface near 
the indentation, these surfaces were well polished before the 
indentation was made. The distorted surfaces were photo- 
graphed by means of the “Schlieren^-method described above, 
page 91. 


PENETRATION OF CYLINDRICAL PUNCHES 

A steel punch with hardened ends was forced into test pieces 
of cast zinc, soft and hard copper, and soft iron. As will be seen 
from the following photographs the various metals behave very 
differently when an indentation is made by a punch. 



Fig. 289 . Fig. 290 . 

Zinc 

Figure 289. — The test piece after loading to 3,140 kg./cm.^: On 
account of the formation of cracks the distortion of the surface 
is not axially symmetrical. The grooves and markings pro- 
duced by the lathe tool are in evidence, although the surface 
has been finely polished. An explanation of the reappearance 
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of these grooves is that the zinc has been work-hardened along 
these grooves by the lathe tool. Under the new plastic deforma- 
tion caused by the compression of the punch, the work-hardened 
portions are less deformed than the soft portions and project 
through the smooth surface making the grooves again visible. 

Figure 290. — The same test piece after compressive loading to 
4,700 kg./cm.^: The surface has become badly distorted, since 
the cast zinc, on account of its small tensile strength, could not 
withstand the tensile stresses set up in the tangential direction so 
that fine radial cracks developed at certain points. 



Fig. 291. Fig. 292. 


Copper 

Figure 291. — The unstressed surface of one side of a cubical 
copper test specimen. 

Figure 292. — Indentation of a cylindrical punch under a mean 
compressive stress s = 6,300 kg./cm.^; the bulging or enlargement 
around the indentation may be noted. In the bulging ring- 
shaped area, the microscope showed a system of slip lines packed 
closely together in the crystal grains. 
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Fig. 293. Fig. 294. 


Figures 2S3 and 294. — Indentations of a cylindrical punch, in 
soft copper at 5 = 1,570 kg./cm.^ and 5 = 2,800 kg./cm.^ 
respectively. Note the funnel-shaped indentation in the soft 
copper contrary to the bulging in case of the hard copper. 



Fig. 295. 


Mild Steel 

In the neighborhood of the impression, systems of slip lines 
having the form of logarithmic spirals may often be seeii. In the 
surface layers, the directions of the principal stresses are in the 
radial and tangential directions, the directions of slip making 
angles of approximately 45° to those of the principal stresses; 
therefore the slip lines have the shape of logarithmic spirals 
(Fig. 295). 
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Fig. 296. 


Figure 296. — This shows the begianing of the appearance of the 
spiral-shaped slip lines in the neighborhood of the indentation of a 
cylindrical punch. 



Fig. 297, Fig. 298. 

Figures 297 and 298, — Indentations of hard balls in steel. 
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Fig. 299. 



Pabaffest 

Figure 299. — This shows one half of a paraffin cylinder split 
along a plane through its axis. A compression test had been 
made with a cylindrical punch. A semicircular area of plastic 
deformation produced by the compression surfaces of the punch 
is seen. The other view of the test specimen showing the radial 
crack's radiating from the indentation can be seen in Fig. 300. 
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Figure 301. — ^Longitudinal section of a test specimen of paraffin, 
compressed rapidly by a cylindrical punch. The distorted region 
appears in the longitudinal section as a bright crescent-shaped 
figure. 


CHAPTER 36 


THE PROBLEM OF CONTACT OF ELASTIC BODIES 

a. General Remarks. — If two bodies with convex surfaces are 
brought in contact and pressed against each other by two forces 
in the direction of the common normal, the surfaces become some- 
what flattened near the point of contact and, as a result, stresses 
of considerable value are set up. H. Hertz^ developed a mechani- 
cal theory of the contact of elastic bodies. If we imagine the 
convex surfaces in the neighborhood of the point of contact 
between two elastic bodies replaced by two flat ellipsoids, the 
distances between opposite points of the surfaces at the instant of 
mathematical or point contact is a homogeneous quadratic func- 
tion of the coordinates x and y of these points (taken with respect 
to a right-angled coordinate system in the plane of contact). 
Hertz determined the shape of the surface of contact and the 
distribution of stresses in this surface and its neighborhood. 
According to him the boundary curve of the area of contact was 
found to be an ellipse while the pressure in the compressed 
surfaces was found to vary as the ordinates of an ellipsoid. This 
means, that if the pressure in the area of contact is plotted as a 
function of the coordinates x and y, the surface thus found is half 
an ellipsoid. On the basis of his calculation. Hertz proposed to 
define, as the measure of the hardness of the material, the value 
of compressive stress at the elastic limit in the middle of the area 
of contact of two equal balls compressed together. On account of 
the difficulty of determining the elastic limit, and on account 
of the cracks arising at the edges of the compressed areas in case 
brittle materials are tested when two balls are pressed together, 
as weU as, in the case of ductile materials, on account of the 
almost unavoidable plastic compression, this method proposed 
by Hertz was not found practical for determining hardness and 
has therefore never been used. 

b. Contact of Two Perfectly Elastic Spberes.-s-According to the Hertz- 
theory for clastic contact, the area of con-tact of two spheres having radii 

^Hbbtz, H., “Gesammelte Werke," vol. 1. 
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Ti and r2 and being made of the same material, when pressed together is 
boimded by a circle of radius a, where 


Ij m - 

2E(ri + ri) 


1.109 




Pr 1X2 


E(ri + ra) 


( 1 ) 


and the maximum pressure acting in the center of the circle of contact is 

= 0.388 • (2) 

Here P denotes the force under which the spheres are pressed together, E 
Young's modulus of elasticity, and p Poisson’s ratio. The latter is taken 
p = 0.3. 

If a sphere of radius r is pressed on the plane surface of an elastic body of 
the same material the circle of contact has the radius 

a = I-IOO-^J (3) 

and the pressure pmax is 

= O.S88^^- (4) 


c. Contact of Two Perfectly Elastic Cylinders. — If two cylinders with 
parallel axes and radii ri and are pressed together by a pressure p (taken 
per unit of length) in the direction of the generatrices of the cylinders, the 
area of contact has a width 2 a, where 

» - (» 

The normal stress s in the area of contact is 

( 6 ) 

(x is here the distance of a point in the area of contact from its center line), 
hence the greatest pressure is given by 

Sn« = (7) 

wa ^ 

A cylinder of radius r, pressed on the plane surface of a body of the same 
material, will be in contact with the plane along a strip having a width 2 a, 
where a is given by 

a = 

p being the pressure per unit of length. 


( 8 ) 



CHAPTER 37 


PHOTO-ELASTIC CONTACT TESTS AND OBSERVATION 
OF SLIP LINES UNDER PLASTIC IMPRESSIONS 

a. Shearing-stress Lines (Isochromatics) and Shearing-stress 
Trajectories (Slip Lines). — In the following a number of cases of 
elastic contact problems will be briefly discussed, in which the 
stresses depend only on two coordinates. In these cases anal 3 rfci- 
cal expressions for the stresses which have been estabhshed by 
mathematicians are available. The intention is, however, to 
compare the results of these calculations with certain results 
obtained from photo-elastic tests and also with observations of 
slip hnes of similar cases in plastic bodies. 

If a transparent specimen in the form of a thin sheet is stressed 
in its plane and linearly polarized light is sent through the 
stressed specimen by means of a nicol prism, interference phe- 
nomena or colored fringes can be produced and observed on a 
screen by the use of a second nicol. The credit for having devel- 
oped the photo-elastic method for technical investigations belongs 
principally to Prof. E. G. Coker of London, to whom reference 
will frequently be made in the following.^ What is essential here 
is that all points of a transparent stressed test piece, which are 
submitted to the same difference of principal stress, produce the 
same optical effect on the screen, on which the illuminated test 
piece is projected. Hence, on the screen certain colored lines 
win appear in regular repetition and a constant stress difference 
will correspond to each color. On an ordinary photographic copy 
of the colored picture black and white lines will appear, the black 
and the white lines corresponding to certain colors of the 
colored bands or certain given differences of principal stress 
and these differences may be determined by suitable calibrating 
methods. 

^ In this connection special reference is made to the Thomas Hawksley 
lecture of Professor Coker on Elasticity and Plasticity, Proc. Inst, Mech. 
Eng,, p. 897, London, November, 1926, in which he calls attention to 
several problems of plasticity and refers to possible applications of photo- 
elastic methods to treat such questions. 
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In a thin sheet, stressed by forces in its plane, the normal 
stress which is perpendicular to the plane of the sheet is zero and 
this direction is a principal stress direction. We call isochromatic 
lines the lines connecting points having the same color and corre- 
sponding to curves along which the difference of the two other 
principal stresses Si and §2 is a constant : 

Si — S 2 = const. (9) 

These curves are also lines of constant principal shearing stress, 
because one of the three principal shearing stresses is equal to 
one-half of the above difference. The isochromatic lines may also 
be called shearing-stress lines. 

From the isochromatics or lines of constant principal shearing 
stress we must sharply distinguish the trajectories of principal 
shearing stress called hereafter shearing-stress trajectories. These 
latter have as their tangents the directions along which the prin- 
cipal shearing stresses act. They intersect the trajectories of 
principal normal stress at an angle of 45®. The trajectories of 
principal shearing stress are two orthogonal systems of curves and 
they coincide approximately with the lines of slip along which the 
Ltiders' lines appear in a mild-steel test piece when the limit of 

plasticity is reached. 

Several interesting two-dimensional 
cases having important practical 
applications may be mentioned here. 
An infinite body extending indefinitely 
on the side y > Q oi the x, z plane will 
be assumed. 

b. Single Force Action on an Infinite Plane. 

1. MichdVs Radial Stress Distribution .^ — 
Using polar coordinates r, <^, the components 

Fig. 302. Single force P stress can be expressed as a radial normal 

(distributed along a: axis) stress Sr, a tangential normal stress St, and a 
acting on a plane surface of a shearing stress Srt. The stress distribution 

found by Michell, 

2Psin<^> An /I AN 

Sr — ~~ , St — 0, Sri — 0, (10) 

TTT 

consists only of radially distributed stresses, as the tangential normal and 
the shearing stress vanish at every point of the stressed body. The radial 
stresses increase indefinitely with decreasing distances r from the origin 
and have a resultant force P at the origin, acting in a direction perpendicular 
to the plane 2 / = 0 and parallel to the positive direction y. The force P is, 

1 Proc. London Math. Soc., vol. 32, p. 35, 1900. 
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hence,' the resultant of \he radial stresses Sr acting along any half circle having 
a radius r = const, and taken per unit of length in the third direction, 
parallel to z. 

The isochromatics or lines of constant maxi- 
mum shearing stress are here the curves along 
wliich 


Sr — Si = const or 


sm cj> 


= const. 


( 11 ) 


In a circle of radius a (Fig. 302) having its center 
C on the ij axis at distance OC — a, the length of 
the chord UP is r, and hence 


= asm or 


s m 


— ^ — const. (12) 



Fig. 303. — T he i s o- 
. chromatics are the circles 

The ISO chromatics are therefore the circles con- passing through O and 
taining the point 0 of application of the force P tangent to plane surface, 
and being tangent to the x axis (Fig. 303). This 

is confirmed by the black and white strips of a photo-elastic test shown in Fig. 
304, made on a celluloid piece on which a single force was applied.^ 



Fig. 304. — Single force on straight edge. Photo-elastic test showing circles as 

isochromatics. 


2. Uniform Pressure along Half Planef — In an elastic body a system of 
plane stress can be given in polar coordinates by r, by means of a stress 
function F as follows: 


Sr 


F r , F 

r ■ ’ 




(13) 


1 Among Pbof. E. G. Coker's numerous photo-elastic tests, most of which 
are published in Engineering , London, (a short r^sum^ of his tests can be 
found in theProc. 1st. Internat. Congress for Applied Mechanics 1924) 
this case has also been tested. The photographs, published above, are taken 
from the Doctor's thesis of G. Mesmer/' Vergleichende Spannungsoptische 
Untersuchimgen and Fliess-Versuche unter konzentriertem Druck," Z. /. 
tech. Mech. u. Thermadyn.j vol. I, nos. 2 and 3, V.D.I,, Berlin, 1930. 

^ Cf.: “Die elastischen Flatten,'' Julius Springer, Berlin, 1925. 
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where the subscripts on the right side designate derivatives, the stress func- 
tion F being a solution of the biharmonic equation: 

^^F = 0. (14) 


Taking for F 


we get the following distribution of stress 


- = -r( 


sin 


2 
sin 

Srt = 7^(1 — cos 2<t>)j 


(16) 


from which it may be seen, that on the side of the plane y = 0, = 0 no 

stresses act, while for 4> — ^ the stresses reduce to a uniform pressure Sf = — p 



Fig, 305. — Uniform 
pressure p along half 
plane. 



Fig. 306. — For uniform 
pressure p actin x along a 
half plane the trajectories of 
principal stress are confocal 
parabolas. 


(see Fig. 305). The left side of the plane y = 0 (Fig. 305) is free of stress, 
the right side is subjected to a constant pressure p. 

If a is the angle of one of the directions of principal stress with the radial 
lines <f> = const., then 

using Eq. (16), this reduces to 

, 1 — cos 2<l> ^ 

( 18 ) 

whence either 


a 


<f> 


TT <f> 
2 “ 2 ' 


(19) 


This is characteristic of a parabola. The lines of principal stress form a 
system of orthogonal parabolas having the origin 0 as their common focus 
(see Fig. 306). The isochromatics or shearing-stress lines are a pencil of 
rays passing through the origin 0, which is a singular point of the stress 
distribution. 
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3. Uniform Pressure along a Parallel Strip , — The superposition of two 
distributions of stress, as mentioned under 2, together with a uniform 
tension leads to the case shown in Fig. 307. The plane y = Q is subjected 
to the action of uniform pressure p = constant, directed perpendicularly to 
the plane along a strip having a width 2a, The stress function is 


F — ’—^(ri^<f>i — r2“<^2^ 

^7r 


and the stresses are given in rectangular coordinates by 



Fig, 307. — Uniform pres- 
sure p = const, acting along a 
parallel strip on plane surface 
of a body. 


Fig. 308. — For constant 
pressure p acting along 
strip the * isochromatic 
lines are circles passing 
through Oi and O 2 . 


( 20 ) 


( 21 ) 


From the formula for the maximum shearing stress at an arbitrary point 

S^n,.x = -{-shy (22) 

and using the former set of expressions for the stresses, we find 

5«max = ~ sin (01 — 02 ). (23) 

TT 

Hence the isochromatios are here circles, which pass through the points Oi 
and O 2 (Fig. 307 or 308). The greatest value of 

W = ^ (24) 

is attained if 0i — 02 = t/2, that is on the semicircle having the width 
2a as diameter and 0 as center (this circle in Fig. 308 is marked with heavy 
lines). On this circle the material will yield fifst under a pressure found by 
taking Sjjxnax ~ 3 

= l.Slso, 

V3 


p = 


(25) 
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where So is the jheld stress in pure tension. The trajectories of principal 
normal stress are a system of confocal ellipses and hj^perbolas (Fig. 309) 



Fig. 309. — For constant pressure p along a strip the trajectories of principal stress 
are confocal eUipsos and hyperbolas. 




Fig. 310. — Photo-elastic test with celluloid punch producing nearly constant 
contact pressure. The isochromatics are circles passing through the corners of 
the punch. 


Fig, 311. — Steel. Recrystalliased grain structure in zone of deformation under 

punch. 


G. Mesmer was able to produce the isochromatics for this case by using 
certaiin precautions in preparing a special stamp of celluloid with two 
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carefully rounded corners, wliich was pressed against the test piece. The iso- 
chromatic lines, thus obtained experimentally, (see Fig. 310) were found 
to be very nearly circles passing through the corners of the punch as predicted 
by the theor}^. 

It is perhaps of interest to 
mention here that by means of 
other well-known changes in 
structure due to local plastic 
deformations combined with a 
subsequent heat treatment simi- 
lar observations may be de- 
monstrated on metal pieces. 

This can be done by reheating 
a test specimen which has been 
previously deformed plastically 
until the grains recrystallize. 

Two such tests are shown in 
Figs. 311 and 312. These 
figures reveal the astonishing 
fact, that the boundary of the recrystallized zone under an indentation and 
the lines connecthag recrystallized grains of the same magnitude have a 
shape quite similar to the isochromatic lines of the photo-elastic tests. The 
degree of exactness of this correspondence has not, however, been demon- 
strated as yet. 



Fig. 312. — An etching of mild steel 
showing in white circle recrystallized zone 
under indentation of a punch. 



Fig. 313.— Photo-elastic test. Isochromatic curves under the pressure zone 
of a rigid punch with sharp corners indicating sharp concentration of stress at 
corners of punch. 


4. Rigid Punch . — Using a fairly rigid metal punch having a 
perfectly straight edge on a piece of celluloid a distribution of 
isochromatic lines is obtained as shown in Fig. 313. This indi- 
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cates clearly that in this case (1) the isochromatics are not circles, 
and (2) that the stresses increase considerably towards the two 
corners of the punch. According to the elastic theory the pres- 
sure in the surface of contact must become theoretically infinite at 




a b 

Fig. 314. — a. Slip lines for concentrated constant pressure acting along edge 
determined by G. Mesmer, b. Slip lines for same case as observed by photo- 
elastic test in celluloid plate. 

the corners of the punch. Figure 313 shows a great concentration 
of the stress by the repetition of the fringes at the corners. Hence, 
immediately after the slightest application of a load under a 
perfectly rigid plane punch, yielding must start at the sharp edges 
of the punch. Consequently, a radiating system of slip or flow 

lines frequently can be observed in 
soft-steel pieces under the action of 
concentrated loads and starting 


315. Fig. 316. 

Figs, 315 and 316. — Slip lines produced by punch in steel. 

from the sharp edges of the punch. In more brittle material frac- 
ture would start from these edges. General observations of this 
kind will be quoted in the following. 

5. Slip Lines . — It is of interest to compare the shape of the 
trajectories of principal shearing stress in a nerffiritlv 
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material with the shape of the slip lines as observed in similar 
cases of punching in mild steel. The former lines can be deter- 
mined mathematically from the stress field as obtained analjdi- 
cally or by a photo-elastic test, w^hile the latter may be produced 


by a test on steel under con- 
centrated pressure and be ob- 
served directly by suitable 
etching. Figures 314 to 318 
show such a comparison. In 
Fig. 3146 the trajectories of 
principal shearing stress can be 
seen as obtained by a photo- 
elastic test and in Fig, 314a as 
computed by the formulae 21. 

In the etchings, Figs. 317 to 324 
the sHp lines, which appear as 
dark lines or strips, can be compared. 



Fig. 317. — Slip lines and plastic re- 
gion under pressure zone of a rigid 
punch in mild steel (Etching.) 


These figures and others 
observed by Mesmer (compare also Fig. 330) indicate that as a 
first approximation the Lilders^ lines have a shape similar to the 
shearing-stress trajectories in the most highly stressed portion 
under a concentrated load for an elastically deformed material 
under the same system of applied stress. How nearly exact this 
is, however, has not yet been thoroughly investigated. 



a h 


Fig. 318. — Slip lines determined by photoelastic tests under rigid punch. 
a. Under comparatively small local pressure. 6. Under high local pressure. 
{According to G. Mesmer.) 


c. Two Concentrated Loads, Plastic Flow in the Rolling 
Process. — If a thin sheet of metal is rolled between two rigid 
cylinders, plastic flow is produced by two concentrated loads 
acting in two parallel straight strips on the surface of the rolled 
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sheet. To study the distribution of stress which is produced 
under this kind of severe compression, so much used in the proc- 
ess of roiling, test specimens of mild steel of the shape shown in 
Fig. 320 were severely stressed locally in compression by two hard 
steel punches. The manner of yielding depends largely on the 



Fig. 319. — The trajectories of principal stress produced by two equal concen- 
trated forces P in a strip of a perfectly elastic material. The forces P act in the 
perpendicular direction to the free edges of the strip. {According to G. Mesmcr.) 


ratio of the width c of the pressure surface to the thickness of the 
specimen measured in the direction parallel (and also perpendic- 
ular) to the direction of the compressive forces. 

If the length I of the punch is several times (at least five times) 
the width c of the punch (Fig. 320), assuming a uniform applica- 
tion of the load and close parallelism of the com- 
pression surfaces, there results in the middle part 
of the test piece plane plastic strain. (The stresses 
depend only on two coordinates.) If, however, 
the length I is not very different from the width 
6, a three-dimensional strain distribution results. 
If I is small compared with c, the material flows 
away toward the free sides of the specimen and the 
plastic flow is entirely different from that for the 
case of plane strain.” 

On the other hand, if the height a of the test specimen is com- 
parable with the width c of the punch, the stresses produced by 
each of the two opposite punches influence those produced by 
the other. If, on the contrary, a is much larger than c, the stress 
distribution in the neighborhood of the punch is about the same 
as if the second punch were not present and the first acted on an 
infinitely large test piece. 



Fig. 320. — 
Arrangement to 
apply two con- 
centrated loads. 
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A few photographs of the regular markings observed on the sides of such 
test pieces of mild steel and of etchings of slip lines in the plastically deformed 
portions in cross-sections are shown in Figs. 321-323. Such observ’ations 
may help in analyzing the distribution of stress encountered in the process 
of rolling of steel blocks or sheets. 



Fig. 321. — Bulging of surface of a thin sheet of steel under concentrated pressure 

along narrow edge. 

The influence of the dimension Z, measured parallel to the edge of the 
punch and perpendicular to the plane of the photographs, is shown in Figs. 
321, 322, and 323. Both Figs. 321 and 322 represent essentially about the 
same case, namely, the action of a concentrated load distributed over a 
rectangular area of contact. If the load is applied along the narrow edge 



Fig. 322. — Slip lines in pressure zone of a long rigid punch in mild steel. 

(Etching.) 

of a thin sheet, below the area of contacty both flat sides of the sheet will 
bulge out. The test specimen in Fig. 321 had a thickness I = 1.1 mm., a 
height a = 37 mm., and a width h == 45 mm.; the width of the punch was 
c = 9 mm. On both sides of the test piece slight bulges appeared, such 
as the one shown in Fig, 321, which were bounded by curves similar to 
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ellipses. The material tends in this case to flow away toward the free sides 
of the flat specimen. In the other case, where the length I was large com- 
pared with the width c of the punch, slip lines appear like those shown in the 



Fig. 323. — Pressure zone in steel produced by concentrated load. (Etching.) 

photograph of an etched cross-section (Eig. 322) of the test piece. Now, a 
wedge-shaped plastic portion of the specimen is driven by the punch into 
the elastically reacting neighborhood and numerous slip lines appear. 
Another similar example can be seen in the photograph, Eig, 323 of a Fry 
etching. 



CL h 


Fig. 324. — a. Slip lines in steel piece obtained by impression of a hard cylinder. 
(Etching.)^ 5. Slip lines under contact area of a rigid cylinder with a celluloid 
sheet obtained by photo-elastic test. (.According to G. Mesmer.) 


The impression of a long, solid, rigid cylinder on a soft-steel piece is shown in 
section by the etching of Eig. 324a. In the next Fig. 3246 are shown the 
shearing-stress trajectories for the same case, as they were constructed from 
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Figs. 325, 326, and 327. — Photo-elastic tests. Isochromatic lines in pressure 
zones of a thin sheet of celluloid compressed between two rigid punches. Ratio 
of height of specimen to width of punch < 2 ; c = 3, 2, 1. 



Fig. 328. Fig. 329. 

Figs. 328 and 329, — ^Slip lines obtained by photo-elastic test in sheet compressed 
between two punches. Fig. 328 for a:c —3; Fig. 329 for a: c = 2. 
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a photo-elastic test hy G. Mesmer with a celluloid test piece stressed purely 
elastically. The slip lines in the steel specimen apparently have a resem- 
blance to the net of the trajectories as obtained from the photo-elastic test. 

The large influence of the ratio a/c on the stress distribution is clearly 
showm by comparing the three photographs of isochromatic lines in Figs. 



Fig. 330. Fig. 331. 

Figs. 330 and 331. — Slip lines in steel piece compressed between two rigid 
punches. Ratio arc = 3. 


325, 326, and 327, which were obtained for a ratio of the height a of the 
specimen to the width c of the punch equal a/c d, 2, and 1. The corre- 
sponding trajectories of shearing stress are shown in Figs. 328 and 329 for 
a/c ~ Z and 2, and the lines of slip for the ease a/c = 3 in Figs. 330 and 331. 

A very interesting set of slip lines was obtained by H. Meyer and F. Nehl 
in a cold-rolled steel sheet, which can be seen in Fig. 333. These lines 



Fig. 332. — Bulging of narrow side of a steel piece under severe local pressure. 

Ratio a: c = 1. 

were gradually formed during the rolling of the sheet. When the rigid rolls 
travel along the surfaces of the sheet, they produce in the area of greatest 
compression a set of slip lines not greatly dissimilar to those in Figs. 330 to 
331, and gradually, during the rolling, these lines proceed forward, relative 
to the rolled sheet, in a continuous manner. 
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CHAPTER 38 


INHERENT AND RESIDUAL STRESSES 


By inherent stresses^ we will understand a system of internal 
stresses, which may exist in a body when no external loads or 
moments act on the surface of the body. The entire surface of 
the body can be free of stress, which means, that on each element 
of the surface the corresponding components of the normal and 
of the shearing stress vanish. But it should be noticed, that 
this is not a necessary condition for the existence of a system of 
inherent stresses in a body. All that is necessary is that the 
resultant forces and resultant moments produced by these stresses, 
acting along the surface, shall vanish within limited 
parts of this latter. 

Inherent stresses can be produced or may be 
present in a perfectly elastic material. Such stresses 
will be produced, for example, if a ring of elastic 
material (for example, spring steel) be slotted radially 
(Fig. 334), after which the ends are elastically bent until they 
are brought together and then welded. If all traces of welding 
be effaced, an observer who had no knowledge of the previous 
treatment of the ring will not suspect that the ring is stressed 
and if he suspects it, he will not be able to decide definitely 
whether or not the ring is stressed until he applies special methods. 
In elastic materials, inherent stresses may result especially from 
non-uniform heating; in such cases we speak of thermal stresses.^' 
These will result, for instance, in the case of a tube or pipe cooled 
on the outside and carrying a hot fluid. 



Fig. 334 . 


^ German engineers refer to such stresses, which may be present in a body 
free of external loads or moments as ‘^Eigenspannungen,^' analogous to 
mathematicians, who use the word '‘Eigenfunktionen^^ if they wish to 
express the fact that a set of functions belongs to a differential or integral 
equation under given boundary conditions. It seems that there is no ade- 
quate term for both expressions commonly used in English. The word 
^ inherent stress^' for ^‘Eigenspannung” was proposed by B. F, Langer of 
the Research Laboratories of the Westinghouse Electric and Manufacturing 
Company. The word ‘^residual stress” expressing the German ^*Nach- 
spannung” has been used by mechanical engineers for a long time. 
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If, in a stressed material, only one portion is permanently 
strained, and then the external forces are removed, the material 
in the neighborhood of the permanently strained region will, in 
general, be subjected to inherent stresses. Stresses of this 
kind, remaining after partial plastic flow, may be called residual 
stresses. 

If, for example, a hardened steel ball is pressed into a piece of 
soft iron or ductile metal, the material in the neighborhood of 
the permanent indentation, after removal of the load, cannot 
remain unstressed. In the region which has been permanently 
deformed by the ball, besides the normal stresses, acting parallel 
to the load, considerable compressive stresses also must have 
acted in the lateral direction. The latter will cause stresses in 
the elastic neighborhood of the indentation and a part of these 
wiU continue to exist after the compressive load has ceased to 
act. The plastically distorted part behaves, under the com- 
pression of the ball, like a hard wedge driven into a tree trunk. 
The inherent or residual stresses present after severe plastic 
deformation are familiar to steel men and engineers on account of 
their deleterious action on pressed, forged, or rolled bars, especi- 
ally after a treatment under decreasing temperatures or after the 
bars or sheets have undergone severe cold work. Fractures are 
caused frequently by the action of residual stresses, if the forged 
or rolled pieces are not annealed before they are further deformed. 
Methods of estimating these residual stresses may have several 
practical applications. 

The theory of residual stresses can be based on assumptions 
analogous to those on which is founded the theory of plastic defor- 
mations, which are the causes of the existence of these stresses. 
As in the case of the fundamental assumptions with regard to the 
mechanical conditions of plastic flow, for residual stresses several 
cases may be distinguished, according to the magnitude of the 
deformations after the removal of the load or to the character of 
the stress-strain relation for loading and unloading. In the 
following, two cases will be discussed.^ 

^ For methods relative to the calculation of residual stresses, there may 
be mentioned papers by E. Hetn, Martbns-Heyn, ^^Materialkunde,’’ 2d 
ed., p. 280, 1912; Festschrift Kaiser-Wilhelm GesellscLj p. 121, 1921; and 
Stahl und Eiserij 1917, G. Masing, several papers publ. by the Siemens- 
konzern, Berlin, 1923-1926, Ch. Dttgubt, loc. cit, A. tr. L. Foppl, 
Drang u. Zwang,'' vol. 2, p. 297, Munich, 1920, and others. 
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In a rigid a gg regation of crystal grains, a nuniber of grains may undergo 
permanent shearing deformation, while the neighbormg ones may be 
deformed onlv elasticailj'. From this it follows that internal stresses are 
also of importance in considering the phenomena of small relative displace- 
ments occurring in the microstructure of a plastically deformed metal. 
The permanent displacements, which one may recognize in photomicro- 
graphs of the structure of plastically deformed metals as translations, etc., 
in certain cr^’^stal grains, must be accompanied by an elastic stress in the 
neighborhood. We have recognized two different types of slip surfaces 
which accompany plastic deformation of metals, namely, the coarse flow 
figures (Liiders’ lines) and the small gliding surfaces mside the crystal 
grains themselves. In an analogous way, two kinds of inhereni stresses 
may he distinguished according to whether the elements, in which they 
occur, are comparable in size to that of the stressed material body or whether 
these elements are of the order of size of the crystal grains. Although so 
far no quantitative statements relative to the internal stresses in the micro- 
structure of materials may be made,^ the magnitude and distribution of 
the inherent or residual stresses in large portions of stressed metal pieces 
after severe plastic deformation may be quantitatively estimated, as shown 
in the following. 

a. First Method of Calculating Residual Stresses Assuming 
a Linear Stress-strain Relation for Unloading. — In metals having 
a definite yield point, the residual stresses after unloading may, 
as a first approximation, be obtained by assuming that after 
plastic deformation and subsequent removal of the load the metal 
behaves like a perfectly elastic material. To show what is meant 
by the preceding statement, let us consider in Fig, 336 an idealized 
stress-strain diagram for mild steel. If a bar of soft iron, pre- 
viously stressed somewhat above the yield point in tension, be 
unloaded, a diagram OABC (Fig. 335) wiU result. If the bar is 
loaded again in tension, it will be found, as long as the stress 
remains below a certain value smaller than the original yield 
stress, that it behaves not only as an elastic body, but that the 
modulus of elasticity will be found of practically the same value 
as that observed before permanent strain. It is, therefore, 

1 The significance of the elasticity of the metals, in connection with their 
plastic deformations with consideration of the phenomena occurring in the 
crystal grains and the question of residual stresses has been recognized 
by E. Heyn particularly in his papers quoted above. His “hidden 
elastic” stresses relate mainly to residual stresses in the crystal 
grains in contrast to his “Reckspannungen.” On residual stresses in 
brass compare also C. Masxnq {Verdffentlichungen, aus dem Siemenskonzem, 
Berlin, vol. 3, no. 1, 1923; no. 2, 1924; vol. 6, nos. 1 and 2, 1925; Z. /. 
MeiaUkunde, p. 257, 1924; also Proc, 1st and 2d Intemat, Cong, for AppliM 
Mechanics, Delft and Ziirich; and Beckinsale. 
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permissable to replace the line BC corresponding to the removal 
of the stress in a tensile test by a straight line having the same 
inclination to the base line as “Hooke’s straight line” OA for 
the first loading (Fig. 335). 

In other words, it is possible to obtain in some degree a cor- 
responding picture of the residual ^ 

stresses in soft iron after plastic de- A y/ejd/ng 
formation if from the stresses Z ? 


6 -x*, Sy*y ... (1) Loading ^ hUnloadmg 

acting during the plastic flow certain Jo i cl c 

ideal stresses 

f f 3^5. — Idealized stress- 

Sa , Sy , . . . strain diagram for loading and 

are subtracted. The latter are unloading. 

assumed to act as if the body would be a perfectly elastic body 

and they are so chosen, that when combined with the preceding 

system of stress the required values of the resultant forces and 

moments acting on the body will result. For complete unloading 

for example, these external resultant forces and moments must 

vanish. The corresponding resulting 

system of stress 

B 

Sx ~ Sx* ““ Sx^t Sy “ Sy* *“ Sy , • • . (3) 

) is the system of residual stresses. 

Hence, this simplest theory of residual 
a stress assumes that, during the process *of 
I unloading, Hooke’s law for stress and 
strain holds. Some examples to which the 

Fig. 336.-~t o r s i o n . preceding shaU be applied, are the 
The shaded ordinates are following: 
the residual stresses s in 

a permanently twisted 1. Residttal Stresses in Twisted Bar. — As an 
TOund bar. Broken line example let us determine the residual stresses 

ii A §< iniriai rlia.. 


no * Cl g 

dtraJH 

Fig. 335. — Idealized stress- 
strain diagram for loading and 
for unloading. 



Fig. 336. — T o r s i o n . 
The shaded ordinates are 
the residual stresses s in 
a permanently twisted 
round bar. Broken line 


OAB represents initial dis- ^ ... . .. x i ^ • i 

tribution of shearing which wiU result if a steel bar with circular cross- 

stresses s*. section is twisted above the yield point in torsion, 

and subsequently the torque is released. N eglect- 
ing at first the cold-work or work-hardening effect on the material during 
yielding, an ideal stress-strain curve in pure shear similar to that shown 
in Fig. 335 for tension can be assumed. This means that the original 
distribution of stress in the twisted bar (which acts during the yielding 
of the bar and which was denoted above by the asterisk) will 


consist of shearing stresses «*, dependent on the variable radius r such as 
represented by the broken line OAB in Figs. 336, 337 and 338. Let us 
represent the values of shearing stress s, of the unit shear 7 at a distance r 
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from the axis of the bar and of the angular twist 6 at the instant that yielding 
is interrupted by If the bar be unloaded, it untwists through 

some angle d\ The unit shear along a circle of radius r then decreases an 
amount y* = rd' from its original value y* — so that its value becomes 

^ ~ = r(e* - 0'). (4) 

Since Hooke's law holds for unloading, the shearing stress having the 
initial value s* decreases by an amount proportional to y', namely by s' = 
Gy' where G designates the modulus of rigidity. Therefore, to obtain the 
resultant stress s after a certain reduction of the applied torque it is neces- 
sary'' to subtract from the original plastic distribution of stress represented 



Fig- 337. Fig. 338. 

Figs. 337 and 338. — Torsion. The thin broken lines represent the shearing 
stresses in a round bar stressed above the yield stress and during the subsequent 
unloading of the bar. The line OAB gives the initial distribution of stress; the 
line OA'B' indicates the residual stresses after removal of the external torque. 

by the broken line OAB in Figs. 336 to 338 a linear distribution of stress 
a', indicated by the straight line OE chosen so that DE = DC. In both 
Figs. 337 and 338, which represent two different degrees of plastic flow (in 
the second figure plasticity has penetrated to a greater depth than in the 
first), the distributions of stress during the removal of the torque arfe 
shown by sets of broken lines. As may be seen, the shearing stresses 
farthest from the center decrease the most during unloading. To determine 
now those lines which correspond to a complete removal of the external 
torque, the line OE in Fig. 336 must be so chosen, to set up shearing stresses 
having the same twisting moment M' = Jkf* as the stresses s*. From the 
theory of elastic torsion or by integrating the stresses s' over the section 
it is known that the moment of the stresses s' must be 


( 5 ) 
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This equation determines the shearing stress sj at the outer fiber r = a, if 
the moment M' be equated to the moment M* at which plastic flow was 
stopped. ‘ The residual stresses after unloading are shown in Figs. 336, 337 
and 338 by shaded ordinates. 

The preceding methods may also be applied to those cases in which the 
stresses during yielding are not independent of deformation, but may 
increase with deformation according to some given law such as was the 
case in Chap. 18 for calculating the shearing stresses in a plastically twisted 
round bar, under a general law of deformation. If, for example, plastic 
flow in a twisted bar with circular cross-section 
is interrupted at a stress distribution as repre- 
sented by the curce 1 in Fig. 339, the distribution 
of the residual stresses after unloading is given by 
the curve 3, which was obtained by subtracting 
from the ordinates of the curve 1 those of the 
straight line 2-2. The slope of the latter is to be ^ 
so chosen that the 'Tdeal” moment M' of the 4:^ 
shear stresses s' is equal to the given moment M* ^ 
of the stresses represented by curve 1. 

2. Residual Stresses in Hollow Cylinders Stressed 
by Internal Pressure and in Rotating Cylinders 
Stressed beyond the Yield Point. — In a similar 
manner the residual stresses in a thick-walled 
tube or in a rotating cylinder may be obtained. 

If, for example, the stress-strain curve of the 
material can be expressed by a power function 



where s is the shearing stress producing a unit 
shear y (so, 70 are two arbitrarily chosen corre- 
sponding values of stress and unit shear in the 
diagram for pure shear) and the exponent m must 
be taken 0 < m <2; then using the methods given in Chap. 29 the radial 
and tangential stresses Sr* and in a thick-walled cylinder maybe computed 
for the moment when the plastic flow is interrupted by the following 
equations 



Pig. 339. — Initial yield 
stresses s* and residual 
stresses s in round bar 
after permanent twist. 
(General law of defornla- 
tion for loading.) 


Sr* 

St* 


pb^ /qw _ iN 

+ ') 


OT 


Here a and b are the outer and inner radii of the tube, and p is the internal 
pressure. It is assumed that the tube does not change its dimensions in the 
axial direction. 

Assuming that during the subsequent decreasing of the pressure p a 
linear stress-strain law would hold, the second stress system (denoted by 


1 Trans. A.S.M.E., Applied Mech.^ 1930. 
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the primes) would be given by exactly" the same formulae as the one just 
referred to taking m — 2 



Hence, the residual stresses acting in the tube after the internal pressure p 
has been removed will be given by the stress differences 

S, = Sr* — S/, St = St* — St\ (9) 

It should be remembered, however, that these 
expressions will only hold when at no place 
within the tube is the limit of plasticity reached 
a second time during the removal of the pres- 
sure. An example is shown in Fig. 340 taking 
??z ~ 1 for the stress-strain curve.’ 

A further example from practical engineer- 
ing may be mentioned here. The high-speed 
rotating discs of steam turbines are stressed by 
/Residua) centrifugal force. In order to prevent unfore- 
Sfresses seen destruction of these discs by hidden flaws, 
they are tested at a speed considerably above 
normal. Thus they are made to deform 
plastically in certain parts and this plastic 
stress distribution may be determined. The 
question then arises as to what residual 
stresses may be expected in these overstressed 
discs. Recently, it has been proposed to over- 
speed these discs with the idea of obtaining a 
Fig. 340. — R e s i d u a 1 better stress distribution under ordinary 

streams in a tlnok-w^ed rumung conditions. By producing plastic 
cyhnder which has been ,, x ^ xi. 

permanently deformed by deformation near the center of the discs the 

high internal pressure p; residual stresses present are such as to reduce 
Sr*, St* are the stresses considerably the stresses due to centrifugal 
interrupt^ plastic flow was these most highly stressed parts when 

the rotor is operating at normal speed. i 

b. Experimental Demonstration of Residual Stresses. — The 
residual stresses existing in severely cold-rolled or drawn bars of 
ductile metals can be demonstrated by suitable methods. The 
late E. Heyn has worked out such a method.^ From a brass 
bar containing 58 per cent copper, 41 per cent zinc, and 1 per cent 
lead, which was cold drawn from a diameter of 28 mm. to 25 mm. 

^ Cf, Stodola, a,, “Steam and Gas Turbines,” Engl, transl., p. 1080; 
also F. LAszl 6, Geschleuderte TJmdrehungskOrper im Gebiet bleibender 
Deformation, Z./. ang. Math, u. Mech,, No. 5, p. 281, 1929. 

2 “MetaU und Erz,” p. 411, Halle, 1918. 
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two test pieces were cut and the length very carefully measured. 
Then a certain portion of the cylindrical surface was machined 



Fig. 341 Fig, 342. 


Figs. 341 and 342. — Residual stresses in cold-drawn brass bars. The ordinates 
are the axial normal stresses in the circular cross-section. {According to E. Heyn.) 


down in a lathe, the length again measured, and this procedure 
subsequently repeated several times. From the changes of 


length thus observed Heyn couM show that 
the cold-drawn cylinder contained considera- 
ble stresses in the axial direction. He found 
the distribution of residual axial stress, which 
is reproduced in Figs. 341 and 342. The first 
shows the residual stresses five days, the 
second two years after drawing. Using the 
theory worked out above we may, compute 
the residual stresses from the observed 
changes in length as follows. Let 5 == /(r) be 
the unknown distribution of these stresses 
acting in the axial direction in a circular cross- 
section of a bar whose outer radius is a. As 
there is no resultant force acting over any 
cross-section, equilibrium demands that 

sr dr =0. (10) 



This means that the integral of the stress curve 
plotted with the variable (r^) must have equal 
positive and negative areas when (r^) varies 
from 0 to a^. If now an outer portion of the 


Fig. 343. — Heyn’s 
method to measure 
axial residual stresses 
in cold-drawn round 
bars. 


bar is machined down and the outer radius a of the bar is brought 


down to r the shaded areas in Fig. 343 under the stress curve are 
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annihilated. Hence, equilibrium requires a shifting of the zero 
line which was originally OA by an amount to the position 
O'A' given by 

= %rj^srdr ( 11 ) 


Solving this equation for s by taking the derivative gives 

1 d(rV) 

^ 2r dr 


(12) 


The shifting of the zero line by s' is observed by the changes 
of the unit extensions e' = s'/E of the bar (E = Young’s modu- 
lus). Thus the residual stresses s are found. 

If for example the observed change in length after subsequent machining 
may be expressed by a power function 


the residual axial stresses will be given by the equation 


s 



71 + 2 r"\ 

2 ‘aV' 


(14) 


containing the same power r«. If in the inner portion of the bar tensile 
(residual) stresses are acting by removal of an outer layer the compressive 
stresses will be annihilated; hence the tensile stresses at the center must 
also be diminished and the bar will contract during the subsequent reduc- 
tions of its diameter. If, on the contrary, the outer portion is under tension, 
the bar will expand longitudinally. The latter case was observed by Heyn 
in the cold-drawn brass bars; the former case in quenched steel bars 
(quenched from 600°C. in water at 25°C.). Cold-drawn bars have com- 
pressive residual stresses in their central portion whale quenched bars have 
tensile residual stresses in this portion. 


c. Second Method of Finding Residual Stresses Assuming a 
General Law of Deformation for Unloading. — Tests with subse- 
quent change of sign in stress, for example, tests where the 
specimen is subjected first to tensile and later to compressive 
stress, or torsion tests where the bar is twisted first in one direc- 
tion and then in the opposite direction above the plastic limit, 
show that the stress-strain curve for the reversal of stress may 
differ considerably in its shape from that of the first stress-strain 
curve for direct loading. As an example, the shape of a stress- 
strain diagram in pure shear containing also the portion of the 
curve for reversed twisting is shown in Fig. 344 for mild steel. 
The shape of such curves for twisting in a reversed sense seems 
also to depend on the amount of cold work to which the material 
has been subjected in the previous plastic deformation. The 
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curves for unloading after different amounts of cold work may 
differ from each other as shown in Fig. 346 for pure shear. The 
first section PQ (Fig. 344) of the curve for the unloading, however, 
seems to differ but little from a straight line. 

Using these observations, known also as the ^'Bauschinger 
effect,^’ it is possible to improve the first method of calculation as 



unloading and loading in reversed sense.) 

mentioned above under section a) and to construct the curve of 
residual stresses by using a curved stress-strain diagram not 
only for loading but also for unloading as obtained from tests, 
such as the line PQR in Fig. 344.^ 

1 Relative to such tests see W. Bader, Dissertation, University of Got- 
tingen, 1927. 
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We may first assume that the same curv^e PQE can be used for example to 
obtain the residual stresses in a twisted bar of circular cross-section having 



Fig. 345. — Distributions of shearing stress s in a round bar under torsion 
during unloading and subsequent twisting in reversed sense for various angles of 
twist per unit of length. Abscissae: r/a; r radius of point in which stress 
indicated, a outer radius of bar (a — 1 in.). Ordinates: shearing stress s. 
(Stress curves s ^fir/a) were obtained using stress-strain diagrams shown in 
Fig. 344.) 

a diagram of pure shear as given in Fig. 344 at all distances r from the center 
of the bar.^ The result of this analysis is contained in Fig. 345 which 
shows the residual stresses in a cylindrical bar of 2-in. diameter for the 

1 A more general assumption would be to consider corresponding to each 
grade of cold work an individual curve s' = /(y') for unloading as shown in 
Fig. 346 and to apply the same method as used above for computation of 
the residual stresses in Fig. 345. 
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angles of twist indicated in the figure. The sharp comers of the previous 
curves (Figs. 337 and 338) have now disappeared.^ 

By cold drawing the mechanical properties of a wire are not changed uni- 
formly. A cold-drawn steel wire is, as has been shown by Lea and Batey,® 
for example harder in the central than in the peripheral parts. The distri- 



Fig. 346. Fig. 347. 

Fig. 346.^ — Stress-strain curves in pure shear for direct loading, for unload- 
ing and loading in reversed sense corresponding to different grades of cold work. 

Fig. 347. — Change of Brinell hardness with subsequent cold drawing of 
wire; d diameter of wire. ^According to Lea and Batey.) 


bution of the Brinell hardness number over the cross-section of cold-drawn 
wires after subsequent drawing and cold work is shown in Fig. 347 for the 
wire diameters d = 0.328, 0.300, 0.275, and 0.243 in. Since obviously 
larger amounts of cold work correspond to larger Brinell hardness numbers 
(measured, perhaps, by the principal stress difference necessary for yielding) 
we understand why in eold-drawn wires comparatively great residual stresses 
must remain. To remove these stresses it is necessary to anneal the wire. 

1 For examples of distributions of residual stresses, see Trans. A. S. M. E. 
Mech, Div.y 1930. 

2 Proc. Inst. Mech. Eng., no. 4, p. 865, London, 1928. 
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ELASTICITY AND PLASTICITY AT ELEVATED 
TEMPERATURES. CREEP OF METALS 

a. Isotropic Elasticity. — We have seen, that of the poly- 
crystalline materials mild steel, if subjected to a homogeneous 
state of stress at normal temperatures shows a fairly well-defined 
limit of plasticity or yield point with increasing stress. Tests 
have led to the result, that the limit of plasticity of mild steel 
under suflBLciently low temperatures might be considered in first 
approximation to depend on a certain stress condition. Desig- 
nating by sij § 2 , and S 3 the principal stresses and by so the yield 
stress in pure tension, if 

(si — — Ss)^ + (ss — Si)® < 2so^ (1) 

the strains produced remain purely elastic and the six components 
of stress can be expressed as linear functions of the six compo- 
nents of strain (Hooke’s generalized law of elastic deformation). 
The isotropic elastic materials including the polycrystalline 
metals have two elastic constants, i.e., Young’s modulus of 
elasticity E and Poisson’s ratio v. The other elastic constants or 
moduli depend on these two, for example the modulus of rigidity 
is G = E/2(l 4 - v) and the bulk modulus (modulus of compres- 
sibility) is K = E/d{l —2v), If the sum of the square of the 
three principal stress differences (formula 1 ) is just equal to 
2 so^ non-reversible or permanent strains will gradually develop, 
in addition to the elastic strains. 

b. Perfect Plasticity. — Now an idealized state of equilibrium 
in the plastic state or a perfectly plastic ” mass may be considered 
by assuming that, while plastic fiow occurs, the stresses do not 
change and remain independent of deformation as well as of 
velocity of deformation. We have seen that for a few per cent 
unit extension, compression or unit shear, plastic flow at ordinary 
temperature in ductile metals — such as soft steel — may be con- 
sidered as approaching these idealized conditions, if large velocities 
of deformation, such as may be produced by impact in connection 
with plastic deformation, are excluded. 
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The rules regarding stress and strain (Chap. 14) were given 
for the equilibrium of a perfectly plastic mass. Perfect plasticity 
depends only on one physical constant, f.c., the yield stress Sq 
in pure tension. The great simplicity, which was attained by 
using these assumptions, justifies their introduction even in 
such cases where departure of the idealized conditions is apparent. 

To express briefly the difference which exists between the cases 
of perfect elasticity and of perfect plasticity, we may also say, 
that in the first case there is a single-valued correspondence 
between the state of strain and the state of stress. To six 
given components of stress correspond six definite components of 
strain and the six equations expressing these relations are linear 
(Hooke's law).^ 

In the second case, however, of a slow stationary plastic flow, 
only five equations are available to express the stress-strain 
relations (Chap. 14), leaving one of the components of strain 
undetermined. In consequence, if the six components of stress 
are given, one of the strain components can always be chosen 
arbitrarily, while the values of the five other components of strain 
then follow from the five stress-strain relations.^ 

c. Work Hardening, — ^We have seen that besides the idealized 
facts, expressed under section b, several further experimental 
circumstances must be taken into account if larger deformations 

iln the case of perfect elasticity besides the six stress-strain relations, 
three more equations determine Jthe state of equilibrium and three further 
equations of compatibility are available, thus making in all 12 equations 
which are sufficient to determine the 12 unknown stress and strain 
components. 

® As was pointed out in one of the preceding chapters (see Chap. 14, 
page 78, Eq. [18]), one may also write down the stress-strain relations for 
a perfectly plastic mass exactly in the same form as for an elastic mass. 
There are then six equations, in which instead of Young’s modulus an 
undetermined ‘‘modulus of plasticity” is used and Poisson’s ratio is taken 
equal to r Thus, in the case of a perfectly plastic mass 13 unknown 

quantities have to be determined ie., the 12 stress and strain components 
and also the modulus of plasticity, which itself must be considered dependent 
on X, y, z. For the 13 unknowns now are available : six stress-strain relations, 
three conditions which express the state of equilibrium, three equations of 
compatibility and, finally, the condition of plasticity (Eq. [1] with the sign 
of equality), making all together 13 equations. But as the modulus of 
plasticity is now one of the unknown functions of x, y, z, its values may be 
chosen in some way arbitrarily on the boundary of the plastic mass, thus 
constituting an infinite set of different states of strain, all of which will be 
compatible with the cdhiputed state of stress. 
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are to be treated. First among these is the fact that all the 
ductile metals, including mild steel, at sufficiently low tempera- 
tures show the effect of work hardening or cold work. If sub- 
jected to a tensile test for example, the ductile metals show a 
gradual increase of stress to maintain plastic flow with deforma- 
tion. Besides this property, a second fact has to be mentioned, 
namely, that for several polycrystalline metals such as soft, 
annealed copper, aluminum, etc., under comparatively small 
strains the limit of plasticity loses its significance and a definite 
yield point may not be observed (because the plastic or perma- 
nent parts of the deformations practically begin to develop at 
the lowest stresses). This has already been pointed out (Chap. 5). 



Fig. 348. ^ Fig. 349. 

Figs. 348 and 349. — Recovery of zinc single crystals tested in tension. {Accord- 
mg to E. Schmid and 0. Haase.) Figure 348, wire stretched at intervals of 30 to 
40 sec.; Fig. 349, at intervals of 24 hr. 

It seems, however, that a yield point appears again if the plastic 
deformation is interrupted (point A, in Fig. 11 page 24) by 
unloading, and the specimen is again loaded. It has not yet been 
possible to establish the generalized stress-strain relations for 
plastic flow involving the phenomenon of work hardening, but 
it was possible to work out the theory for several cases under 
simple states of stress such as torsion or bending, or for the 
radial flow in thick-walled tubes. 

d. Recovery. — The opposite of the effect of work hardening 
may be termed recovery, an effect which may be observed after 
a metal test piece has been subjected to severe cold work On 
zinc single crystals, stretched at room temperature, 0. Haase 
and E. Schmid^ have shown that if the tensile test is suddenly 
1 Z. /. Phys., vol. 33, nos. 5 and 6, p. 413, 1925. 
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interrupted, the cr^^stal unloaded and loaded again, the stress- 
strain curve appears shifted downward. Figures. 348 and 349 
exhibit this in the case of two tests, in which the zinc cr^rstal was 
stretched several times by 50 per cent each time, at intervals of 
30 to 40 sec. between subsequent unloadings in Fig. 348, and of 
24 hrs. between two consecutive tests in Fig. 349. As can be 
seen from these figures, yielding of the crystal after a period 
of rest starts at a lower stress AB than the last stress AC, 
to which the crystal was stretched in the pre'vdous test. The 
recovery of the zinc crystal after 24 hrs. is very considerable; 
it has almost completely lost the strength, due to previous work 
hardening. It is very probable also that polycrystalline metals 
will show the effect of recovery, especially if the phenomenon of 
recrystallization is also taken into consideration, which fact may 
be of importance in long time-tests. 

e. The Influence of the Velocity of Deformation. — A second 
experimental fact must now be mentioned which has not yet been 


Highspeed 



considered. If plastic flow is treated 
under the assumptions stated under 
section b, one component of strain 
remains undetermined. Under the 
assumptions stated under section c, 
however, the state of strain is fully 
determined by the six components of 
stress. Now, accurate tests at 
slightly elevated temperature have 
shown that the shape of the stress- 
strain curves as obtained for example 
under pure tension, pure compres- 
sion, or pure shear appears also to be affected by the speed of 
deformation. For example, if a tensile stress-strain diagram of 
steel or of copper is taken under a constant rate of elongation per 
unit of time, the height of the stress-strain curve is slightly affected 
by the velocity of the deformation. The higher the speed v = 
de/dt and the quicker the test bar is extended, the greater the yield 
stresses observed corresponding to equal unit extensions e. This 
is indicated in the diagram, Fig. 350. P. Ludwik, ^ Cassebaum,^ and 


Extension 


Fig. 350. — Stress-strain 
diagrams taken under various 
speeds v — de/dt. 


^ '^Elemente der technologischen Mechanik,'' Berlin, 1908; see also later 
papers of P. Ludwik. 

* Dissertation, University of Gottingen. 
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Bailey^ have independently arrived at the conclusion that as a 
first approximation (with the exception of the region of very small 
velocities, where y = 0 and the formula is not valid) a logarithmic 
law 

* s =* Si + So In “ (2) 

seems to express this fact. The yield stresses s, s', s", . . . cor- 
responding to a given extension €, but to different rates of flow 
t), y,' y", . . . will increase as the terms of an arithmetic pro- 
gression, if the rates of flow y, y', y", . . . required to produce 
these yield stresses, were chosen as the terms of a geometric 
progression. 

It appears from this that under higher rates of extension the 
yield stress increases much less rapidly with velocity of deforma- 
tion than under low rates of elongation. We may mention that 
a similar effect of speed on the stress-strain curves has also been 
observed on metallic single crystals by E. Schmid. 

f. The Stress-strain-velocity Diagram. — From the preceding 
it follows that a more complete picture of the laws of plastic 
flow will be obtained by plotting yield stress s not only as a func- 
tion of a single variable s = /(e), namely, of strain or unit elonga- 
tion €, as was assumed previously, but also by comparing yield 
stresses corresponding to different rates of flow v = de/dt. 
This can be done by considering the yield stress s as a function 
of two independent variables: of unit elongation e and of rate of 
flow y = de/dt 

B = F(€, y). (3) 

Such a function of two variables can always be represented 
graphically by a curved surface, plotted as a surface above 6 
and y as rectangular coordinates. In this way a diagram is 
obtained as represented in Fig. 351. It is obvious that the 
vertical profiles of this surface s == F(€, y) obtained by cutting 
it by a set of parallel planes € = const, must give curves of a 
character as expressed by the logarithmic function Eq. (2). 

On the other hand, the intersections of the surface ^ = F(e, y) 
with the planes v = const, must determine the shape of the 
iR. W. Bailey, Creep of Steel under Simple and Compound Stresses, 
Tram, Tokyo Sectional Meeting of World Power Conference, Tokyo, vol. Ill, 
p. 1089, 1929. This paper contains very valuable information on the effect 
of the rate of plastic flow on the yield stress and on creep tests under com- 
bined stress. 
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“stress-strain diagram” at the various speeds or rates of flow 2 ;. 
It will be shown below that on these surfaces further important 
curves can be considered. 

g. Homologous Temperatures. — ^It is furthermore evident, 
that such a surface as a = F(€, v) will correspond only to a given 
temperature t. With varying temperature we must expect that 
the shape of the surface s = F(€, v) will change considerably. 
For the full understanding of the beha\uor of solid matter under 
stress it is now of importance to describe more exactly the changes 
of shape of the surface a = F(e, v) w^hich occur if the temperatures 
are gradually increased. 



Fig. 351. — The stress-strain-velocity diagram for a metal having a well-defined 
plastic limit. (At comparatively low temperature.') 

Before we do this, it will be good to introduce a new quantity 
for measuring temperatures first proposed by P. Ludwik^ which 
appears to be useful if the behavior of several metals having 
different melting temperatures is to be compared. Let t and t' 
be the temperatures in degrees centigrade of the two metals to be 
compared; T and T' the corresponding absolute temperatures 
{T = t + 273°) and Tm and TJ the absolute melting tempera- 
tvires. Then T and T' will be called homologous temperatures, 
if the ratios for the two metals 

T T' 

B =■— a.nde' => jp-, W 

1 Valuable information on molecular homology and related questions are 
given in Lxjdwik's papers, Z. d, V.D.L vol. 59, p, 657, 1915, and in Stahl 
und Eisen, voL 35, No. II, p. 1183, 1915. 
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are the same. The utility of using Q instead of T as the variable 
expressing the temperature is based on the fact that at the melting 
temperature the mechanical properties of the metals (and of 
the crystalline substances in general) undergo sudden changes, and 
on the fundamental observation that some of the important 
mechanical properties of the metals such as elasticity, yield 
stress, strength, show remarkably similar variations with 
temperature if plotted as functions of Take for example 
lead and iron. The melting temperature of lead is tm — 327°C, 
and hence the absolute melting temperature of lead is Tm = 600°; 
that of iron TJ = 1510 + 273 = 1783°. A test with lead at 
room temperature t = 20°C. corresponds to a test with iron made 

m r 1 >700 

r rp ^ . 293 = 870° or 597°C. Hence 

Tm 600 

the homologous temperature under which iron will behave 
similarly to lead, stressed at room temperature, is t' = 597°C. 
Lead at room temperature behaves like iron at red heat. 

The effects of a rising temperature on the mechanical and metallurgical 
properties of the metals are manifold. It is important to know, that, with 
rising temperature, not only the general shape of the surface a = i^(e, v) will 
change considerably but also the shape of those steeper parts of these 
surfaces bordering along the two axes e = 0 or w = 0, where either the 
deformation e or the rate of elongation v have small values. Furthermore, 
certain discontinuities of the surface must be expected corresponding to 
isomorphous changes in the crystalline structure, when metals exhibit such 
changes- 

Special* attention must be paid to the more exact determination of the 
shape of the surface s = F(€, v) along the c and the v axes. 

The surface s = F(e, v) of a metal for example, exhibiting a well-defined 
yield stress at low temperatures and having hence a sharply limited elastic 
portion in the stress-strain diagram, will in the bordering region of the e, v 
plane, where e is small, i,e., along the v axis — consist in a steeply inclined 
plane (Fig. 351). This plane must intersect the e, v plane in a line parallel 
to the V axis at a distance given by the thermal expansion of the metal at 
this temperature. The slope of this plane is determined by the value of 
the modulus of elasticity E at the temperature considered. 

On the other hand, we must expect that the surface s = F(6, v) of a metal 
at a moderately elevated temperature tends to a'pproach the e axis and perhaps 
will pass through the e axis. (This case is shown in Fig. 352.) In other 
words, this would mean that the behavior of a metal at a sufficiently high . 
temperature and for comparatively small stresses can perhaps be char- 
acterized by saying that stress at a given elongation e is proportional to the 
rate of flow v. It seems probable that at sufficiently high temperature, the 
surface s = F(€, v) approaches the v axis or passes through it. Plastic flow 
at such temperature and for low stresses could thus be considered as viscous 
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flow (see section j}, and the slope of the surface a = F(e, ej in a direction 
perpendicular to the « axis or 


\dvJ^„o 

would be what is called in the hydrodynamics of viscous fluids the coefficient 
of viscosity 77, multiplied by a certain numerical factor, depending only on 
the nature of the state of stress considered. (For “pure tension'’ or ''pure 
compression" this factor is for example = 3 if for '‘pure shear" = 1.) 


Hookes Plane 



Fig. 352. — The stress-strain-velocity diagram for a metal at elevated tempera- 
ture. (Proportions of figure are exaggerated.) 


Thus we must conclude, that an experimental determination 
of the more exact shape -of the surface s = F{€, v) along the 
€ axis will throw some light on a property of the substance, 
which is called 'Mscosity,^^ and an investigation of the shape 
along the v axis will describe the elastic properties of the material. 
In what follows we will discuss these bordering portions of the 
surface of plasticity. 

h. The Effect of Temperature on Elasticity. — Not many 
reliable tests are available. Difficulties are encountered if the 
moduli of elasticity E or of rigidity G must be determined at 
comparatively high temperatures on account of the non-elastic or 
permanent deformations which more and more prevail with 
rising temperature. The values of E or G at elevated tempera- 
ture if obtained from static tests, seem too low, while dynamic 
tests by determining E or G from the frequencies of vibrating 
bodies are more reliable. A typical result is shown in Fig. 
353 for aluminum obtained from tests with vibrating strings 
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made by Koch and Dieterle,^ in which the modulus of elasticity 
E, the modulus of rigidity G, and the coefficient of linear expan- 
sion a are plotted against the ratio 0 = T/'Tm of the absolute 
temperature T to the absolute melting temperature of 
aluminum. Only the full part of the curves is based on tests, 
the dotted parts are proposed extrapolations not based on tests. 
Both moduli E and G decrease with the rising temperature. 
Apparently Young’s modulus E decreases little less rapidly 



Fig. 353. — ^Variation of the elastic properties of aluminum with temperature. 
(According to Koch and Dietcrle.) 


than the modulus of rigidity G, The decrease in the value of 
E and G from the absolute zero to the melting temperature 
may be estimated equal to approximately 86 per cent and 90 
per cent, respectively. 

From E and G the curves for Poisson’s ratio v and the bulk 


modulus K = 


E 

3(1 - 2v) 


were computed, the former showing 


1 The yarialioii of the modulus of elasticity E with temperature has been 
determined by Koch and Dmtbru®, AnncH. d. Phya., vol. 68, p. 441, 1022; 
and that of the rigidity modulus by Koca and Dannbckbb, ArmaL d Phya., 
vol. 41, p. 197, 1915. 
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a tendency to increase with temperature, while the latter has 
a similar shape to the E or G curve. The values of p are much 
affected by the uncertainties in the values of E or G, and therefore 
it is probable that the v curve will change considerably when 
more tests are available. Finally, in Fig. 353, the coefficient 
of expansion as computed from 


is plotted against the temperature. Here Iq is the length of a 
bar at a standard temperature to, and I the length at the tempera- 
ture t. 



Fig. 354. — ^Variation of the elastic properties of iron with temperature. 


A second diagram (Fig. 354) contains test results for steel. 
Here a discontinuity in the curve of G can be seen, which corre- 
sponds to the change from a to 7 iron. 

The elastic properties of tungsten (besides strength and other physical 
properties) were carefully investigated by W. E. Forsythe and A. G. 
Worthing^ in a wide range of temperatures up to about 2000°C. The 
modulus of rigidity of tungsten was found to vary as follows: 

At absolute temperature Ti 300® 700® 1100® 1500® 1900®. 

Modulus of rigidity (?(ifcsr /cm*): 21.6 21.2 20.6 12.3 4.3 X 10®. 

^ The Properties of Tungsten and the Characteristics of Tungsten Lamps, 
The Astrophysical Journal, Chicago, vol- LXI, pp. 146-185, 1925. 
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For the modulus of elasticity E values from about 3.5 to 4.2 millions 
kgjcm^ at room temperature have been found. Tungsten seems to have 
the highest modulus of elasticity of all substances recorded. From room 
temperature (300® abs.) to 1300°K. a slow decrease amounting to about 10 
per cent was found. 

The variation of the coefficient of thermal expansion from room tempera- 
ture to about 2300®K. was found to be represented well by a function: 

a = = r4.40e + 4.5 X + 2.2 X lO-^i’J.lO-o 

Lq 

where t ^ T — 300 is the increase of temperature above room temperature 
( = 300®K) and I and U refer respectively to the lengths at t and i = 0. The 
coefficient of expansion was found at 

T = 300® 1300® 2300®K. 

ot = 4.44 5.19 7.26 X lO”® per degree. 

The elastic properties of tungsten vary greatly with the size and the grain 
structure of the wire. 

i. The Effect of Temperature on Plasticity and on the Shape 
of the Stress-strain Diagram Is Twofold, — With rising tempera- 
ture the yield stress decreases rapidly in general. Of the metals 
only steel shows an exceptional behavior, inasmuch as ultimate 
strength of medium carbon steel increases first with temperature 
up to the ^'blue heat^' range at 200 to 250® C. At temperatures 
approaching the melting temperature the jdeld stress of the 
polycrystaUine metals in general is but a small fraction of its 
value at low temperatures. Furthermore, generally speaking, 
the stress-strain diagrams at elevated temperatures show a more 
curved transition line at the lower elongations than is the case 
at comparatively low temperatures. From this it may be seen 
that it must be comparatively difficult to determine the slope of 
Hooke's straight line at elevated temperature or the values of 
E or (?, because the plastic part of the elongation is in most 
cases comparable with the elastic part, and can be separated 
only if precautions are taken and the speed of deformation is 
increased (vibrations). 

The second important effect of a rising temperature is that 
work hardening gradually disappears. This was clearly shown 
by the tests of M. PoUnyi and E. Schmid^ which were carried 
out with single metal crystals at the temperatures of liquid air 
and liquid hydrogen and by comparing the shape of similar 
stress-strain curves of single crystals as obtained at room tempera- 

1 Ncaurwissenschaftent vol. 17, p. 301, 1929. 
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ture. Figure 355 shows the curves for a zinc single crystal 
obtained in a tensile test at the absolute temperatures T = 20°, 
83°, and 300°. It must be remembered that if the true compo- 
nent of the shearing stress, acting in the planes of slip in a single 
crystal, is plotted against the true amounts of slip, the curves 
obtained will be somewhat different from those indicated in Fig. 
355. 

As a measure of what is called ^^work hardening” can be 
considered the slope df/de of the stress-strain curve s=f(e), 
if true stress s is plotted against 
true strain e. The derivative df/de 
at a given strain e, increases rapidly 
with decreasing temperature. 

An important conclusion of the 
tests mentioned above is that the 
metals (in the form of single crystals) 
at the lowest possible temperatures 
have clearly shown the phenomenon 
of slip and that a single-metal 
crystal close to the absolute zero of 
the temperature scale, at which the 
inter-atomic vibrations due to the 
thermal agitation of the atoms dis- 
appear, has a definite yield stress 
and a limit of plasticity. This shows 
that a main part of the mechanism 
of plasticity of a crystal and of the polycrystalline metals is due 
to slip. On the other hand, tests made with polycrystalline 
metals at elevated temperatures indicate the same effect, i,e,j 
that work hardening disappears at temperatures near the begin- 
ning of recrystallization and approaching the melting point. 

Also, from the careful investigations of E. Schmid and his collaborators 
the variation of the limiting shear stress with temperature under which 
single cadmium-, zinc-, and Bi-crystals begin to yield is known. ^ 

The single-metal crystals were tested in a wide range of temperature 
between 20®abs. (the temperature of liquid hydrogen) and the melting point 
of the metal. Contrary to previous assumptions of A. Joffe,^ who thought 
that the elastic limit (limit of plasticity) of rock salt, aluminum, and Mg 
single crystals drops down to the value zero at the melting point, the result 
of the tests of Schmid was that the shearing stress causing first yield at low 

1 Cf, Boas, W., and E. Schmid, Z, f. Phys.^ p. 575, 1929. 

* Proc, Internat, Corig, of Applied MechanicSy p. 64, September, 1924. 
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Fig. 355. — Stress-strain dia- 
grams of zinc single crystals at 
various temperatures. {Accord- 
ing to M, Poldnyi and E, 
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temperatures decreases at first about lineally with the increasing tempera- 
ture (for the same initial orientation of the planes of slip relatively to the 
axis of tension ), but becomes nearly independent of temperature when the 
melting point is approached. Thus metal crystals have a small but finite 
limit of plasticity at temperatures approaching the melting point. 

M. Polanyi and E. Schmid ^ distinguish three tj’pes of plasticity: 

1. Plasticity of single crystals at low temperatures— The limiting shearing 
stress is independent of the rate of flow, the shape of the stress-strain diagram 
of the crj^stal (for similar initial orientation of the planes of slip) does not 
depend on temperature or rate of flow. 

2, Plasticity of amorphous matter— The yield stress depends on the speed 
of deformation; this plasticity is dependent on temperature and ceases at 
the absolute zero of the temperature scale. 

3* Ordinary plasticity of ciy'’stals — Shows the effect of the lowering of the 
yield stress with temperature, which is explained as a simultaneous recovery 
of the crystal from the previous work hardening. 

j. Viscosity. — One of the most remarkable mechanical prop- 
erties of liquids is their viscosity or their internal resistance 
to movement exhibited between thin parallel layers in the tan- 
gential direction. The simplest expression of this property is 
that the resisting force per unit of area or the shearing stress 
s acting between two moving layers is proportional to the rate 
of change of the velocity of the liquid in a direction y perpen- 
dicular to the force s or 



where y designates the distance of a particle of the liquid from 
the plane of the shear and u the velocity of the particle. 77 
is called the coeflSicient of viscosity.^ 

Eegarding the mechanism which is thought to explain the 
viscosity of liquids, we may briefly note that viscosity is ordinarily 
considered as a transfer of momentum in the fluid from one 
layer to a neighboring layer. The atoms or molecules of a 
fluid in motion will move in a layer with a certain average 
velocity, but some molecules or groups of molecules may tempo- 
rarily have small components of velocity in the perpendicular 
direction to the main flow. If such a group of molecules gets 

1 Naiurwissenschaften, vol. 17, p. 301, 1929. 

® The term ‘^viscosity” is sometimes given a broader meaning by writers, 
especially if the phenomena of creep or of plasticity at elevated tempera- 
tures are considered. In the text above, the word viscosity is always used 
in the restricted sense of expressing the fact that shearing stress is directly 
proportional to rate of flow. 
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in the neighboring layer ha-vnng the smaller velocity, it will 
tend to increase the veloeitj' of this latter; and, on the contrary, 
if it gets in the layer having the larger velocity it will tend to 
retard its movement. By these infinitesimal impulses, due to 
the laws of the momentum, tangential forces parallel to the 
main flow must be exerted by one layer on the next. These 
forces will tend to accelerate the motion of the slower and to 
retard the motion of the faster layers thus producing shear 
stress, a characteristic of ■viscous flow. 

As the polycrystalline substances in the solid state of aggre- 
gation gradually lose their resistance to permanent deformation 
if the temperature approaches the melting point, and on the other 
hand all substances in the liquid state show an increase of 
viscosity -with decreasing temperature — ^it seems not u nreasonable 
to assume that "viscosity — or, expressed more generally, the 
changes in position of atoms or groups of atoms because of the 
thermal agitation — as a general property of all liquids or of 
solid matter in its amorphous state of aggregation, may be 
present, to at least some extent. Just after solidification of a 
liquid into a polycrystalline solid. It will therefore be logical to 
list the viscosity and the changes in position of atoms due to 
thermal agitation as a property of imperfect polycrystaUine solid 
materials at temperatures near the melting point which also 
depends on the temperature. 

k. Change of the Viscosity of Liquids with Temperature. — 
One of the most remarkable properties of liquids is the decrease 
of their viscosity ■with temperature. Recently S. E. Sheppard* 
and E. N. da C. Andrade^ independently have proposed a formula 
expressing the law of variation of the coejBficient of viscosity of 
liquids 1 / with temperature 

V = Ae"/'^, (7) 

which was derived from certain assumptions regarding a physical 
mechanism of fluid motion and was found to agree very well with 
observations. A and 6 are constants, T is the absolute tempera- 
ture. The following table shows the agreement for one ^example 
(butyl alcohol). 

* Journal of Rheology, No. 2, vol. 1, p. 208, January, 1930. 

® Nature, p. 309, March 1, 1930; and p. 580, April 12, 1930. 
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Temperature, 

^ Calculated 

Observed 

0 

0 0623 

0.0519 

20 

0.0293 

0.0295 

40 

0.0177 

0.0178 

60 

0.01135 

0.01139 

80 

0 00765 

0.00766 

100 

0.00538 

0.00539 


For water and similar liquids the formula has to be modified.^ 

The viscosity of imdercooled liquids was investigated by G. Tammann.^ 
He found that the viscosity of an undercooled liquid increases at first slowly 
with undercooling, but, with further decrease of the temperature, viscosity 
increases very rapidly, until the liquid becomes a vitreous solid or an amor- 
phous glass. An investigation of the law of change of viscosity with tem- 
perature for liquids may therefore throw some light on the behavior of 
■vitreous or amorphous solid substances such as glass. As was already stated 
above, these substances do not show a definite melting point, they soften 
if heated, or solidify if cooled, quite gradually within a greater range of 
temperatures. It is probable that the plasticity of the amorphous, non- 
crystaUine masses will have a close relation to the viscosity of liquids. 
As such amorphous masses are supposed to exist also in polycrystalline 
substances (where they are supposed to be present in thin layers or within 
the grain boundaries) one kind of plasticity, especially that which depends 
on temperature, may tend to approach the laws of viscous liquid flow, if the 
temperature is high enough. ^ 

1 In connection with this subject attention shall be called to a number of 
recent valuable contributions to the knowledge concerning the nature of 
the liquid state of matter contained in papers published in the Journal of 
Rheology, among which should be mentioned especially those by S. E. Shep- 
pard and R. C. Houck, The Fluidity of Liquids, vol. 1, No. 4, pp. 349-371, 
1930, and by M. Rainer, The General Law of Flow of Matter, vol. 1, No. 1, 
PP‘ 11~20, 1930. Sheppard and Houck point to the increasing evidence 
based upon numerous recent tests confirming the formula Eq. 7 and thus 
the conception of a regional orientation of the molecules in a liquid. The 
molecules of a liquid are, according to these latter authors and to the rc-ray 
investigations of G. W. Stewart and others, regarded as distributed in 
both a freely moving and a regionally oriented manner. With respect to 
the viscosity of liquids Cf. also: Eugene C. Bingham, '^Fluidity and Plas- 
ticity,” McGraw-Hill Book Co., Inc., New York. 

2 “Aggregatzustande, etc.,” p. 244, Leopold Voss, Leipzig, 1922. 

® For certain commercial kinds of glass the change of viscosity with tem- 
perature has been very carefully investigated. Washburn and Shelton, 
Umv, of Illinois Bull. 140, Eng. Exp. Sta., 1924, have, for example, found 
that the coefficient of viscosity of glass decreases as the temperature is 
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L Creep. — If a metal bar subjected to tension or some other 
simple mode of stress is heated up and the temperature kept 
constant while the load acts continuously, the bar will stretch 
continuously at sufficiently high stresses. A study of the 
mechanical behavior of the ductile metals with a high melting 
point at temperatures at which the work-hardening effect begins 
to decrease and recrystallization may participate, is of practical 
importance on account of the tendency to use such working 
temperatures and stresses in boilers, steam-turbine discs and 
casings, in the cylinders of internal combustion engines, and in 
certain apparatus used by chemical industries. 

The so-called '‘long-time’^ tests, which were carried out v^ith 
the purpose of studying plastic flow of metals at elevated tempera- 
tures, have contributed much to the knowledge of the laws of 
plastic flow in general.^ These questions may be studied by 
means of the stress-strain-velocity diagram and it may be stated, 
that plasticity at high temperatures with special reference to the 
phenomenon known as creep and described in recent investi- 


raised from the temperature of softening up to 1,500°, in the ratio of 10® 
to 1. Le Ceatelebr, Ann. de phys.j voL 3, p. 5, 1925, proposed a double 
logarithmic formula to express this enormous change of ri with the tempera- 
ture: log log 7j = ai + &. 

Sometimes the opinion is expressed that glass tubes, if stored at room 
temperature and freely supported at their ends, would bend permanently 
under their own weight. Lord Rayleigh, Nature, p. 311, March 1, 1930, 
found that a glass rod 4.9 mm. in diameter and about 1 m. long, supported 
freely at its ends and loaded by 300 g. at the middle which produced an 
elastic deflection of about 2.8 cm., did not show an appreciable permanent 
increase in its deflection after a period of seven years. Apparently the 
viscosity coefficient v of glass at room temperature is so large that it would 
require a much longer time to produce measurable effects at this low tem- 
perature and comparatively low stress. C. D. Spencer, Cleveland, 
Nature, p. 707, May 10, 1930, found, however, that a glass tube of 110 cm, 
length, 1 cm. diameter and 1 mm. in wall thickness on supports 1 m. apart 
and loaded by 885 g. at the center (a load which was little less than the 
force necessary to break the tube in bending) showed a 'permanent deflection 
of 9 mm. after the lapse of six years of loading. 

^ The author is much indebted to Mr. P. G. McVetty of the Research 
Laboratories of the Westinghouse Electric and Manufacturing Company 
for much valuable information in the field of high-temperature work and 
long-time tests, which he received during discussions. The author must 
express his sincere thanks for the willingness of Mr. McVetty to discuss these 
questions with him. 
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gations^ will perhaps be understood more fully and treated in a 
more general way if the function 

s = F{.e, v) (8) 


was known for the metals and alloys of higher melting points. 

The shape of the surface F can be studied by obtaining from 
tests certain cur-v'es situated on it. One method frequently used 



Pig. 356. — Extension tests of long 
duration. 


is to observe the extension of 
bars under a constant load with 
time. By observing how the 
unit elongation e = AZ/Jq, taken 
for some gage length h increases 
with time z curves like those in 
Fig. 356 may be obtained, giv- 
ing € as a function of time 

6 = <p{z), (9) 


If € does not exceed certain small values (of some few per cent) 
a test carried out under a constant load P can be considered also 
to be a test carried out under a constant stress s. If, however, 
€ changes very considerably, the true stress s computed with 
respect to the actual area of cross-section A and found by 


s 


P 

A 


( 10 ) 


will increase with e. 
Chap. 15) is equal to 

where 


We have seen that the true stress 


= (1 + €)So 



(see 

( 11 ) 

( 12 ) 


is the stress as computed by dividing the load by the original 
cross-section Aq, 

1 A very complete bibliography on the question of the creep of metals is 
contained in F. K. Norton’s, ‘^Thc Creep of Steel at High Temperatures,” 
p. 80, McGraw-Hill Book Company, Inc., New York, 1929; 88 pp. Papers 
to which reference is made above are mainly those of R. W. Bailey, Cour- 
not and Sasagava, French, Lee, Lynch, Mochel and McVetty, Pomp 
and Dahmen, and the monograph mentioned above. 

Research on creep up to 1924 is reported in: The Effect of Temperature 
upon the Properties of Metals, a symposium; meeting held at Cleveland, 
1924, Trans. Amer. Soc. Mech. Eng., vol. 46, 1924, 
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By means of the last equations the true stress can be found 
if the tests are not carried out under s = const, but only under 
constant load. From the time-elongation diagram of a long-time 
test the rate of flow 


is found as the derivative of the curves e = <p(z) with respect to 
the time z. Thus corresponding values of the three variables: 
stress Sj elongation e and rate of flow v may be obtained and the 
surface s = F(e, v) be constructed if points in suflicient number 
are determined. 

A complete picture showing the elastic-plastic behavior 
of a metal will be obtained, if the surfaces s — F{e, v), each 
corresponding to a given temperature T are plotted above e and 
V as independent variables and for a set of temperatures T 
extending from low temperatures up to or above the region of 
softening and recrystallization. Two such surfaces were plotted 
in the schematic Figs. 351 and 352. 

Considerable discussion has centered around two questions: 
Do the metals at any sufficiently high temperature always show 
a creep limit or not and how may the tests which now require a 
long time be shortened in duration? 

A limit of creep means that at a given temperature a certain 
stress Sc exists, below which the metal can be stressed for an 
indefinite time without observable creep or without showing 
a gradual further increase in elongation. In the time-extension 
diagram Fig. 356 this would mean, that if the stresses s (which 
are kept constant for each curve) do not exceed the creep limit 
Sc, all € curves approach horizontal branches and have horizontal 
asymptotes. 

As, on the other hand, the data obtained from creep tests 
clearly indicate, that for sufficiently high temperatures and high 
stresses the curves e ^ (p{z) definitely rise with time z, a further 
consequence of the existence of a creep limit would be that the 
asymptotes of these curves would be 

horizontal if s < Sc 
and inclined if s > sA 

1 CoTTRNOT and Sasagava, Revue de mUallurgie, p. 753, 1925, believe they 
have found by tests that a creep limit exists, but the data, on which they 
base their conclusions, seem to the writer not sufficiently conclusive. 
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From a physical standpoint it is hard to conceive why the 
character of certain curves such as e = tp{z) should suddenly 
change if no new reason^ is apparent which would cause such a 
change, as is the case, for example, on the other bordering part 
of the surface s = F{t, v) for small values of e. If € is small, such 
a reason exists indeed in the phenomenon of yielding, due to slip 
in the crystal grains. 

The important question as to whether there is a break in 
the surface s = ^(e, v) at sufficiently high temperatures in the 
region of small values of the variable v (in the parts of the 
plane €, v bordering along the e axis) similar to that existing along 
the other, the v axis, at lower temperatures and for small e (thus 
exhibiting there what is called ^'a well-defined'’ yield stress), 
will have to be cleared up in the future by determining more 
accurately the shape of the surfaces s = F(e, v) at higher tem- 
peratures and at the low rates of flow v. 

If viscous flow and changes in position of the atoms due to 
thermal agitation are also an essential part of the plasticity of 
matter in the polycrystaUine state of aggregation at elevated 
temperatures, i.e., if stress s as a first approximation can be 
considered as proportional to rate of flow v, at least at low values 
of s as compared with the stresses s necessary to maintain plastic 
flow at greater speeds — and tests seem to indicate that such a 
thing is true in the case of the amorphous solid substances — a 
creep limit will not exist, because of the fact, that at sufficiently 
high temperatures the smallest stress will cause flow and a small 
but finite velocity of deformation, thus causing also increasing 
deformations. The fact, that the coefficient of viscosity rj which 
is expressed by the ratio s/v, is itself a pronounced function of 
temperature T and changes extraordinarily rapidly with T, then 
may explain some of the fundamental observations regarding the 
questions of creep. 

^ Softening of a work-hardened metal after long exposure to a relatively 
low temperature might cause a bending up of the curve € = <^(2) after a 
longer period of time, as was remarked by P. G. McVetty. This relief of 
the work hardening might be caused by the simultaneous action of strain 
and recrystallization. 
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FINITE HOMOGENEOUS STRAIN 

If we wish to obtain a more exact estimate of the plastic 
deformations and of the distortions occurring in the earth^s 
strata, we will have to analyze the deformation of the solid layers 
of rock by applying methods similar to those used by engineers 
and physicists to analyze stress and strain. These methods, as 
developed in Chaps. 7, 8, and 9, may therefore be used in order 
to describe quantitatively the geological displacements observed 
in the rock layers of the earth. For the convenience of geolo- 
gists who may be less acquainted with the analysis of stress and 
strain, a few essentials of this subject, given in previous chapters, 
will be briefly recapitulated here. 

If we wish to determine quantitatively the amounts of dis- 
tortion in some parts of the earth crust, we should begin with the 
initial position of the rock layers at an earlier time and compare 
this original position with that after deformation. The fulfill- 
ment of this self-evident condition is scarcely ever possible. 
In so far as the geological processes of deformation concern 
sedimentary rock layers, we may try to choose a system of 
rectangular coordinates rr, y, z with an origin 0 as the reference 
system, relative to which the distortions of the rock layers are 
to be determined. For one such recommended system of refer- 
ence a horizontal position for the x, z plane might be chosen, 
with the origin fixed to some point in the earth crust in a region 
where relative distortions can be considered as negligible. How 
far it is possible to satisfy this condition, cannot be further 
discussed here. 

Another possibility is to disregard, for the moment, the 
general motions in the earth’s strata relative to a fixed surface 
of the earth globe, and only analyze the relative motion of a 
part of the earth’s crust with respect to a neighboring part. A 
third possibility, which has long been used in geology, is to 
study the distortions of the boundaries of the rock layers, as 
they exist at the present time, especially in vertical sections 
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taken through mountains. In this procedure, it is tacitly 
assumed that the boundaries of the layers were originally more 
or less parallel and in a horizontal position. (An exception are 
“non-conformities’^ as the traces of former eroded surfaces of the 
earth crust, crossing the horizontal layers, 
buried under the strata deposited later.) 

If, in a cross-section of the rock layers 
before deformation has occurred, a straight 
line be thought of as drawn between two 
neighboring points P and Q (Fig. 357), we 
may consider the change in the distance PQ caused by the 
deformation. Because of the distortion the line PQ changes over 
to the line P'Q'. We call the ratio 


Fig. 357. 


_ P'Q' ~ PQ 
' " PQ 


the unit strain of the rock in the direction P'Q'. If, in addition 
we consider two directions PQ and PP, initially perpendicular 
to each other, we wiU in general find that these directions after 
deformation, P'Q', P'R', will not be perpendicular to each other 
but will form a certain angle Q'P'B' with each other. If, in the 
plane of the angle P'Q'B', a line is drawn perpendicular to one 
of the directions P'Q' or P'B' in the distorted end positions, 
an appropriate measure of the angular distortion may be taken as 
the distance y = SS', through which a point /S at a distance 1 
from P (1 cm. or 1 in.) has been displaced parallel to P'Q' to 
the point S'. We call y the unit shear at the point P parallel 
to one of the directions P'Q' or P'B'. 

An exact analysis shows that, in general, the distortion in 
a material in the neighborhood of an arbitrary point P may be 
described by means of nine quantities. There are three mutually 
perpendicular directions PA, PB, PC, which have the property 
that after distortion they still remain perpendicular to each 
other. After distortion these lines arrive at three positions, 
P'A', P'B', P'C', which are also mutually perpendicular. We 
call these latter the directions of ^principal strain of the material. 
For these three directions there is no change of angle and there- 
fore the unit-shearing deformation is zero. Moreover, for these 
three directions, the unit strains become analytic maxima and 
minima, and because of this, the strains parallel to these three 
directions (P'A', P'B', P'C') are called the principal strains 

€l, €2, €3. 
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Since the designation of three fixed directions in space requires 
three quantities (angles), the complete designation of the state 
of strain in the neighborhood of a point P requires nine quantities, 
as follows: Three quantities are necessary to define the initial 
position of the three straight lines PA, PB, PC; three additional 
quantities are necessaiy to define the new directions P'A', 
P'B', P'C, which the initial three straight lines assume after the 
deformation; and by means of ei, 62 , es three quantities are given 
which determine the amount by which the material is strained 
parallel to these three latter directions. The state of pure strain 
of rocks is therefore determined by six quantities only (the 
three principal directions P'A', P'B', P'C in the strained position 
of the material and the three principal strains ci, € 2 , eg), if one 
considers the rotation of the principal axes from the undistorted 
position to the distorted position as an effect of secondary 
interest. 

We can therefore say that the general state of strain in an 
element of a stressed body consists of a pure extenaon of the 
elements of the body in three definite mutually perpendicular 
directions and of a rotation of the entire element as is possible 
in a rigid body. A noteworthy particular case is the state of 
strain where the rotation vanishes: then the three principal 
directions PA, PB, PC, which after deformation become principal 
strain directions, remain parallel. (An example of distortion 
without rotation is given in Fig. 375 below.) Contradictions 
and uncertainties in the description of mountain folding and 
distortions in the rock strata can be avoided if these simple laws 
and a few of the following particular rules are considered. 

If in the interior of the material in the initial position 1, we 
t.liinTr of a small sphere with an extremely small radius r circum- 
scribed around a point P, in the final position this sphere will 
deform in a very simple manner; it becomes an ellipsoid with 
the major semi-axes (1 -H «i)r, (1 + es)r, (1 «g)r. Eachparalld 

bundle of strai^t lines is deformed in such a way that it again 
becomes a bundle of straight and parallel lines. We call this 
state of strain a homogeneous strain and can say that in gen- 
eral the state of strain in the vicinity of a point is essentially 
homogeneous. 

Two states of strain are important in geological movements, 
and these will be mentioned here. 
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Ee Distortion without Change of Volume. — In the solid rocks 
made up of sediments which have been deposited for an extremely 
long time and which have become thoroughly settled down, and 
in solid igneous rocks, it may be assumed that during subsequent 
displacements or distortions of the rocks, the volume does not 
change. Then we have for the three principal strains the follow- 
ing additional condition: 

(1 + €l)(l + €2)(1 + €3) = 1. (1; 

This equation expresses the fact mathematically that the volume 
remains constant. If, for example, two of the principal strains, 
€i and € 2 , are given, the third principal strain ea is already deter- 
mined and can be calculated from this equation. 

b. A Second Important Particular Case Is Plane Strain. — 
In the case of many geological movements, as for example 
are observed in the formation of mountain ranges in parallel 
chains, all movements inside of a limited portion of the earth's 
crust occur substantially in parallel planes. These parallel 
planes do not change their distance from each other during the 
distortion (they are perpendicular to the crests or the valleys of 
the mountain ranges). In these cases, the unit strain perpen- 
dicular to these planes or in a direction parallel to the mountain 
ranges is equal to zero. Assuming that €3 is the strain in this 
direction, we have €3 = 0 and hence from Eq. (1): 

(1 -h €i)(l + €2) = 1, from which ea *= (2) 

Therefore one principal strain is always positive and the other 
always negative. If because of a lateral thrust, the rocks at great 
depth below a mountain chain have been compressed; it follows 
from the foregoing that in a direction perpendicular to the thrust 
they miist have extended. Relative to plane strain with constant 
volume a few additional statements will be given here. 

c. Simple Shear. — In this case we again assume that 63 = 0, 
the deformation consistmg of a simple shear as shown in the 
opposite Figs. 358 and 359. The distortion of the body consists 
essentially of a movement of aU straight lines parallel to the 
direction OX in a direction parallel to these lines. The value of 
this movement u parallel to the x axis increases in proportion 
to the coordinate y so that 


V ^ yy 


(3) 
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The components v and w of the displacement parallel to the 
coordinate axes y and z will be taken equal to zero. The coor- 
dinates X, y of an arbitrary point P (Fig. 358), after the defor- 
mation have changed into the coordinates y^ of a point P' 
(Fig. 359) which are evidently 


a;' = X 4- 72/ 1 
y' = 2/. J 


, (4) 



Fig. 358. Fia. 359. 

Fig. 358 and 359. — Simple shear. Initial (left) and distorted (right) position of 

body. 

In order to determine in what manner a circle will be distorted 
by this type of deformation, we consider various points P which 
are all upon a given circle in the initial position (see Fig. 358), 
and investigate the curve into which this circle is distorted 
if the body is subjected to simple shear parallel to the x direction. 
If the points P(r, y) lie upon a circle with radius a and having 
a center 0 we have 

a;2 -j- 2/® = (5) 

If we replace x and y by their values from Eq. (4) : 


we obtain 


or 

— 2yx^y 

i.e.y this 

ellipse in the variables x\ y\ Fio. 300. Fio. 361. 

d. Determination of the Principal finite shear. Position of principal 
Axes for Simple Shear. — In order to strain axes in unstrained (left) and 
determine the two mutually perpen- strained (right) state of body. (A, 
dioular directions OA and OB in the 

undistorted initial position of the body, which after distortion will become 
the axes of principal strain OA' and OB' (Figs. 360 and 361), the expression 
for a radius AP' = r' of the ellipse will bo used. This is 



r'2 = a?'® + 2/'® 


(9) 
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or using Eq. (6) 

r'® = (a: + yy)- + 2 yxy + (1 + yW ( 10 ) 

For the principal axis r' must be a maximum or minimum, i.e.y 

r'dr' == [a: + yy^^dx + \yx + (1 + y‘)y]dy = 0. (11) 

We have the additional condition. 

7-2 = a :2 4 - y 2 or xdx + ydy = 0. (12) 

The simultaneous use of Eqs. (11) and (12) gives 

^ 3? _ a? + Ty Q3^ 

dx y yx -jr i l-h y^)y 

According to the latter proportion we must have 

X + yy = 'Sx 

7a; + (1 + y^)y = \y. 


Using the ratio y/x = tan a in these equations we obtain the following 


expressions: 


U 

X 



y _ —T 

X 1 4 - 7 ^ - X 


(15) 


Since both expressions must be equal, we obtain for X 
X — 1 —7 

7 14- 7 " - X (16) 

\2 - (2 4- 72)X 4-1=0. 


This quadratic equation for X has the following roots 

X, = 1 + ^(7 + vT+V’) 

^ (17) 

X 2 = 1+1(7- vT+7^). 


Using these we obtain the angles <xi and at for the two directions OA and OB 

Xi ~ 1 ^ 7 4- \/4 4 - 7 ^ 

7 2 

(18) 


tan oci 


tan OC 2 ' 


X 2 — 1 7 ~~ 4- ‘ 


from which we recognize that OA is perpendicular to OB (since the relation 
holds tan ai • tan az = —1). 

After multiplication of Eq. (14) by a; or y and subsequent addition we 
obtain finally the semi-axes A and B of the ellipse from 

Xirci® — aji® 4“ yxiyi 

Xiyi® = yxiyi 4- (1 4- y^)yi 

Xi(aJi® 4- 2 / 1 *) + ^y^iyi 4“ (1 4 - 7*)yi® 


or 


XiO* =s A* 
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from which the semi-axis of the ellipse 

A = a V ^ 

and in a similar way the semi-axis 

B = o \/Ti (19a) 

is found. 

Examples: 

1. Simple finite shear through an angle jS = 45°. We have y = tan 45° = 
1 and 

= 1 + M • (1 + VI) = 2.62 

Xs = 1 + M • (1 - VS) = 0.382, 


giving A = 1.62<i, B = 0.618a. A circle of radius a is thus distorted 
into an ellipse with these semi-axes. In the direction OA the material 
stretches about 62 per cent, while at the same time in the direction OB 
perpendicular to OA the material must contract about 38 per cent. At 
the same time the directions OA and OB rotate to the positions OA' and OB' 
so that using the angles on and aa (given by Eq. [18]) the angles ai and 
are determined by: 


tan ai' 
tan 


Xi' Xi + yyi 

tan Oil 
Xa 


yi _ tan «i 

Xi^Ji Xi 


2. Finite shear of value 7 = 4 . We have tan = y « 4, /S = 76°, le., 
the verticals in the body are displaced obliquely through an angle of 76°. 
Since 

Xi = 1 + 2(4 + V^) = 17.944 
X 2 = 1 + 2(4 - V^) = 0.0558, 
the semi-axes of the strain ellipse are 

A — =“ 4.24a 

B = == 0.236a. 


This means that the material is stretched in the direction of maximum 
strain by an amount more than four times its original length and at the 
same time in the perpendicular direction the material is shortened to less 
than one-fourth its original length. The principal directions OA and OB 
of the undistorted material form angles ai and with the x axis such that 


tan ai ~ 
tan az = 


y 

X 2 — 1 


16.944 
4 

0,9442 


= 4.236, ai - 77°. 

= -0.2361, as = 167°. 


From these we obtain after the shearing displacement 


tan ai = 


tan az' = 


tan ai 
Xi 

tan az 
• Xa 


4.236 

17.944 

0.2361 

0.0558 


0.2361, ai' = 13°, 


= -4.236, aa' = 103°. 
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The cross OA, OB rotates at the same time through an angle of 64° in a 
clock-wise direction. 

The Strain Recapitulating briefly the preceding, we 

see that for mnple shear a circle of radius a is distorted into an 
ellipse (the “strain ellipse”) with semi-axes A and B 

A => a - ■\/xi, B = a • s/ X 2 , C20) 

in which the values of Xi and X 2 are determined by 


Xi = 1 -f- ^(7 + •\/4 + 7 ®) 
Xs = 1 + 1(7 - V4 + 7=). 


( 21 ) 


Using these equations, the two principal strains ex and € 2 , in 
a rock where the verticals are all displaced obliquely through 
an angle jS or in which there is a unit shear of value y = tan /3 
may be calculated from 


— 1 = ~ 1 
a 

€2 = ~ — 1 = — 1* 

a 


(22) 


Obviously, since the volume is assumed constant, we have 
(1 ei) (1 + € 2 ) = >/ X.iX2 = 1. (23) 

These formulae serve to make it possible to estimate quan- 
titatively the actual strains occurring during relative slippage 
or shear of rock layers in nature. The angles ai, for the 
principal directions, are given before the distortion (Fig. 360) 
by 

tan oci — ^ tan az — (24) 

y y 

and after the displacement (Fig. 361) by 

tan ai' = \ - ^ > tan 012 ' = • - (26) 

7X1 7X2 

A simple fimte shear is therefore connected with a finite rotation 
through an angle 

ai — ai'. (26) 

There are two series of parallel straight lines which in the 
case of simple shear have the property that their length remains 
imchanged. One series is obviously parallel to the x axis. 
The lengths parallel to the x axis remain in each intermediate 
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position unchanged. There is yet a second series of parallel 
lines which retain their original length, namely, the series of 
2x 

straight lines 2/ = —^ + const. These become after the 

2x 

displacement the straight lines y H const. In the case 


TT 

o' C/ 


-a 


1 j i/ 


A B 

Fig. 3G2. — Simple shear. 


of this second system, however, the 
straight lines do not retain their initial 
length in all intermediate positions dur- 
ing the process of deformation. It will 
be recognized that a simple shear or the 
above-considered homogeneous plane 
strain may be described as follows: 

There exists in the stressed body a rhombus ABCD (Fig. 362), 
which becomes after the distortion a congruent rhombus ABC^D', 
The angles of the rhombus are interchanged so that the obtuse 
angle before distortion becomes the acute angle and vice versa, 
e. Simple Shear in Rock Layers. — Traces of homogeneous 
strains such as described above, which indicate that the rock 

‘layers have undergone severe per- 
manent deformations in the plastic 
state, are sometimes disclosed by 
fossils. An example observed by A. 
Heim can be seen in Fig. 362a. The 
remains of the fossil fish clearly in- 
dicate that the rock was deformed 
by plastic flow in the direction of the 
arrow. 

The observed displacements of the 
rock layers which occur in nature, 
often have as their fundamental 
characteristic a simple shear such as 
has been described above. Geolo- 
gists call a sudden discontinuity in 
the rock layers, as shown in Fig. 
363, a fault. In other cases, the dis- 
tortion is in the form of a flat wave 
or undulation in the position of the rock layers, with crests 
(anticlines) and troughs (synchnes) (Fig. 364). In the case of 
large distortions, geologists speak of ‘^folds,’' vaults of folding, 
or arching, etc. The axis of the fold appears to be considerably 



Fig. 302o. — Fossil fish remains 
deformed together with rock in 
which they were imbedded. The 
two pieces a and h of the broken 
spine of a fossil fish belonged to 
the same skeleton of Lepidopus. 
Being buried at a different angle 
to the main direction of tho plas- 
tic extension (marked with 
arrows) they appear distorted by 
different amounts. Tertiary 
rocks; Alps. {According to Albert 
Heim, Geologic der Schweiz, part 3, 
p. 88, 1920, Taucknitz, Leipzig,) 
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inclined to the vertical, and in the case of large inclinations there 
result the so-called recumbent folds (Fig. 365). Relative 
to these, geologists have long ago observed that the thickness of 
the layers (measured perpendicular to the boundary of the layers) 
is often quite variable; for example, in the “middle limb'^ of the 
fold (Fig. 365) the thickness is much smaller, while in the “vault 
or trough,” it is much larger than in the “upper” or “lower 



Fig, 363.~-Fault. Yig. 364. 


limbs,” where the distortion is small. As W. Schmidt has 
recently pointed out, similar deformation phenomena which at 
first glance are hard to understand may he very simply explained if 
the observed distortions in the rocks are considered, not as a 
“bending” or “arching action,” but as a consequence of simple 
shears of variable value parallel to some given direction^ more or less 
inclined to the undisturbed position of the strata, A more exact 



Fig. 365, — Recumbent fold. Fig. 366. — Fault. 

{According to A. Heim, Geologic 
der Schweiz, part 3, p, 8.) 


observation of the profile of a fault surface shows that the bound- 
ary layers are often distorted somewhat as shown in Fig. 366. 
Obviously, the fault is not confined to a single plane as is theoreti- 
cally assumed. The rock is distorted in a layer of thickness 6 and 
the value of the probable relative displacement of a part A with 
respect to a part B of the mountain follows a curve somewhat 
as shown in the upper right part in Fig. 366 by the displacements 
u. In this layer the rock structure is sometimes greatly changed 
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and in certain particles or grains of the rock definite traces of 
large distortions may be found. ^ 



Fig. 367. — Rotation of laminar markings in rock around and within garnet 
inclusion. {Acceyrding to W. Schmidt,) 


H the amount of the displacement u is measured in the direction in which 
the two large masses are displaced relative to each other, we have in general 
u = f{y), i-e.j w is a function of the coordinate y perpendicular to the direction 
of displacement. Since the unit shear y is defined as the value of the dis- 



Fio. 368. — Simple shearing displacements in a strip crossing strata at an angle. 

placement per unit of length (in the perpendicular direction) in such a case, 
the unit shear 

* _ 6^ _ d/ 

~ dy ~ dy 

1 An instructive example is given by W. Schmidt: In certain rock layers 
in the eastern Alps, the garnets in the severely distorted rock show a rotation 
of the previous stratification (Fig. 367); this phenomenon is literally as if 
rigid balls or rolls had been rolled along the fault surface, surrounded by the 
plastic rock. 
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is given by differentiating the displacement curve u in Fig. 366 or 368 with 
respect to y. Not the displacement component u but rather the unit shear 
7 is the precise measure of the degree of specific deformation of the rock. 

In Figs. 368 to 370 additional examples of simple shear are given. In 
Fig, 369 is given an example of a group of strata distorted in two mutually 



Fig. 369. — Sketch showing result of two simultaneous shearing displacements of 
equal amount in two perpendicular strips. 

perpendicular directions by the same amount of unit shear 7 = const. In 
this it was assumed that the two slip layers were formed at the same time. 
Figure 370 shows a case in which the assumption was made that the slip 
layer I w^as first formed, and the slip layer II later. As seen from Fig. 370 
it is noticeable that a portion of one layer is almost completely enclosed by 



Fig. 370. — Sketch showing distortion of horizontal strata as result of two consecu- 
tive shearing displacements acting in two different directions I and II. 

the distorted portion of the other. Similar distortions which seem so 
mysterious at first glance may, however, be simply and easily explained. 
It is noticeable- that in the so-called “Deckentheorie’^ of the Alps a great 
use was made of similar explanations. The phenomena observed in the 
Swiss Alps, in which the older rock layers were found enclosed on all sides 
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by younger layers and the younger rock was often found above as well as 
below the older, may be explained by one or several approximately horizontal 
overthrusts. ^ 

The developing of an overthrust may be seen from Figs. 371 to 373. The 
plane of the main fault is marked cc. Evidence has been given by geologists 
that sliding movements of several miles along such planes must have 
occurred in some of the mountainous regions of Europe (Swiss Alps) and 
America (Rocky Mountains). ’WTiole mountains have been described 
lying above strata which are younger than those in the mountains them- 



Fig. 371. 


Fig. 372. 




Fig. 373 . 

Figs. 371 , 372 , and 373 . — Throe progressive stages in the formation of a fault. 

selves. The strata deposited in more recent geological periods appear 
today buried deep below the older strata, as a result of the overthrusts. 

Figure 374 shows a second example of the result of a distortion consisting 
of two subsequent simple shears in two layers crossing horizontal beds. 
The amounts of the displacements are here assumed to change gradually 
as indicated by the two curves with the shaded ordinates. Again certain 
parts of the originally horizontal layers appear almost completely enclosed 
by other layers. 

If the lower halves of the schematic figures, as shown in Fig. 370 or 374, 
are not observed in nature and distortions such as indicated in the lower 

1 Cf. Heim, A., ‘‘Geologie der Schweiz,” 3d Hauptteil, Tauchnitz, Leipzig, 
1919. 
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layers can not be detected, it may be possible that the lower layers are many 
times more plastic than the upper. If, for example, a brittle series of layers 
lies upon a definitely plastic layer, there will result from a displacement 
process, as shown schematically in Fig. 374, only the upper half. 



Fig. 374. — ^The distortions of a set of parallel lines (layers) as a result of two 
consecutive shearing displacements acting in two intersecting directions. 


f • Pure Shear. — In addition to these considerations relative to 
simple shear, a second type of plane strain, namely, that of pure 

shear will be here mentioned for 
comparison. This is represented 
by Fig. 375. The material is 
stretched in one direction (which 
is here chosen as the horizontal 
or X direction) by an amount ci 
and compressed by an amount 
€2 in a perpendicular direction. 
Also 

(1 + ei)(l 4- € 2 ) ~ 1 

and the third strain €3 = 0 . The components of displacement u 
and V parallel to the x and y axes are now given by 




A 




-7. 








1 i 

i 









— 

-1 


C 


Fig. 375. — Pure shear. 
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(c > 0 means an extension, 0 > c > —1 means a compression). 
The principal strains ei and €2 are 



€l 

1+61 


c 

1 +c' 


There is obviously a rhombus ABCD in the material which 
changes after the distortion into a congruent rhombus A^B'C'D', 
in which case again, as has been shown for simple shear, the acute 
and the obtuse angles are interchanged. It will thus be recognized 
that and shear are fundamentally one and the 

same kind of strain process. The difference is merely in the 
rotation. In the case of pure shear there is no rotation of the body, 
while in the case of simple shear a definite rotation occurs, i.e., a 
rotation through the angle a — or' computed before. 

g. The Phenomenon of Slip in Pocks. Surfaces of Slip. — 
As shown in Chap. 16 in the case of an infinitesimal homo- 
geneous plane plastic deformation, there result two families 


ot slip surfaces. These are in general 
surfaces along which the disturbances 
are propagated inside a plastic mass. 
They are perpendicular to the plane of 
the largest and smallest principal 
stresses. Denoting by Si, ss, ^3 the 
three principal stresses, if si > 82 , while 
$z is the mean principal stress, they 
form equal angles <t> with the direction 
of si, these angles being always >45® 
(or at most equal to 45°) (Fig. 376). 



Fig. 376. — Orientation of 
planes of slip in a plastic mass 
with reference to principal stress 
directions marked with si and S 2 . 


In the case of an infinitesi- 


mal plastic deformation, the position of both S 3 ^tems of slip 


surfaces does not change appreciably relative to the stressed 


body. This is not true, however, if the strains and shears are of 
finite value. We shall only consider the case here where the angle 
</> of the slip surfaces is 46° and both families of slip surface 


remain mutually perpendicular. 

1. Finite Simple Shear , — If one studies the formation of the 
infinitesimal slip surfaces, while a plastic mass is subjected to a 
simple shear of finite value, it will be immediately recognized 
that one family of slip surfaces (namely, those parallel to the x 
axis) remains continuously in the same position relative to the 
body during deformation. The slip lines of the second family. 
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however, formed earlier, rotate with respect to their previous 
positions. It is clear that this type of deformation will, in the 
case of large shearing deformations, completely change the 
initially isotropic structure of the rock. Parallel to the x 
direction, the material becomes much more densely interspersed 
with slip surfaces, perpendicular to which long slip surfaces can- 
not however form, since they will always be obstructed in their 
propagation by the slip layers previously formed and crossing 
them. There then results the laminated structure, well known 
to geologists and mineralogists in many rocks. We can express 
these facts as follows: During a finite simple shearing displace- 
ment of large value, one system of slip surfaces remains continu- 
ously parallel to its original position (the plane of the laminations) , 
while the other system must continually rotate with respect to 
the stressed body. The material thus becomes gradually loosened 
in texture by the slip surfaces which remain continuously parallel 
to themselves; therefore from the initially isotropic material 
there results a rock with parallel cleavage planes (shale). 

2. Pure Shear , — In the case of fure shear, however, conditions, 
are different; in this case the rotation is zero, i.e., the direction 
of the maximum strain does not change. Both systems of slip 
lines, which occur at infinitesimal strains, at all times form angles 
of 45® to the directions of principal strains, and both directions 
in which these slip lines begin to form, rotate relative to the 
stressed body through the same angle. Those straight lines, 
which at the beginning of the deformation were at 45® to the x 
direction, become more and more inclined to the x axis as the 
deformation progresses. The new lines along which infinitesimal 
slip surfaces form during the progressive stages of the deformation 
differ from those formed earlier, so that the cohesion of the plastic 
mass is probably not weakened so much in this case as in the 
other considered under section 1. 

h. Plastic Defonnation with Voltimetric Extension. — In the case of the 
hard rocks (granite, basalt, the hard sediments, etc.) it is possible in most 
cases when considering the geological deformation of the upper layers of the 
earth^s crust, to neglect changes in volume. However, in the case of the 
loose — sandy or earthy — flayers, or in the younger sediments, the volume 
does change. The water contained in the pores, where the layer is subjected 
to pressure, flows to regions of smaller pressure. Thereby the volumetric 
content of the layer is changed. The settling, drying and swelling 
processes in loam or clay layers, or mud are a consequence of the volume 
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changes due to absorption or ejection of the water contained in the pores. 
Since the laws of the plasticity of these soft masses have been thoroughly 
elucidated by K. v. Terzaghi in his “Erdbaumechanik/’ reference shall be 
made to this work and to ‘^Ingenieurgeologie’’ written by K. A. Redlich, 
K. V. Terzaghi, and R. Ivaempe,^ in which among further subjects the tech- 
nical applications of geology are treated. 

1 Published by Julius Springer, Wien, 1929. 708 pp , 417 figs. 



CHAPTER 41 


THE PRESSURE IN THE EARTH’S INTERIOR 

a. The Elastic Compressibility of the Rocks. — With increase 
in depth toward the earth’s interior, the temperature and pressure 
increase continuously. There arises the question of what 
changes in volume of the rocks occur at great depths because 
of increased pressure and high temperature. Under hydro- 
static pressure and at constant temperature, most of the hard 
rocks are compressed mainly elastically. (An exception is 
afforded by materials having a porous structure such as wood, 
cork, deposited sand, etc., or materials such as damp earth or 
tufa, which under gradually increasing hydrostatic pressure show 
a considerable permanent change in volume.) At pressures of 
10,000 to 20,000 atm., which have already been applied in the 
laboratory by test, the decrease in volume du-e to the elastic 
compressibility of solid materials such as the hard rocks and 
metals is only a relatively small fraction of the initial volume. 
The small change in the volume of the rocks produced by pressure, 
together with certain anomalies which may be observed in the 
behavior of certain volcanic rocks, plays possibly an important 
part in the mechanism of volcanic action. 

The linear law expressing the small change of volume from Vq to v at 
relatively small changes of the temperatures t and of the pressures p, namely 

V - i?o(l ■+■ iSp) 

V = VoCl + oit) 

may not be assumed to hold true at great depth in the earth. The tests of 
P. W. Bridgman already mentioned in Chap. 2 have shown that the linear 
law does not hold with increasing pressure for liquids and solid metals if 
pressures of several thousand atmospheres are applied. In other words, 
oc and /8 are themselves dependent on p or t 

The compressibility of minerals and rocks has been thoroughly 
investigated in the Geophysical Laboratory at Washington, 
D. C., by L. H. Adams and E. D. Williamson^ at pressures 

^ The Compressibility of Minerals and Rocks at High Pressures, Jour, 
Franklin Inst, vol. 195, p. 475, 1923; see also L. H. Adams and R. E. Gibson, 
Proc, Nat. Acad, Sci., vol. 15, p. 713, 1929; and other papers of L. H. Adams. 
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ranging from 0 to 12,000 megabars. ^ The specimens in shape of 
cylindrical rods were immersed in kerosene and tested under 
high hydrostatic pressures in a thick-walled vanadium-steel 
cylinder. The volume change of the specimens could be obtained 
by subtracting from the total change as indicated by the move- 
ment of a piston, the decrease of the volume of the liquid applied, 
and the volume change of the vessel. The compressibility ^ 
was here defined as 



the diminution in volume for an increment of one megabar 
pressure divided by the volume Vq at a standard pressure and 
temperature. Thus a compressibility of 1 X 10~® means a 
volume change of one-millionth for one megabar increase in 
pressure. 

The compressibility the modulus of rigidity (?, and the bulk 
modulus K in megabars per square centimeter are given in the 
following table as found by Adams and Williamson for some 
igneous rooks. 


Rocks 

Pressure p 
(megabars) 

Compres- 
sibility 
^ X 10® 

Modulus 
of rigidity 
G 

Bulk 

modulus 

K 

Density 

p 

Granite 


[ 2,000 
[10,000 
i 2,000 
[10,000 
2,0001 

2.12 

260,000 

290.000 

360.000 

450.000 

470.000 

530.000 

670.000 

830.000 

2.61 

Gabbro 

1 

1 

1.88 

1.49 

2.66 

3.05 

Dunite 

' 1 

1.20 

3,08 

3.38 


1 

[10, 000 J 

0.93 

590,000 

1,800,000 

3.41 


In general the compressibility jS decreases with the density of the rock and 
is for the more acid rocks little less than that of plate glass (/3 = 2 . 2.10“®). 
The compressibility decreases the most for the first 2,000 megabars and 
for the acid rocks (granite) more than for the basic rocks; gabbros and 
peridotites show for pressures from 2,000 to 12,000 megabars approximately 
a constant compressibility. 

Although it appears from these tests, that the compressibility of the 
heavier basic rocks does not change much with increasing pressure, it would 
be premature to extrapolate the 3 curves to the pressures acting at great 
depths of several thousand kilometers in the earth. 

1 The megabar is independent of the force of gravity. One megabar — 
1.0197 kg./om.^ 0.987 atm. at Washington, D. C. 





310 


PLASTICITY 


Under these conditions, no choice is left but to make certain plausible 
assumptions as to the distribution of density in the interior of the earth, 
as suggested by geophysical considerations and from these to compute the 
pressures. These considerations give pressures at the earth’s center of the 
order of a few milhon atmospheres and a density which must be substantially 
larger than that of copper or steel under normal pressure. In spite of the 
increasing temperature with depth, causing a definite expansion of the rocks, 
the mean density definitely increases with depth. 

b. The Change in Gravitational Acceleration and Pressure with Depth. — 
As a fijTst approximation, we may neglect the flattening of the earth and 
also the centrifugal forces due to the earth’s rotation in estimating the pres- 
sure p at great depths. The ellipticity e of the meridian, i.e,, the relative 
difference of the radii a and 6 at the equator and at the poles, respectively. 



has a value of only about e « Hot- The centrifugal force at the equator 
decreases the gra\’itational acceleration by only about 0.3 per cent. It can 
therefore be assumed that the density p and the gravitational acceleration 
g are functions only of the distance x from the center of the earth (and 
independent of the polar angle). The force F, with which an element of 
mass m is attracted to a second element of mass mj at a distance r from m 
is given by 

( 1 ) 

where / is the constant of gravitation. 

The potential of the mass tw at a distance r or thq work which is produced 
by a mass equal to unity when it approaches the mass m from an infinite 
distance to the distance r is equal to 




/ml 

r 


( 2 ) 


Since the potential ^ of a homogeneous spherical mass m at an arbitrary 
external point P at a distance r from the center of a sphere is the same as if 
the total mass ^ir^px^dx of the sphere were concentrated at its middle 
point, therefore the gravitational potential of a point P at the surface 
a; = r of a sphere with variable density p = f{x) is equal to 

= ^j^px^dx. (3) 

On the other hand, the potential inside a spherical shell of radius x and of 
thickness dx is constant and equal to the potential at its surface, namely, 

= ( 4 ) 

X X 

Therefore, the potential <i> at an inner point P of a sphere of radius a with 
variable density p = /(a?), the point P being at a distance r < a from the 
center of the sphere is 

pxdx 


(f> = <f>i <l>2 


w[--J^P^>dx+f' 


( 6 ) 
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The gravitational acceleration at the same point r is given by 



or 


g = -47r/j^ + pr - pr j = ^J^pz^dx. 


m 

(7) 


For r — a, this gives the gravitational acceleration Qu on the surface r = a 
of the sphere equal to 



(8) 


If this formula be applied to the earth, ga is the mean gravitational 
acceleration as observed on the surface of a spherical and stationary (not 
rotating) earth, a being the mean radius of the earth. 

Since the mass M of the earth is 

M = pxHx — ^^Pm, (9) 


where pm is the mean density of the earth, the gravitational constant / can 
be determined from the following expression 


o^Qa _ ^ga 
M Aivap m 


( 10 ) 


The equilibrium of a small element of mass inside the gravitating sphere is 
given by the equation 


dp 

dr 


-9 P- 


( 11 ) 


This latter equation combined with Eq. (7) suffices for the calculation of the 
pressure p at a distance r from the earth’s center. 

1. The Homogeneous Sphere . — The density in this case is p = pm = 
const. Since the gravitational acceleration g for such a sphere, according 
to Eqs. (7) and (8) 

g = (12) 


is proportional to r, we obtain from Eq. (11) for the pressure p the condition 


dp gapm 


dr 


from which 




Since for r = a, p = 0, we have 


gaPmO f 


('-S> 


(13) 


(14) 


The pressure p in this case, therefore, increases with the depth according 
to a parabolic law and at the center of the earth (r = 0, p = po) is equal to 


Po = 


gaPm^ __ ToCt 


(15) 
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where ya is the weight per element of volume of the material, composing the 
homogeneous sphere as measured on the surface r = ct of the sphere. We 
therefore have the pressure 

( 16 ) 

At the center of a sphere of constant density whose radius is equal to the 
mean radius a = 6,367 km. of the earth, and whose density is equal to the 
mean density pm — 5.5 of the earth, a pressure of 

^ 0,0055 X 6.3 67X_10; , 1750 000 
2 2 

must east. (1 atm. being approximately 1 kg/cm.* or = 14.2 lb. per in,*). 
In a homogeneous ball of the density of water, po must be equal to 318,350 
atm. 


2. Parabolic Distribution of Density . — ^It is known that the 
mean density of the rocks composing the outer earth’s crust 
is 2.7 to 3, while the mean density of the earth is equal to pm = 
5.50. This indicates that the density p must increase greatly 
with depth. We now assume a parabolic distribution of density 
p, according to the function 


p = pi, — (po — Pa)^* 


(17) 


In this expression p. is the density at the surface r = o of 
the sphere and po the density at the center. Under these 
assumptions, the mean density pm is given by 


Pm 


2po + 3pa 

5 


(18) 


Assuming the density of the rocks at the earth's surface 
f>a equal to 3 and the mean density of the earth pm equal to 6.60 
we obtain a density at the center of the earth po equal to 9.25. 
The distribution of the pressure p and the gravitational attrac- 
tion g for a sphere of the dimensions of the earth is now found by 
integration from Eqs, (7) and (11), from which we obtain an 
expression for the pressure p at the center r — 0 of the earth, 
assuming a parabolic distribution of density, which is 

p - + ^») . + = i. 56 p, = 2,730,000 atm. 

In this, Po is the pressure at the center of a homogeneous sphere 
of density pm having the same outer radius a = 6,367 km. as the 
earth. The variation of the density p, of the gravity accelera- 
tion g and of the pressure p with depth is shown in Fig. 377. 



THE PRESSURE IN’ THE EARTH’S INTERIOR 


313 


3. The Metal Core and Silicate Shell . — The analysis of seismo- 
graphical observations of the effects of distant earthquakes 



Fig. 377. — Variation of density p, of gravity acceleration g and of pressure p in 
interior of earth, assuming parabolic distribution of density p- 


appears to indicate that at a great depth there is a discontinuity in 
the distribution of density of the earth^s material. For the 
present, we neglect entirely additional dis- 
continuities of density in the upper earth 
layers, which occur for example from sedimen- 
tation and differences in density of the ocean 
floor relative to the mean density of the con- 
tinental shell, as indicated by recent seismo- 
graphical observations and also by Wegener^ s 
theory of continental displacements. We may 
then assume, according to Wiechert^s hypoth- 
esis, an outer silicate shell of small density 
which surrounds a much heavier core of per- 
haps nickel and iron (the principal constituents of a certain class 
of meteorites) (Fig. 378). The position of the surface of dis- 



Fig. 378.- 
core and 
shell. 


-Metal 

silicate 
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continuity has been estimated by Gutenberg, on the basis of 
earthquake observations, to have a radius of about 0.545a. 

If we assume with Wiechert and H. Jeffreys^ that the hypothetical density 
distribution besides fulfilling the above condition, i.e,, that the mean density 
Pm is 5.50, should also be such as to satisfy a second condition, namely, 
that the moment of inertia of the earth’s sphere is equal to the correct value 
as determined astronomically, it is then possible to determine at least the 
mean densities pi and p 2 in the silicate shell and in the metallic core. The 
moment of inertia of a homogeneous ball of density p is 

/„ = = hla^- = 0.41/0^. (19) 

10 o 

On the basis of the period of precession of the earth’s polar axis (preces- 
sion of the equinoctial points) which occurs because of the gravitational 
attraction of the sun on the swelled portion (elliptical enlargement) of the 
flattened earth around its equator, it must be concluded that the actual 
moment of inertia of the earth with respect to the polar axis is ^ 

I = O.ZUMaK (20) 

Assuming for simplicity that the metallic core extends to 
half the earth’s radius, so that the separation of core and shell 
is at a distance 7' = ai = a/2, and designating by a = ai/a, 
we have on the basis of density considerations 

Poa^ + (1 — — Pm (21) 

and furthermore from the condition Eq. (20) with respect to 
the moment of inertia of the earth, we have: 

po«« + (1 - o^)pi - 0.334 • 5^ . (22) 

Taking a = pm = 5.50, we obtain for the mean density 
of the metallic core po = 14.0 and for the mean density of the 
rock shell pi = 4.28. There results at the center of the earth a 
pressure equal to 

P = g»L± - W ± = 2.42po = 4,230,000 atm. (23) 

Since the density of the rocks at the surface is only 3, the 
density pi in the outer shell must increase with depth. This 
increase in density of the rock shell and the large value of the 
mean density of the core may partly also be traced to the elastic 
compression of the rocks due to the weight of the superimposed 
layers. 

1 ^'The Earth, Its Origin, History and Physical Constitution,'' The 
Macmillan Company, 2d edition, New York, 1924. 

2 C/. Jeffreys, H., “The Earth," p. 210. 
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MOUNTAIN BUILDING 

Geologists are familiar with the severe dislocations of the 
originally horizontal sedimentary layers in the mountainous 
regions of the earth. In the high mountains of the earth, for 
example in the Alps, Andes, or Himalayas, the originally hori- 
zontal position of the earth strata appears to be severely distorted, 
the form of the layers extraordinarily tangled, and their thickness 
quite variable. Numerous faults occur, along which the con- 
tinuity of the layers is broken. Geologists speak of severely 
‘^folded” rock and compare the distorted boundary lines of the 
layers, as they appear in sections of mines or as shown by the 
observation of mountains, with the folding of a tablecloth which 
has been pushed together. Although the term folding^' is 
applied today in more or less a figurative sense, in geology, it 
may be perhaps useful to analyze a few of the most frequently 
observed types of deformation from the standpoint of mechanics. 
The folds of a crumpled sheet of paper or of a tablecloth pushed 
together on a smooth table surface, or the skin of a dried apple — 
examples which have been frequently used by the old school 
of geologists for the visualizing of the distortion processes occur- 
ring in the rock layers — must, however, be considered as a very 
incomplete type of description of these elementary processes. 
In a crumpled cloth, portions of the folds hang free in the air and 
those portions of the cloth resting on the table surface carry the 
weight of the suspended portions by means of the flexural elastic- 
ity of the cloth. On the other hand, the earth layers which have 
been pushed together horizontally in mountains, have been sub- 
jected to a completely different type of deformation than was the 
case in a folded cloth. The latter, therefore, cannot be taken 
as a mechanical model of the deformation of the earth layers 
since the plasticity of the freely suspended parts — ^if such would 
have existed for a time — ^would be sufficient to flatten out these 
parts in a short time. Freely suspended layers, which are able 
to retain their position by arch pressure, such as the blocks in a 

315 



316 


PLASTICITY 


stoue-aicli bridge, or large plates of rock which hang suspended 
over a hollow space because of the flexural elasticity of the rock, 
do not exist in nature in large dimensions. Isolated arches of 
rock, as are formed by the action of wind, ocean waves, or erosion 
(familiar examples are the Rainbow Bridge in Utah, the natural 
bridges in Vu^inia, or along the coast of Scotland) are usually 
formed of sedimentary layers as are also the arches of natural 
caves. These occur very seldom and are wonders of nature, but 
their dimensions are usually small in comparison with the wave 
lengths of the distorted layers in synclines and anticlines, which 
were considered above. 

Rock layers in a freely suspended position cannot exist because 
of two reasons. First, all rocks possess a very small tensile 
strength. In a free horizontal plate of rock, held by means of 
its flexural rigidity, tensile stresses must exist; hence the layers 
would break immediately where tensile stresses occur. The 
second reason is to be found in the plastidiy of the rocks. In the 
upper layers of rock, having a loose structure, equilibrium condi- 
tions exist as in loose sandy soil. The principal stresses, Si, 
S2, St, are not equal and their absolute mean value increases with 
the depth. Moreover, in the compact upper rock strata (granite, 
sedimentary rocks, limestone, etc.) we have in general Si 5^ sa 
9^ St. Since, however, with increasing depth the temperature 
increases, the static ydeld point and the viscosity coefficient must 
rapidly decrease as the depth increases. In an ideal earth crust 
(in which the elastic and strength properties of the material 
change only with depth and do not change in the horizontal 
direction) begmning with a certain depth, the differences which 
axe likely to exist in the values of the three principal stresses 
will tend to become equal with time. The differences in the 
values of the three principal stresses must therefore, at a given 
point (with exception of the upper earth layers) gradually equal- 
ize throughout long geological periods, beginning with a certain 
depth. In other words, as the depth is increased the state of 
stress tends more and more to approach that of hydrostatic 
pressure Si = Ss = s*. 

The differences in the values of si, st, St, which may exist at a 
certain depth, will cause either a plastic strain, i.e., a movement; 
or if no movement is possible, these stresses will tend to equalize 
with time. The regions of active mountain building on tho 
earth at the present time are the places in the earth’s* crust in 
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which at present the principal stress differences are the greatest. 
The forces which produce these stress differences are those forces 
at work in mountain building. 

The reasons why these principal stress differences occurred at 
certain regions of the earth’s crust during earlier geological 
epochs, or the reasons why at the present they exist along certain 
strips of the continental shell cannot be considered here. It 
should only be noted that quite small differences in certain 
physical properties of the rock shell might perhaps account for 
the conditions prevailing. For example, if the viscosity coeffi- 
cient along certain strips of the continents would have a smaller 
value than in other parts, or if the temperature gradient at certain 
regions would be different from that in others, because of the 
variability in the compactness of the sedimentary layers or on 
account of nearby volcanic regions, this would perhaps suffice to 
explain some causes for mountain building forces. It is known 
for example that the high mountain chains on the earth, as the 
Alps or the Himalayas, are formed from the lightest and loosest 
sedimentary layers. 

On the basis of Wegener’s theory of the origin of the oceans 
and continents^ and the investigations by Born, Joly, and 
Jeffreys on the isostasy^ of the large masses of the continents, as 
well as on the basis of earthquake research, it is apparent that the 
continents behave more or less as rigid plates floating on a semi- 
liquid substratum, similar to the way in which an iceberg floats on 
water. The above facts indicate also that the large continents 
have in the course of geological time been displaced relative to 
each other by large amounts. As a consequence of these long- 
time displacements and also as a result of local disturbances in 
the static equilibrium existing inside the continental shells, 
stresses are still at work to produce new distortions. The com- 
pressive stresses inside the continents produced by the weight 
of the floating rock masses may under the influence of various 
factors (variations in the cohesion or structure of the various 
sedimentary layers produced by previous geological processes, 
differences in the viscosity coefficient, action of plastic layers 

1 Wegener, A., '^Die Entstehung der Kontinente und Ozeane,'’ 4th ed., 
Vieweg, Braunschweig, 1929. 

2 C/. Jeffreys, H., ^^The Earth”; A. Born, 'Tsostasie und Schweremes- 
sung, ” Julius Springer, Berlin, 1923; J. Joly, “Surface History of the 
Earth,” Oxford, 1926. 
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between rigid layers, transgression of inland seas, with the accom- 
panying deposition of less rigid sediments on strips of other more 
rigid sediments, and other factors) be changed so that a suffi- 
ciently large difference has gradually formed between the pres- 
sures in the vertical and horizontal directions to cause plastic 
distortion. Today we see in these continental strips the moun- 
tain-building forces at work — ^forces which have lifted the sedi- 
mentary layers several kilometers directly upward from their 
initial position. As a consequence in the midst of the high, 
folded mountain ranges, such as the Swiss Alps, along the central 
ridges of crystalline rock, because of erosion, the underlying 
granite layers are laid bare, or possibly were gradually pressed 
out from the depths as denudation progressed, like a plastic 
mass through enormous fissures.^ 

^ Cf, Heim, A., “Geologieder Schweiz.’^ 
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PLASTIC LAYER BETWEEN BRITTLE LAYERS. THE 
ORIGIN OF THE ROCK-SALT DOMES 

Cases where a layer of a very plastic material is pressed between 
two rigid parallel layers and as a consequence of the lateral pres- 
sure flows out to the sides or ascends through vertical fissures 
can be observed in nature on a large scale. Landslides on the 
mountain slopes in the neighborhood of lake shores arise because 
of the high plasticity of a clay layer enclosed between rigid 
layers. The yielding of a single layer can often be taken as the 
cause of many kinds of geological processes. The high degree 
of plasticity in a given layer can be due to various causes, for 
example, the presence of water or oil (clay layers, loam, 

Schwimmsand ”) in strata. It may occur in the case of a slowly 
cooling volcanic rock while enclosed between brittle sedimentary 
layers, this volcanic rock itself behaving plastically relative to 
the neighboring rock because of its higher temperature. A fur- 
ther important example found in nature is shown by the rock-salt 
stocks or domes occurring in the North German plains and in 
the Mexican Gulf regions. 

In the Magdeburg-Halberstadt basin, rock salt is quarried 
from the salt stocks (^^Salzhorsten”)- E. Seidl,^ basing his 
opinion on his elaborate field investigations, attributed the 
formation of the rock-salt stocks to the circumstance that rock 
salt acts as a very plastic material under relatively small pressure 
differences. The salt stocks in the North German plains are 
accumulations of rock salt characterized by a limited horizontal 
extent of one to two miles and reaching from below the earth 
surface to great depths at times. They are today considered as 
apparently thickened parts of an originally thin rock-salt layer 
extending over large areas. In America in the Gulf Coast 

1 Seibl, Erich, '^Die Permische Salzlagerstatte im Graf Moltke Schacht,'' 
Berlin, 1914, and '^Schuerfen, Belegen und Schachtabteufen auf deutschen 
Salzhorsten,’^ Berlin, 1921, publ. by the Preussische Geologische Landes- 
anstalt. 
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territories, where oil is produced, similar accumulations of rock 
salt of sometimes remarkably regular lens-shaped form have 
been described and called rock-salt domes. ^ 

Initially the rock salt lies in a layer of approximately constant 
thickness between rigid strata, just as it was precipitated from the 
ocean by the slow drying of restricted portions of the sea during 
the Perm period and covered subsequently by other sedimentary 
rocks (Fig. 379). Rock salt has a specific gravity of 2.15 to 2.17. 
The specific gravity of the overlying beds may depend on their 
composition and may also increase with increasing depth below 
the earth surface. As the average density of more compact 
rocks is about 2.4 to 2.6, it seems not unreasonable to assume 
that the overlying rigid strata in general are denser than rock 
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Figs. 379 and 380. — Stages of formation of rock-salt domes of German type, 
{According to E. Seidl.). 1. Brittle strata (Bunt-Sandstein) . 2. Highly plastic 

rock-salt layer. 3. Underlying solid strata. rock-salt dome or stock. 

salt. It wiU be sufficient to assume that the upper strata, lying 
above the rock-salt layer (layer 1 in Fig. 379), at certain points 
(denoted by the double cross-hatching at A or at J5 in Fig. 379) 
have a slightly smaller density than at other points. Below these 
regions the pressure in the rock-salt layer, due to the weight 
of the overl3dng strata, will be slightly smaller than in the 
surrounding points of this layer. Hence there will exist a small 
pressure difference in all radial directions meeting below the 
points such as A or B as centers. As rock salt is a highly plastic 
material, comparatively small differences of pressure will be 

^Very valuable information regarding the salt-core structures of the 
United States and of Germany are contained in “The Geology of Petroleum 
and Natural Gas,” by E. R. Lillby, publ. by D. van Nostrand Company, 
New York, 1928; cf. p. 376, to which special reference is made. 
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sufficient to produce movement and plastic flow witMn the 
rock-salt layer. Due to the high degree of plasticity of the 
material in this layer, the salt will tend to flow radially inward 
towards the centers of lowest pressure designated by A or B, 
and will gradually accumulate there more and more, at the same 
time also bending and lifting up the overlying layer of the crust. 
Evidently this tendency for accumulation of the lighter sub- 
crustal material will last only until the slightly disturbed isostatic ^ 
equilibrium around the centers of flow has again been restored. 
That will be exactly the case if by the gain of the thickness of 
the rock-salt layer so much new material has accumulated below 
the points A and B that its weight will compensate the former 
lack of weight of the overlying stratum at A or B. Taking now 
also into consideration the effect of erosion on. the bulged-up 
surfaces of the earth above the “regions of weakness” A ot B 
of the upper strata, attention is called to a new fact apparently 
not yet noticed, namely, that erosion of the uplifted parts of the 
surface gives a new impetus to the accumulation of the lighter 
and highly plastic salt below the regions of weakness. Because 
of the loss of weight, due to erosion of the uplifted parts of the 
overlying beds and the constant replacement of the heavier rock 
masses by the lighter salt, the depression within the rock-salt 
layer will be maintained, radial flow will continue, and the salt 
will gradually accumulate in lens-shaped regions. Among 
other things supporting this explanation should be mentioned 
the fact that fleld investigations of the North American salt 
domes show that the horizontal as well as the vertical cross- 
sections of these salt cores have a remarkably regular shape. 
In the vertical profiles of the German salt stocks the sedimen- 
tary layers appear bent up, but in remarkable concordance. 
The contact surface of the salt with the surrounding layers is 
often very steep and sometimes nearly vertical. The salt appears 
as squeezed out from deep below the surface of the earth through 
vents of nearly circular or oval cross-section, thus forming the 
salt domes. Remarkable is the fact that in many vertical cross- 
sections of salt domes of North American or North German 
origin the “corners” of the upper strata {kk in Fig. 380) are 
round, just as if the following salt had rounded them. In large 
pieces, especially of certain German rock salts, the evidences 
of the plastic deformations can be observed directly, as seen in 
1 See next chapter. 
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Fig. 381^ reproduced from the book of E. Seidl. It may be 
mentioned that, on the other hand, certain evidences of strain 
and severe plastic flow, which should be found in the deeper 
regions of the rock-salt stocks, where they gradually pass into 
the normal and thin salt layer — ^if the explanation given above 
is right — ^have possibly been blotted out by recrystallization. 
The presence of water in the upper layers is possibly a further 
cause of disturbances and of dislocation in the rocks, by virtue 



Fig. 381, — Typical older rock-salt of anhydrite region from saddle of Stasa- 
furt (Germany) . This sample shows the result of a number of consecutive shears 
in a complicated distortion of the originally parallel stratification lines. {Accord-- 
ing to E. Seidl: ** Die Permische SaMagcrstattc im Graf Moltke Schacht,^^ Berlin^ 
1914, Yerlag Geologische Landesanstalt,) One-sixteenth of natural size. 


of the leaching effect, which has not been considered here at all. 
Certain faults exhibiting clearly a sinking of the cap rocks, 
overlying the domes (see Fig. 121, page 385 of Lilley's book, 
mentioned above), may perhaps have been caused by the leaching 
of salt. The light gypsum layer frequently encountered at the 
top of rock salt domes has been formed by the leaching action of 
water. 

As has been pointed outbyLilley, certain phenomena, as for 
example the regular orientation of the long axes of the domes 
with oval horizontal cross-section in North Germany (and the 
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clear relation of these latter to the directions of the folding move- 
ments in the neighboring old mountain ranges), indicate that 
mountain folding and orogenic forces might have had a further 
part in the formation of the rock-salt domes. Owing to the 
mountain-building forces large blocks of the rigid overlying strata 
may have been displaced as large rigid plates with respect to 
each other and to the lower beds. The presence of such a plastic 
material as rock salt in a thin layer, embedded between more or 
less rigid and brittle strata, accounts for the possibility of many 
other relative movements between the blocks. The rock salt 
must act as a lubricant, such as a layer of soap or paraffin between 
wood or metal plates, and it is certain that it must have 
greatly facilitated the relative movement between blocks of the 
overlying strata. Where breaks were formed between the 
blocks of sandstone, the rock salt was pressed out from below 
and has gathered together as stock, all these slow movements 
requiring long periods of time for their completion. 



CHAPTER 44 

THE WEIGHT OF THE CONTINENTS — ^ISOSTASY 


Various observations, especially those relative to the velocity 
of earthquake waves, indicate that the ocean floor is composed 
of rocks somewhat denser than those composing the continents. 
Assuming the Specific weight (weight per unit volume) of the 
rocks composing the ocean floor equal to 72 = 3 tons/m® and 
assuming, as does A. Wegener,^ that beneath the continental shell 
the same rocks are found as those below the oceans, so that 
the lighter continental rocks, having a mean specific weight of 
7 = 2.7 tons/m®, rest on a foundation with a specific weight 



Fig. 382. — Isostatic equilibrium of floating continental slab. 


72 “ 3.0 tons/m^, we obtain from the principles of hydrostatics 
relative to the equality of the pressure along the lower boundary 
surfaces AA (Fig. 382) of the continents the following equation: 

Jl-y ss h\y\ ~j~ A2T2 

Here is h the thickness of the continental plate, hi the mean 
depth of the ocean (taken to be about 4.8 km.), and A2 the thick- 
ness of the ocean floor above the plane A A (Fig. 382); 71 is 
the specific weight of water (71 = 1 ton/m^). Since the mean 
height 

a iss h — hi) 

of the continents over the ocean surface is known and may be 
taken equal to about 

a = 0.7 km. 

1 Cf, Wegeneb, a., loc, cit, 4th ed., p. 34, 1929. 
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we may calculate the mean thickness h of the continents for the 
case of isostatic equilibrium 

7 j — Y 72 — 7 

The first term on the right side of this equation 

= 4.8 X = 32 km. 

gives apparently the thickness of a continent whose surface is 
flush with the ocean surface. Since, 72/(72 — 7) = 10 we have 

A = Afl lOdj = 32 -{- 10 g5 

in kilometers. From this formula, one of the facts emphasized 
by the fundamentals of the theory of isostasy is seen, namely 
that the thickness h of the continental shell below the high moun- 
tain ranges (in case their weight is found to be compensated’’) 
obviously must be greatly increased and on the othw hand, 
where depressions or rift valleys^ are found in the continents, the 
thickness is smaller. A few values of the thickness A are con- 
tained in the table below. 


The EQUILIBRItTM OP T.ABLELANDS OP VARIOUS MbAN HEIGHTS 


Tablelands 

Rift valleys 

Mean 

height over 
the ocean 
surface, km. 

Mean 
thickness 
of conti- 
nent, km. 

Amount of 
compression 
in horizontal 
' direction 

Amount of 
depression 
in meters 

Mean 
thickness 
of conti- 
nent, km. 

Amount of 
elongation 
in 

horizontal 
direction, 
per cent 

6=km. 

per 

cent 

a = 0.0 

32 

0 


0 

39 

0.0 

0.7 

39 

0 

.... 

100 

38 

2.6 


42 

0,3 

7.1 

200 

37 

5.3 

2.0 

52 

1.3 

25.0 

300 

36 

8.3 



2.3 

37.0 

400 

35 

11.3 


* 72 

3.3 

46.0 

500 

34 

14.7 

5.0 

82 

4.3 

62 6 

600 

33 

18.2 

6.0 

92 

6.3 

57.6 

700 

32 

21.9 


^ Here the term rift valley (Germ. Graben) means strips or regions in 
the continents, where the layers have sunk in. (Rhine Valley; Red Sea, 
African “Om])en.”) 
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Below a high mountain chain of mean heigtit a = 3 km. over 
the ocean surface, the continent must therefore be 62 km. thick 
or 62 — 39 = 23 km. thicker than at those portions where the 
height of the continent over the ocean surface is equal to the 
mean height of all the continents or a = 0.7 km. 

In another column of the table is given the percentage values 
by which the continent must have been compressed in a hori- 
zontal direction (in the case of depressions, it gives the amount 
of extension), in order to obtain the increase (or decrease) in 
mass required by the principle of isostasy. In this computation, 
it was assumed that the compression (or stretch) only occurred 
in one direction — ^namely, the direction perpendicular to the ridge 
of a chain of mountains. If I is the length along which a conti- 
nental mass is thickened by compression (Fig. 383), h its thick- 



Fig. 383, — Elevation 6 produced by horizontal compression of continental slab. 

ness, and V, h' the corresponding values after the compression, 
and if & = a' — a is the value of the “elevation,” we must have 

M = h'l'. 

The relative compression of the continental mass under a high 
mountEiin is 

. = — — 1 - p- 

Taking a = 0.7 km., A = 39 km., A' = 39 + 10& this gives a 
compression 

_ , 39 _ 6 

* " h' 3.9 + b 

The corresponding values are given in the third column of the 
table. In an analogous way, the relative horizontal stretch 
in the continental mass under a depression which has sunk in 
by an amount b = a — a' (Fig. 384) m. is, 

V - I , b 

l ~h’ ^”3.9-6’ 
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For example, to produce isostatic elevation of a strip of land 
(a mountain chain) above a continent by an amount b = 2.3 km., 
this strip must be compressed 37 per cent in a horizontal direction 
and concurrently a rift valley of 500 m. depth results (i.e., the 
layers on the earth’s surface must sink about 500 m. along a 
valley or strip) if the continent is stretched below the valley 
in a horizontal direction perpendicular to it by about 14.7 per 
cent. The figures relative to the isostatic elevation or depression 
may have to be corrected when the compensating effects of 
erosion or of new deposits of gravel and sedimentary layers on the 
amount of rising or sinking are considered. 
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Fig. 384.- 


-Depression h produced by horizontal elongation of floating continental 
slab. 


As J. Geszti^ has briefly pointed out, a consideration of 
smoothing of the folds of a chain of mountains by neglecting the 
changes of the vertical dimensions during horizontal displace- 
ments of the earth’s crust, gives a very incomplete picture of the 
formation process of a chain of mountains. 

The above remarks may perhaps be summarized by saying 
that the theory of isostasy has allowed conclusions to be made not 
only on the thickness of the rigid earth crust but also has allowed 
a valuable estimate of the amount of compression (or stretch) 
of the earth’s crust in a horizontal direction, required to produce 
rising of a mountain chain (or sinking of a rift valley) of the 
observed mean height (or depth). 

^ Gbszti, J., “Zusammenschub der Erdrinde,^^ Gerlandis Beitr&ge zur 
Geophysik, vol. 21, Heft 1, 1929. 



CHAPTER 45 


TRACES OF MOTION IN THE STRUCTURE OF ROCKS 

In rocks which have solidified from a molten condition occasion- 
ally a regular arrangement of the constituents of the macro- or 
micro-structure is found. In the following a few remarkable 
facts, such as the ordered position of certain constituents of 
igneous, volcanic rocks, or of the regular arrangement of the 
joints in such rocks, will be mentioned. This will be done, 
since these and similar observations provide a means for geol- 
ogists to analyze more exactly and quantitatively the flow 
movements, the stresses or the plastic deformations in volcanic 
rocks after solidification. 

a. The Streaks and Joints in Granite. — On the basis of the 
comprehensive investigations by H. Cloos^ on large granite blocks 

(“Plutons”)? known in the Ricsen- 
gebirge in Germany, or in the Yose- 
mite Valley and the Sierra Nevada in 
California, and on other granite stocks, 
formed by cooling from a molten con- 
dition and resulting in a cohesive mass, 
it has been observed that certain im- 
purities arranged in thin layers may 
be noticed (Fig. 385). These layers 
Fig. 385.— “Sehlieren” in tend to deceive One into thinking that 
ganite. {According to H. ^ Stratification exists in the 

granite. In the homogeneous mass 
of these granite blocks, there is discernible in the so-called 
^^Schheren” another color in the rock. These “Schlieren^^ 
or streaks were formed by non-uniformities already existing 
in the granite when it was yet in the fluid condition. Obviously, 

^Cloos, H., “Einfuehrung in die tektonische Behandlung magmatischer 
Erscheinungen: Granit Tektonik”; first part: Uas Riesengebirge in SchL- 
sien, 1925. Ban und Bewegung der Gebirge in Nord Amorika, Skandj.- 
navien, nnd Mitteleuropa, ‘‘Fortschritte der Geologie,” vol. 7, No. 21, 
publ. by Gebr. Borntrager, Berlin. 
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the streaks in the latter were drawn out and moved in a manner 
similar to the layers of dirt on the surface of a puddle. As 
Cloos has shown, the thin streaks form large flat arches concave 
downwards, which cling to and rest on the edges (the “ Contact ’0 
of the granitic mass, where the latter joins the sedimentary 
layers (Fig. 386), while inside the granitic mass at some distance 
from the edges, these arches run for miles approximately 
horizontal. 

In the commemorative volume, in honor of the centenary of 
James Dwight Dana, “Problems of American Geology, pub- 
lished by his former pupils^ similar observations in the study 
of large granitic masses of the “Canadian Shield” are described 
by F. D. Adams and A. P. Coleman. In three instructive 



Fig. 386. — Arches formed by “ Schlierou*’ streaks in a granitic mass. Vertical 
section showing also regions of contact of granitic mass with tertiary rock. 
{According to H, Cloos,) 

pictures, there are shown three different stages in the mixing 
and the movements of these masses. It is also shown how 
the amphibolitic inclusions have been drawn out by the plastic 
deformation of the granitic masses. In Plate IV (first stage) 
these inclusions are contorted and very irregular, in Plate Ya 
they have been drawn out in parallel layers, while in Plate V6, 
the movement has developed a well-marked banding in the rock, 
the amphibolitic inclusions being shown as dark parallel bands. 
There is scarcely a doubt that the streaks in the granite^ indicate 
traces of foreign impurities which were suspended in horizontal 
layers in the originally fluid mass. In the slowly cooling mass, 
the boundary zones in contact with the rigid neighboring rock 
cooled faster, while the friction produced by the swelling up of 
the mass retarded its vertical velocity. After the granitic 
mass became entirely rigid, the upper solid, but stiU mainly 

1 The Yale University Press, New Haven, 1915. 

2 Granite-'^ Schlieren'^ in Germa.ny or in California, or respectively the 
amphibolitic inclusions in the Canadian Shield. 
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plastic crust was further arched, whereupon especially along 
the “Contact” numerous fan-shaped cracks appeared (Fig. 
387). In these cracks (called “aplitic veins” if they again 
fiUed up with fluid magma, otherwise “Fiederspalten” and 
“marginal thrusts”), there will likewise be recognized a grandiose 
system which not only will be found in large stretches of granite 
but will also occur in the boundary rocks in countless small 
fan-shaped fault surfaces. The origin of these cracks and fissures 
will be considered in the next section. It wiU, however, be 
noted that besides the above-mentioned surfaces of cleavage, 
in the Silesifl-n granites, as also in other granitic rocks additional 
systems of joints may be observed which tend to deceive one 



Fig. 387. — ^The vertical section through the region of contact of a granitic 
stock (left) with sedimentary rocks (right). {According to H. Cloos,) 1. Surface 
of contact, 2. Granite stock. 3. Sediments in greatly disturbed order. 4. 
Aphtic veins. 5. Marginal surfaces of slip. 6, Streaks or “Schlieren** in 
granite. 

into thinking there exists a sort of stratification or bedding as 
in a sedimentary rock. The origin of these joints may be 
attributed to later deformation phenomena of these large, slowly 
cooling mountain masses. These joints have, however, no 
observable relation to the position of the streak surfaces and 
^'Fiederspalten.'' 

b. Tension Cracks — Shearing Surfaces. — By means of a model test with 
plastic clay, W. Biedel has carried out instructive observations, which may 
correspond to similar observations of geological movements — also of move- 
ments as the consequence of earthquakes — ^wherefore they will be mentioned 
here. If we place over two horizontal, rigid plates A and B (Fig. 388), a 
layer of damp loam or clay C the surface being covered with a thin film of 
water, and test the plates by displacing them horizontally with respect to 
each other and parallel to their edges there result in a strip of a certain 
width 6 on the loam surface two distinct systems of parallel cracks (Fig. 388). 
The first consists of ‘ ' tension cracks J* Since the stresses in the wedge-shaped 
zone of fracture, pointing downward, arc substantially of the type of pure 
shear^ the shearing stresses must act parallel and perpendicular to the 
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direction of the straight line SS, At 45° to the direction SS, parallel to si, 
tensile stresses and perpendicular to ni, compressive stresses must act. Since 
the loam, wetted artificially on its surface, may carry no tensile stresses (by 
covering the surface with water, the capillary attraction in the pores of the 
loam pai-ticles is nullified), it tears pei*peiidicular to the principal stress Si 
along the lines 11 (Fig. 389). Besides the “tension cracks” 11, there is 
formed yet a second system of stepped shear mg cracks parallel to the lines 
33 (inclined about 12° to the direction of shear SS) as 
shown in Fig. 389. It should be noted that if the surface • 

of the loam is not wetted, only the “shear cracks” wiU f ^ 
occur, the tensile strength of the unwetted clay or loam be- 
ing apparently greater than its shearing strength. 



Fig. 388. 


FjCG. 389. 


Figs. 388 and 3S9. — System of cracks produced on surface of a plastic clay 
resting on two rigid plates A and B which have been displaced tangentially 
relative to each other. {According to W, Riedel.) 


c. Ordered Arrangement of the Rock Inclusions. 1. TAe 
Trachytic Cone of the “ Drachenfels .” — An example of the ordered 
arrangement of certain rock inclusions in a volcanic cone is 
described by H. and E. Gloss. ^ The “Drachenfels” along 
the Rhine at Bonn is a tertiary volcanic cone of “trachyte.” 
From this rock, containing many greenish-yellow inclusions, 
were taken the blocks of the wonderful Cologne Cathedral. 
Trachyte contains long lamellar feldspar crystals (dimensions 
about 2 by 3 by in. thick) the so-called “Sanidine tables,” 
which first crystallized out -of the molten mass during cooling. 
These are distributed approximately uniformly and in large 
portions throughout the entire rock. A closer consideration 

1 Die QueUkuppe des Drachenfels am Rhein, Z. f. VvZkanologte, voL 
11, p. 33, 1927. 
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of this rock shows that the planes of the Sanidine tables are 
not placed in random directions, without order, but rather 
are arranged in certain definite directions. H. and E. Cloos, 
at many points in the trachytic mass, have determined the 



Fig. 390. — Ideal section through the “ Drachenfels ” on the Rhine {Accord- 
ing to field observations gathered by H. Cloos,) The curves connect the most 
preferred directions along which the plate-shaped ^anidine inclusions were 
oriented in the trachyte. 

orientation of these definite planes, relative to the mountain 
cone. Considering a profile of the cone, and thinking of the 
directions of the Sanidine plates as they appear intersecting 
the profile and forming continuous curves, there results a picture 



^ Fig. 391, Sketch showing how preferred orientation of oblong inclusions 
in a rock is caused as result of plastic deformation. Left, before, right, after 
deformation. 


as shown schematically in the sketch of Fig. 390. While these 
Sanidine plates near the highest point of the mountain (at A) 
are approximately horizontal, near the “contact” (at B and C) 
they are almost in a vertical position or parallel to the bound- 
ary surface between the trachyte and the tertiary rock. 
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An explanation of the placing of the Sanidine plates along definite direc- 
tions is contained in the sketch of Fig. 391. If one thinks of n small 
plates distributed initiallj" uniformly along the circumference of a circle, 
their planes extending radially so that they form a fan-shaped figure, in a 

given small angle da, there will be small plates. In case of homo- 
geneous plane strain, this circle along which the plates are distributed 
becomes an ellipse. If ei and are the principal strains (the third principal 
strain €3 being taken zero) 


€2 


€l 

1+61* 


In the vertex of the ellipse (at the end of the long axis) an element of the 
arc has obviously shortened relative to the corresponding arc of the circle 

by the ratio 1 + €2 to 1 or = There occur, therefore, in an angle 

da along the vertex of the ellipse after deformation ^(1 + 6i)da small 


plates. The ratio k of the number of plates orientated parallel to the direc- 
tion of maximum stretch (€1 = maximum principal strain) to the number 
of plates orientated parallel to the direction of maximum compression 
(direction of the principal strain €2) is obviously 


A; = (1 + € 1 ):^-;^; — = (1 + 6i)®- 

1 + €l 


In a plastic mass, stretched in a given direction by 50 per cent, 100 per cent, 
200 per cent, 300 per cent, the values of the ratio k are 

k = 2.25, 4, 9, 16, respectively. 

(For example, in a rock stretched 100 per cent, four times as many flat 
inclusions will be found with their longitudinal directions parallel to that of 
maximum stretch as will be found with their directions parallel to that of 
maximum compression, under the assumption that all inclusions were 
initially radially distributed at random in the undistorted position, as 
assumed in Fig. 391.) We therefore see that the most frequently occurring 
direction of the longitudinal axes of elongated inclusions in a rock is the 
direction of the maxiirntm prinaijKil strain. 


2, The Bulging-out of a MoUen Volcanic Mass . — Some model 
tests for making clear the mechanics of some flow processes of 
volcanic rocks are described by W, Riedel.^ A volcanic mass 
cooling from the molten condition, which is pressed upward 
through a volcanic vent with an approximately circular cross- 
section or a long fissure between rigid sedimentary layers is 

^“Das Aufquellen geologischer Schmelzmassen als plastischer Fonn- 
anderungsvorgang,'^ Neues Jahrbuch der Mineralogie, 151, Beilageband 
67, abt. B, 1929. 
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deformed in a manner similar to that of a plastic mass pressed 
out through a rigid tube or between rigid plates. In RiedeFs 
tests, a plastic mass ’was, by means of a piston, pressed out of a 
split wooden cylinder through an orifice. To make the deforma- 
tion visible, a network which had been previously scratched in a 
longitudinal section of the mass, was photographed after defor- 
mation. A few pictures are shown in Figs. 392 and 393. It is 
seen from both figures that the portions of the mass in the 
corners of the cylindrical section do not take part in the motion. 



Fig. 392. — Distortion of an originally perpendicular net of straight lines caused 
by the flow of a plastic mass through an orifice. {According to W, Riedel) 

The figures also show how the friction along the inner surfaces 
of the tube hinders the uniform flow of the material outward. 
From the deformation of the net, the position of the principal 
strain directions in the condition shown in Pig. 393 could 
be determined. They are indicated in Fig. 395. The general 
contour of the lines of principal strain directions in the narrow 
tube show considerable resemblance to the contour of the lines 
along which the plate-shaped Sanidine inclusions in the lower 
parts of the trachyte cone of the Drachenfels ” are arranged 
(cf. Fig. 390). It will be seen from these few figures, how the 
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friction acting along the inner surfaces of a volcanic vent, which 
opposes the rising movement of a slowly cooling mass, deeply 
affects the whole upward flow thereof. 


Fia. 393. — Model test with a plastic mass simulating the slow rising of a semi- 
fluid rook mass in a volcanic neck. {According to W , Riedel.) 

It should be noted that a study of similar flow phenomena 
in the case of hot metals refers to technical processes such as 
pressing of cylindrical bars or tubes through dies or orifices. 
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3. Oriented Structure of Rocks Developed in the Solid State , — 
In the preceding section, an example of an ordered arrangement 
of certain inclusions in an igneous rock was discussed. Using 
the method of expression of Sanders and Schmidt,^ we may 
call phenomena similar to those treated under section a and to the 
streaks or ''Schlieren” in granite as ''active orientation'' of the 



Fig. 394- — Network of lines used for determining principal strain directions in 
slowly moving plastic mass. 

constituents of a rock structure. These phenomena owe their 
occurrence to the processes taking place when the rock was 
formed. On the other hand, for example, the so-called "fluidal 
structure” in a ductile metal does not depend on any such cause. 

1 Sanders and Schmidt, W., “ Gefiigesymmetrie und Tektonik,’’ Jahrbuch 
der geologischen Bundesanstalt, Wien, p. 407, 1926. Also “Gesteinsum- 
formung,'’ Denkschrift des Naturhistorischen Museums, Wien, vol. 3; 
Geolog. Palceont.j ser. 3, p. 64, 1925. 
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If the crystal grains in a solid mass have an oblong shape (Fig. 
397), this type of structure may also be the consequence of a 
severe plastic deformation, to which the mass was subjected at 
low temperatures while it was in the solid state. ^ To this kind 
of “passively oriented structures'^ Schmidt ascribes the remark- 
able parallel arrangement of the axes of the quartz crystals in 



Fio. 395- — The orientation of the maximum principal strain directions in a 
plastic mass pressed through a channel visualizing the upward movement of a 
cooling volcanic mass through the neck of a volcano. (According to W. Riedel.) 

some Alpine rocks. He found that the axes of the small quartz 
crystal grains in the rocks of the Alps in a region of many square 
kilometers extent all showed a common direction with respect 

1 It should be noted that in the mineralogy, phenomena occurring in the 
microstructure of the rocks are known which are entirely similar to those 
described in metals. More especially in many rocks, for example, marble, 
traces of ^'fluidal structure,” of crystal ^‘twinning” by plastic compression, 
and, in other rocks, of recrystallization structures have been observed. 
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to the points of the compass. Similar phenomena, namely, the 
arrangement of crystal axes in definite directions in specimens 
of metals as a consequence of severe plastic deformations, are 
well known. In a severely cold-rolled copper sheet, the space 
lattices of the crystal grains tend to arrange themselves more 
and more in a definite direction, relative to the direction of 
rolling and to the direction of the pressure of the rolls on the 
sheet. 

The initial random orientation of the crystal axes m the grains 
in certain portions of a metal may be gradually changed by 
plastic deformation, if this latter is very severe. Inversely, 
W. Schmidt, from the initial orientation of certain crystal 
grains, for example the quartzes in the Alps, was able to draw 
conclusions as to the principal directions of strain of the rocks 
of an Alpine mountain. Moreover, on the basis of his measure- 



ture. 

ments, he could also determine the direction of the maximum 
plastic shearing displacements in the rocks. 

While in case of oriented species treated under section cl. 
one constituent of the rock behaves approximately similar to a 
fluid, in the cases discussed in section c3. all deformations occur 
in the solid state. As W. Schmidt has especially emphasized, 
there are, however, further possible intermediate stages of rock 
formation in the solid state, in which in particular chemical 
processes, thermal conversions, and the growth of crystals by 
recrystallization may play an important r61e. 

A remarkable example was mentioned by Schmidt. The parallel traces 
of the planes of scaling of the garnets (inclusions) existing in the shales 
which compose the principal substance of certain severely deformed Alpine 
rocks, appear to be turned or rotated with respect to the traces of the 
planes of scaling of the shale itself (Fig. 367). Such cases mean that here 
the entire rock was first deformed parallel to the plane of scaling. Later 
the garnets originated because of recrystallization. The garnets, being 
made of substantially more rigid material than the substance in which they 
were produced and imbedded, during the additional long-time plastic dofor- 
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mation of the total mass could only roll as rigid inclusions. The rigid garnets 
then were rolled in the mountain masses deformed by severe plastic deforma- 
tion, similar to the manner in which the balls of a ball-bearing roll between 
the races of the bearing. 
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